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1. Introduction

In this paper, we give a proof of a conjecture of Andrews, Dyson and Rhoades on the
spt-crank of a vector partition or an S-partition. The spt-function, called the smallest
part function, was introduced by Andrews [2]. More precisely, we use spt(n) to denote the
total number of smallest parts in all partitions of n. For example, we have spt(3) = 5,
spt(4) = 10 and spt(5) = 14. The smallest part function possesses many arithmetic
properties analogous to the ordinary partition function, see, for example, [2,13,15,18].

Andrews [2] showed that the spt-function satisfies the following Ramanujan type con-

gruences:
spt(bn+4) =0 (mod 5), (1.1)
spt(Tn+5)=0 (mod 7), (1.2)
spt(13n+6) =0 (mod 13). (1.3)

To give combinatorial interpretations of the above congruences, Andrews, Garvan and
Liang [6] introduced the spt-crank of an S-partition. Let D denote the set of partitions
into distinct parts and P denote the set of partitions. For m € P, we use s(m) to denote
the smallest part of 7 with the convention that s()) = +o00. Let () denote the number
of parts of 7 and |r| denote the sum of parts of 7. Define

S ={(m,m2,m3) €D x P x P: m # 0 and s(m;) < min{s(m2), s(r3)} }.
A triple (71, 7o, m3) of partitions in S is called an S-partition, see Andrews, Garvan and
Liang [6]. Moreover, if |m1| + |m2| + |73] = n, then (w1, m2,73) is called an S-partition

of n. The spt-crank of an S-partition m = (my, 7g, 73), denoted (), is defined to be the
difference between the number of parts of my and w3, that is,

r(m) = l(me) — £(73).
For an S-partition 7 = (71, 72, m3), we associate it with a sign w(r) = (—1)*™)~1 and

let |7| denote the sum of parts of w1, my and w3, that is, |7| = |m1| + |m2| + |73]. Let
Ng(m,n) denote the net number of S-partitions of n with spt-crank m, that is,

Ns(m,n) = > w(m) (1.4)

and

Ns(m,t,n)= Y Ns(k,n).

k=m (mod t)
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Andrews, Garvan and Liang [6] established the following relations:

spt(bn + 4)

Ng(k,5,5n+4) = E , for0<k<4,
(7 5
Ng(k,7,7n+5) = L;H—), for 0 <k <6,

which imply the spt-congruences (1.1) and (1.2) respectively.
The following conjecture was posed by Andrews, Dyson and Rhoades [4].

Conjecture 1.1. For m > 0 and n > 0, we have
Ng(m,n) > Ng(m+ 1,n). (1.5)

Andrews, Dyson and Rhoades [4] showed that this conjecture is equivalent to an
inequality between the rank and crank of ordinary partitions. Recall that the rank of an
ordinary partition was introduced by Dyson [10] as the largest part minus the number
of parts. The crank of an ordinary partition was defined by Andrews and Garvan [5] as
the largest part if the partition contains no ones, otherwise as the number of parts larger
than the number of ones minus the number of ones.

Andrews, Dyson and Rhoades [4] found the following connection between inequal-
ity (1.5) on Ng(m,n) and an inequality on the rank and crank for ordinary partitions,
as will be stated in (1.9).

Theorem 1.2. Let N(m,n) denote the number of partitions of n with rank m and M (m,n)
denote the number of partitions of n with crank m. Set

M(O0,1)=-1, M(-1,1)=M@1,1)=1,  M(m,1) =0,

and define

Nem(n) = > N(r,n), (1.6)

[r|<m
M<p(n) = Z M(r,n). (1.7)
|r|<m
Then for m > 0 and n > 1, we have
1
Ng(m,n) — Ng(m+1,n) = §(N§m(n) — M<p(n)). (1.8)

It is clear from (1.8) that Conjecture 1.1 is equivalent to the following conjecture.



W.Y.C. Chen et al. / Advances in Mathematics 270 (2015) 60-96 63

Conjecture 1.3. For m > 0 and n > 0, we have
New(n) > Meyu(n). (1.9)

When m = 0, inequality (1.9) was conjectured by Kaavya [17]. Andrews, Dyson and
Rhoades [4] obtained the following asymptotic formula for N<,,(n) — M<,,(n), which
implies that Conjecture 1.3 holds for fixed m and sufficiently large n.

Theorem 1.4. For each m > 0, we have

m 71'2 n
Nen(n) = Men(n) ~ E0L I oy () 2). (1.10)

as n — Q.

The main objective of this paper is to give a proof of Conjecture 1.3. It is easy to
check that Conjecture 1.3 holds for n = 0 and n = 1. To prove that Conjecture 1.3 holds
for n > 1, we first give a reformulation in terms of the rank-set. We then give an injective
proof of the equivalent inequality.

Let A = (A, A2, ..., A¢) be an ordinary partition. Recall that the rank-set of A intro-
duced by Dyson [12] is an infinite sequence

AL = Agy vy = Ajatsee o b= 1= A, L0+ 1, ],

For example, the rank-set of A = (5,5,4,3,1) is [-5,—4,-2,0,3,5,6,7,8,...].

Dyson [12] also introduced the number of partitions A of n such that m appears in
the rank-set of A\, denoted by g(m,n). For example, there are three partitions of 4 whose
rank-set contains the element 1:

4), (2,1,1), (1,1,1,1).

So we have ¢(1,4) = 3.

Dyson [12] established a connection between the number g(m,n) and the number
of partitions of n with a bounded crank. To be more specific, let M(<m,n) denote
the number of partitions of n with crank not greater than m. Dyson [12] obtained the
following relation for n > 1,

M(<m,n) = q(m,n), (1.11)

see also Berkovich and Garvan [8]. Moreover, Dyson [11,12] proved the following sym-
metries of N(m,n) and M(m,n):

N(m,n) = N(—m,n), (1.12)
(=m,n). (1.13)

=
Bl
2
I
=
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Using relations (1.11), (1.12) and (1.13), we are led to the following connection between
N<m(n) — M<p(n) and p(—m, n) — q(m,n), where p(—m,n) stands for the number of
partitions of n with rank not less than —m.

Theorem 1.5. For m > 0 and n > 1, we have

Nepm(n) — M<pm(n) = Q(p(—m,n) - q(m,n)). (1.14)

It is clear from (1.14) that Conjecture 1.3 is equivalent to the following assertion.
Theorem 1.6. For m > 0 and n > 1, we have
q(m,n) < p(—m,n). (1.15)

To prove the above theorem, we first introduce a representation of an ordinary par-
tition, called the m-Durfee rectangle symbol, which is a generalization of the Durfee
symbol introduced by Andrews [1]. Using this representation, we give characterizations
of partitions counted by g(m,n) and p(—m,n). We then construct an injection from the
set of partitions of n such that m appears in the rank-set to the set of partitions of n
with rank not less than —m.

We also note that Conjecture 1.3 implies the following inequality between the positive
rank moments N (n) and the positive crank moments M (n) obtained by Andrews,
Chan and Kim (3], where

+oo

Ni(n) = Z m*N(m,n), (1.16)
m=1

— I=

My(n)=>_ mFM(m,n). (1.17)
m=1

Theorem 1.7. (See [3].) For k> 1 and n > 1, we have
Mp(n) > Ng(n). (1.18)

Bringmann and Mahlburg [9] proved that the above inequality (1.18) holds for any
fixed positive integer k and sufficiently large n by deriving the following asymptotic
formula for My,(n) — Ni(n).

Theorem 1.8. For k > 1, we have

My(n) — Nj(n) ~ kIC(k —2)(1 — 2°7F) &%n-— exp <7r %”) (1.19)

as n — 0o, where ((s) is the Riemann (-function.
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When £ is even, inequality (1.18) is equivalent to an inequality of Garvan on the
ordinary rank moments Ni(n) and the ordinary crank moments My (n) introduced by
Atkin and Garvan [7]. For k > 1 and n > 1, Garvan [14] proved that

Moy (n) > Nog(n), (1.20)

where

+oo
Ni(m)= Y m*N(m,n),

+oo
My(n) = Z m* M (m,n).

m=—0oQ

This paper is organized as follows. In Section 2, we give a proof of Theorem 1.5. By
Theorem 1.5, we see that Conjecture 1.3 is equivalent to Theorem 1.6. In Section 3, we
define m-Durfee rectangle symbols and give characterizations of partitions counted by
g(m,n) and p(—m,n). In Section 4, we present an injective proof of Theorem 1.6 for
the case m > 1. To this end, we build an injection from the set of partitions counted
by g(m,n) to the set of partitions counted by p(—m,n). We divide the set of partitions
counted by ¢(m,n) into six disjoint subsets Q;(m,n) (1 < i < 6) and divide the set of
partitions counted by p(—m,n) into eight disjoint subsets P;(—m,n) (1 < i < 8). The
injection consists of six injections ¢; from the set Q;(m,n) to the set P;(—m,n), where
1 < i < 6. In Section 5, we provide a proof of Theorem 1.6 for the case m = 0. It turns
out that the case m = 0 is not simpler than the general case m > 1. The injections
®1, G2, P3, P4 in Section 4 also apply to the sets Q;(0,n), where 1 < i < 4. We further
divide Q5(0,n) U Qg(0,n) into five disjoint subsets Q;(0,n) (1 < i < 5) and divide
P5(0,n) U P5(0,n) into three disjoint subsets P;(0,n) (1 < i < 3). In addition to the two
injections ¢5 and ¢g, we need three more injections. In Section 6, we demonstrate that
Theorem 1.7 of Andrews, Chan and Kim can be deduced from Conjecture 1.3.

2. Proof of Theorem 1.5

In this section, we give a proof of relation (1.14) between N<,,(n) — M<,,(n) and
p(_mv n) - Q(m, TL)

Proof of Theorem 1.5. Since

m

Nep(n) = Z N(r,n)
and

+oo

p(=m,n) = Z N(r,n),

rT=—m
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we get
—+o0 m
N<p(n) =p(—m,n) — Z N(r,n)+ Z N(r,n)
But
+oo
Y N(r,n) = p(n),
so we have

Nem(n) =p(=m,n) —p(n) + > N(r,n).

T=—00

(2.2)

Replacing r by —r in the summation on the right-hand side of (2.2), and using the

symmetry N(m,n) = N(—m,n) in (1.12), we arrive at

ZNrn ZN —r,n) ZNrn (=m,n).

r=—00 r=—m r=—m

Substituting (2.3) into (2.2), we obtain
N<pm(n) = 2p(—m, n) — p(n).
Similarly, for n > 1 we get
M« (n) = 2q(m,n) — p(n).
Subtracting (2.5) from (2.4) gives (1.14). This completes the proof. O

3. The m-Durfee rectangle symbol

(2.5)

In this section, we define m-Durfee rectangle symbols and give characterizations of

partitions counted by g(m,n) and p(—m,n).

Let A be a partition. The m-Durfee rectangle of X is defined to be the largest (m +

j) X j rectangle contained in the Ferrers diagram of A, see Gordon and Houten [16].

An m-Durfee rectangle is referred to as a Durfee square when m = 0. The m-Durfee

rectangle symbol of A is defined as

ay, Q2, ..., Qs
(avﬁ)(erj)xj = 3
ﬁh BQ) RN Bt (m+75)xj

(3.1)
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a1 Q2 3 o4

!

fe3}
Ba
Bs
Ba

IIIE

Fig. 3.1. The 2-Durfee rectangle symbol of A = (7,7,6,4,3,3,2,2,2).

where (m + j) x j is the m-Durfee rectangle of the Ferrers diagram of A and « consists
of columns to the right of the m-Durfee rectangle and 3 consists of rows below the
m-Durfee rectangle, see Fig. 3.1. Clearly, we have m +j > a1 > as > -+ > ag,
j=p1>pP2 > > P and

s t
Al = Zai+25i+j(m+j)~
i=1 i=1
For example, the 2-Durfee rectangle symbol of A = (7,7,6,4,3,3,2,2,2) in Fig. 3.1

<4, 3, 3, 2)
3, 2, 2, 2/5.4

Notice that for a partition A with £(A) < m, there is no m-Durfee rectangle. In this

is

case, we adopt a convention that the m-Durfee rectangle of A is empty, that is, 7 = 0,
and so the m-Durfee rectangle symbol is (N, #),,x0, where X is the conjugate of A. For
example, the 3-Durfee rectangle symbol of A = (5,5,1) is

(3, 2, 2, 2, 2)
3x0

It should be noted that when m = 0, an m-Durfee rectangle symbol takes the following
form
a1, Qo, ..., Qg
oo ) , (3.2)

(aaﬂ)jxj_(ﬂh Bay, ..., Bi Gxj
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Q1 2 Q3

!

/i o—e—e
f: o—e—e
f: o—e
1 o—e
P o—e

Fig. 3.2. The Durfee symbol of A = (7,7,6,4,3,3,2,2,2).

which is a Durfee symbol, see Andrews [1]. In the notation of Andrews, a D x D Durfee
square is simply denoted by D, as shown below

( ﬁ) (ala az, ..., 045) (3 3)
a, = . )
P 517 527 RN Bt D

For example, the Durfee symbol of A = (7,7,6,4,3,3,2,2,2) in Fig. 3.2 is

) (3, 3, 2 >
a, = .
"7 \s, 3 2 2 2/,

The following two properties will be used in the next section to describe partitions
counted by g(m,n) and p(—m,n).

Proposition 3.1. Let A be a partition and (v, 8)(m+5)x; be the m-Durfee rectangle symbol
of A. Then m appears in the rank-set of \ if and only if either j =0 orj > 1 and 5, = j.

Proof. We first show that if m appears in the rank-set of A, then either j =0 or j > 1
and 7 = j. Assume that m appears in the rank-set of A. By definition, there exists an
integer k > 0, such that k — A\y;1 = m. Obviously, £ > m. Consider the following two
cases.

Case 1: k = m. Clearly, A\,,41 is equal to zero, which implies that £(\) < m. So we
have j = 0.

Case 2: k > m. We have Ay 1 =k —m > 1. Let A = (@, B)(m+j)x;- We claim that
j = k—m. Notice that Ay, > A\py1 = k—m and A1 = k—m < k+1—m. By definition,
the m-Durfee rectangle of A is equal to k x (k —m). This yields j = k —m > 1, so that
the claim is verified. Hence we have 1 = Agpy1 =k —m =j.

We next show that if j =0 or j > 1 and 81 = j, then m appears in the rank-set of \.
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Case 1: j = 0. In this case, we have £(\) < m, which implies that A,,+1 = 0. Thus,
m — A1 = m. So m appears in the rank-set of \.

Case 2: j > 1 and 1 = j. By definition, we have A, 441 = 81 = j. Hence j +m —
Ajm+1 = j+m—j = m. In other words, m appears in the rank-set of A. This completes
the proof. O

Proposition 3.2. Let A be a partition and (a, B)(m45)x; be the m-Durfee rectangle symbol
of X\. Then the rank of X is not less than —m if and only if either j = 0 or j > 1 and

{(B) < ).

Proof. First, we assume that the rank of A is not less than —m, that is, A\ —€(\) > —m.
We aim to show that either j =0 or j > 1 and 4(8) < ¢(«). There are two cases:

Case 1: £(A\) < m. By definition, it is clear that 7 = 0.

Case 2: £(A) > m + 1. By definition, we have j > 1, Ay = j + {(a) and 4(\) =
Jj+m—+£(5). Hence

M=l =G+ Ua)) = (G+m+LB)) =—m+ (La) —£(B)).

Since A1 — £(A) > —m, we deduce that £(8) < {(a).

Conversely, we assume that j = 0 or j > 1 and £(5) < ¢(«). We claim that the rank
of A is not less than —m.

Case 1: j = 0. Clearly, we have £(\) < m, which implies that the rank of X is not less
than —m.

Case 2: j > 1 and £(8) < 4(a). By definition, we have A\; = j + £(a) and £()\) =
Jj+m—+£(5). Hence

M =LA =G+ L) = (j+m~+L(B) = —m+ (€(a) — €(B)). (3.4)

Note that ¢(«) — £(5) > 0. From (3.4), we deduce that A\; — £(\) > —m, and so the claim
is proved. O

4. Proof of Theorem 1.6 for m > 1

Let Q(m,n) denote the set of partitions A\ of n such that m appears in the rank-set
of A and let P(—m,n) denote the set of partitions of n with rank not less than —m.
Theorem 1.6 is equivalent to the following combinatorial statement.

Theorem 4.1. For m > 0, there is an injection @ from the set Q(m,n) to the set
P(—m,n).

In this section, we give a proof of Theorem 4.1 for m > 1, and hence Theorem 1.6
holds for m > 1. The proof of Theorem 4.1 for the case m = 0 will be given in the next
section since it relies on the injections for the case m > 1.
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To establish an injection ¢ from the set Q(m,n) to the set P(—m,n), we divide
Q(m,n) into six disjoint subsets Q;(m,n) (1 < i < 6) and divide P(—m,n) into eight
disjoint subsets P;(—m,n) (1 < i < 8). We proceed to construct six injections ¢; from
Q;i(m,n) to P;y(—m,n), where 1 < i < 6. Notice that the injections ¢1, ¢a2, ¢3 and ¢4
are valid for m > 0, and the injections ¢5 and ¢g are valid only for m > 1. In fact, the
injections ¢1, @2, ¢3 and ¢4 are needed in the construction of the injection @ for the case
m = 0.

To divide Q(m,n) into six classes, let A be a partition in Q(m, n) and let (@, 8) (m+5)x;
be the m-Durfee rectangle symbol of A\. Write

«
=3
B (m434)xj

that is, we also consider the m-Durfee rectangle symbol as a partition in Q(m,n). By
Proposition 3.1, we see that either j = 0 or 51 = j with j > 1. The subsets Q;(m,n) can
be described by using the m-Durfee rectangle symbol (v, 8)(n45)x -

(1) Q1(m,n) is the set of m-Durfee rectangle symbols in Q(m,n) for which one of the
following conditions holds:
(i) j=0;
(i) j > 1 and (8) — (0) < —1;
(iii) j > 1, 4(B) — (o) =0 and a1 = m + j;
(

(2) Q2(m,n) is the set of m-Durfee rectangle symbols in Q(m,n) such that j > 1,
0(B) —t(a) > 0 and oy < m + J;

(3) Q3(m,n) is the set of m-Durfee rectangle symbols in Q(m,n) such that j > 1,
6(B) —L(a) 2 1, 01 =m+j and s(8) = 1;

(4) Q4(m,n) is the set of m-Durfee rectangle symbols in Q(m,n) such that j > 1,
B)—L(a) > 1,01 =m+j > as and s(B) > 2;

(5) Qs(m,n) is the set of m-Durfee rectangle symbols in Q(m,n) such that j > 1,
(B) —Ll(a) > 1, a1 =az=m+j > a3 and s(8) > 2;

(6) Qs(m,n) is the set of m-Durfee rectangle symbols in Q(m,n) such that j > 1,
((B) —La) > 1,01 = ag =az =m+ j and s(3) > 2.

To divide the set P(—m,n) into eight classes, we also view P(—m,n) as the set of
m-Durfee rectangle symbols of partitions counted by p(—m,n). Let (7, 6)(m4j7)x ;s be the
m-Durfee rectangle symbol of a partition p in P(—m,n). By Proposition 3.2, we have
either j/ =0 or j/ > 1 and ¢(§) — £(y) < 0. The subsets P;(—m, n) can be described as
follows.

(1) Pi(—m,n) is the set of m-Durfee rectangle symbols in P(—m,n) for which one of
the following conditions holds:
(i) ' =0;
(ii) "> 1, £(0) = €(y) < —Land 61 = j’;
Y

(111) jl > 1, 6(7) = 6(5)7 1= m+Jl and 4 :j/;
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(2) P2(—m,n) is the set of m-Durfee rectangle symbols in P(—m,n) with j7 > 1 and
hh=j"-1

(3) Ps(—m,n) is the set of m-Durfee rectangle symbols in P(—m,n) with j/ > 2 and
01 <j =2

(4) Py(—m,n) is the set of m-Durfee rectangle symbols in P(—m,n) such that j/ > 1,
L) =4L(0), n=m+j — 1,6 =j and § has a part equal to 2;

(5) Ps(—m,n) is the set of m-Durfee rectangle symbols in P(—m,n) such that j* > 1,
y)=4£(0),n <m+j —3and & = j';

(6) Ps(—m,n) is the set of m-Durfee rectangle symbols in P(—m,n) such that j* > 1,
U(y) =4(5), n =m+j —2and 61 = j;

(7) Pz(—m,n) is the set of m-Durfee rectangle symbols in P(—m,n) such that j/ > 1,
L(y)=4L(0), n=m+7 —1> 7, d =7 and ¢ has no parts equal to 2;

(8) Ps(—m,n) is the set of m-Durfee rectangle symbols in P(—m,n) such that j/ > 1,

L(y)=4L(0), n =2 =m+j —1,5 =4 and ¢ has no parts equal to 2.

We are now ready to present the six injections ¢; from Q;(m,n) to P;(—m,n), where
1 <4 < 6. It is clear that Qq(m,n) coincides with P;(—m,n), so that ¢; can be set to
the identity map. The following lemma gives an injection from Qa(m,n) to Pa(—m,n).

Lemma 4.2. For m > 0, there is an injection ¢o from Qa(m,n) to Po(—m,n).

Proof. Let

) (a) <oz1, g, ..., as)
ﬁ (m~+7)xj ﬂla 627 ) Bt (m+3)xj

be an m-Durfee rectangle symbol in Q2(m,n). By definition, we have 81 = j > 1,
ap <m+jandt—s>0.
Define

~ o +1, as+1, ..., as+1, 1=
0= (3) -
(m—+3") x5’ /81 *17 62 *L cee 6t -1 (m+75)xj
It is evident that £(0) < ¢t and () = ¢, so that £(§) — £(y) < 0. Moreover it is easy to

see that 01 = j — 1 and |¢2(A)| = |A|. Hence ¢o(N) is in Po(—m, n).
To prove that the map ¢ is an injection, let

H(m,n) = {¢2(A): X € Qa2(m,n)}.

It is easy to check that for n # m + 1, H(m,n) = Py(—m,n), and for n = m + 1, we
have

H(m7 n) = PQ(—TTL,TL) \ {(w)w)(erl)xl}-
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Let

M_(7> _(717 V2, e ’Yb”)
0 (m+j5") x5’ 01, 02, ...y Oy (m~+j") x5’

be an m-Durfee rectangle symbol in H(m,n). Since u € Po(—m,n), we have s’ > t'.
Define o (i) to be

’71_]-7 72_13 ceey ’ys’_]-
o(p) =

)
01 +1, do+1, ..., dp+1, 1 (m+57) %"

It can be verified that o(u) is in Q2(m,n) and o(¢2(A)) = A for any X in Q2(m,n).
Hence the map ¢, is a bijection between Q2(m,n) and H(m,n). O

For example, for m = 2 and n = 31, let

4, 2, 2
= ( )
3, 2, 2, 1/..4

be a 2-Durfee rectangle symbol in Q2(2,31). Applying the map ¢o to A, we obtain

) (5, 3, 3, 1)
U 2, 1, 1 5><3’

which is a 2-Durfee rectangle symbol in Py(—2,31). Applying o to ¢2(\), we recover A,
that is, o(d2(N)) = A.

Lemma 4.3. For m > 0, there is a bijection ¢3 between Qs(m,n) and P3(—m,n).

Proof. Let

) (a) <a1, o, .., as>
6 (m+3)xj 617 ﬁ27 RN ﬁt (m+j)xj

be an m-Durfee rectangle symbol in Q3(m,n). By definition, we have j = 51 > 8 = 1,
ap=m+jandt—s > 1.
Define

0 as+1, ..., ag+1, 1571
0= (5,00 ) |
(m+35") x5’ Pa—1, .oy Bi—1 (m+j+1)x(5+1)

To prove that ¢3(A) € Ps(—m,n), we proceed to verify that v < m+ j', § < j' — 2,
£(6) — £(y) <0 and |A| = |¢3(A)|. First, it is easy to see that
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N=ar+1<m+j+1l=m+j
and
S1=P—1<j—-1<j -2

By definition, ¢(y) =t — 2 and £(§) <t — 2 for 8; = 1. Hence £(5) — £(y) <O0.
Note that

|os(N)| = Iyl + 18] + (G + 1) (m +j + 1).

But

N+ 18] = (o —ar + £ —2) + (I8] = B — (¢ — 1))
=laf+ B8] =(m+j)—j—1,

we find that

lps(N)| = laf + B8] — (m+j) —1—j+ (G +1)(m+j+1)
= |af +|B] +j(m + ),

which equals |\|. Hence ¢3(\) € P3s(—m,n). To show that ¢3 is a bijection, we construct
the inverse map ( of ¢3. Let

M_(V) _<'717 Y2, - 78’)
5 (m+j’)xj’ 61, 62, ey (St/ (m+j’)xj’

be an m-Durfee rectangle symbol in P3(—m,n). Since p € Ps(—m,n), we have s’ > ¢/,
j' > 2 and §; < j' — 2. Define ((u) to be

m+j/_1’ 71_17 72_17 teey 78'_1
C(M)Z(

j/_la 51+17 62+]—7 RN 5t’+]—7 1° -t +1)(m+j/—1)><(j/—l)

It is easy to check that ¢(u) is in Q3(m,n) and ¢ is the inverse map of ¢3. So we conclude
that ¢3 is a bijection. O

For example, for m = 2 and n = 34, let

(5, 4, 1 )
>\:
3,3, 2, 1/..4

be a 2-Durfee rectangle symbol in Q3(2,34). Applying the bijection ¢3 to A, we get
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(52
¢3( )_<27 1)6><4a

which is in P3(—2,34). Applying ¢ to ¢3(\) we recover A.
The following proposition will be used in the construction of the injection ¢g4.

Proposition 4.4. For m > 0, let

) (a) (al, ag, ..., as)
/6 (m4+3)xj ﬁ17 627 ey 6t (m+j)xj

be an m-Durfee rectangle symbol in Qq(m,n). Then there exists an integer 1 < k < s
such that

a1 < B —1 (4.1)
and
(677 Z ﬁk+1 —1. (42)

Proof. By the definition of Q4(m,n), we have j = 1 > 8 > 2, m+j = a1 > ag and
t —s > 1. When m = 0, we may choose k = 1, since

a<j—-1=p -1
and
ap =7 > [ — 1.
When m > 1, let
h=min{i: 1 <i<t, o; < B —1}.
Setting k = h — 1, we proceed to show that 1 < k < s and relations (4.1) and (4.2) hold.
Since B; > 2, as11 = 0 and t > s+ 1, we have asy1 < Bs41 — 1, which implies that

h < s+ 1, that is, k < s. Observing that o1 = j+m > j—1= 1 — 1, we get h > 2,
that is, £ > 1. Thus, we have 1 < k < s. By the definition of &, we find that

ap < Bp—1
and

ap—1> Bp-1— 1.
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It follows that
ap < Br—1<Br1 -1
and
ap—1 > Pp—1 — 12> B — 1,
which implies that £k = h — 1. This completes the proof. O
Lemma 4.5. For m > 0, there is an injection ¢4 from Qs(m,n) to Py(—m,n).

Proof. We first construct a map ¢4 from Q4(m,n) to Py(—m,n), then we show that it
is an injection. Let

A (a) <a1, g, ..., as)
B (m+75)xj 617 ﬂ27 ) ﬂt (m+j5)xj

be an m-Durfee rectangle symbol in Q4(m,n). By Proposition 4.4, we may choose k to
be the minimum integer such that 1 <k < s, ag+1 < B — 1 and oy > Pr+1 — 1. By the
definition of Q4(m,n), we have j =01 > ;> 2, m+j=a; > asand t —s > 1. So we
may define

v
= (7)
(m~+j") x5’
_<a1—17 g, .., gy Bei—1, o Be—1 >
/815 ﬂ?v R 6ka ak+1+17 RN Oés+1, 2a 1t7571 (m+j)xj
(4.3)

Apparently, v1 = a1 — 1 = j'+m —1, 6 = 1 = j = j, £(y) = £(§) = t and
ds+1 = 2. Furthermore, it can be easily checked that |¢p4(A\)| = |A|. This yields that
P4(N) € Py(—m,n).

To prove that ¢4 is an injection, let

I(m,n) = {¢4(A): XA € Qs(m,n)}

be the set of images of ¢4, which has been shown to be a subset of P;(—m,n). We wish
to show that the construction of ¢4 is reversible, which implies that ¢4 is an injection.
More precisely, we shall show that there exists a map ¢ from I(m,n) to Q4(m,n) such
that for any A in Q4(m, n) we have

@(ha(N) = A
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We now describe the map ¢. Let

Y Y, Y2 -ees W
(m+j") x5’ L 820 e O/ (maj) x5/

be an m-Durfee rectangle symbol in I(m,n). The following procedure generates an
m-Durfee rectangle symbol ¢(u) in Q4(m,n).

We claim that for p € I(m,n) given by (4.4), there exists an integer k' such that
1<Kk <{(y)—1and

Ok — 12 Yy, Vi > Oprg1 — 12> 1. (4.5)

Since p € I(m,n), there exists A € Q4(m,n) such that ¢4(\) = p. By the choice of k in
the construction of ¢4(\), we see that

1<k<s<t—1={(y)—1
Again, from the construction (4.3) of ¢4(A), we find that

Ok > Yrg1 + 1

and
Vi > Opy1 — 12> 1.

So k satisfies the conditions in (4.5). Thus the claim is verified.

Now, we may choose k' to be the minimum integer such that 1 < k' < 4(y) — 1,
0 — 1 > g1 and g > 041 — 1 > 1. Since p is in Py(—m,n), the partition § in
the m-Durfee rectangle symbol of x4 has a part equal to 2. Assume that dg =2 > g 41.
Then we may define

o(p) = (;) i

_<")/1+1, Y2, ey Yk 6k’+1*1; e 58/_171

) . (4.6)
o1, d2y vevy Okry Y41+ 1, .. Y +1 (m+5')x 5"
Evidently, 81 =01 = j, a1 =1 +1=m+j>as, By =y +1>2and t’ > s —1.
Moreover, it is easy to check that |¢(u)| = |p|. So we deduce that p(u) € Q4(m,n).

It remains to verify that ¢(¢4(A)) = A. By the constructions (4.3) and (4.6) of ¢4(\)
and o(p), it suffices to show that the integer k appearing in the representation of ¢4(\)
coincides with the integer k' appearing in the representation of ¢(¢4(X)).
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Recall that k is the minimum integer determined by A subject to the conditions
1<k<s, ap>prer—1, and agppr < B — 1 (4.7)

On the other hand, it can be shown that k is also the minimum integer ¥’ depending on
¢4(N) such that

1 S kl § E(’Y) - 1, 6]@’ -1 Z Yk’ +1 and Yk’ Z 61€’+1 -1 Z 1. (48)

From the definitions of k and s, we find that s < t — 1 = £(v) — 1, which implies
k < {(y) — 1. By the construction (4.3) in ¢4(\), we have y441 = Br+1 — 1 and 6 = Si.
Furthermore, we have vy = a3 — 1, and vy, = «ai for £ > 2. It can also be seen that
0s+1 = 2 and 041 = ap41 + 1 for 1 < k < s — 1. Hence we deduce that o — 1 > i1
and v, > 041 — 1 > 1 for 1 < k < s, that is, k satisfies the conditions in (4.8).

Finally, we need to show that k is the minimum integer satisfying conditions in (4.8).
Assume to the contrary that there is an integer 1 < p < k — 1 for which the conditions
in (4.8) are satisfied, that is,

0p—1>v41 and v, >0p11 —12>1.
From the construction (4.3) of ¢4(\) and the assumption 1 < p < k — 1, we find that

Qpt+1 = Vp+1, Bp = §pa Bp-i-l = Op+41-

Moreover, by (4.3) we see that a, =y, +1if p =1 and o, = 7y, if p > 2. In either case,
we have

op > Ppr1—1 and oy <GBy — 1

This means that p also satisfies the conditions in (4.7), contradicting the choice of k. So
we conclude that k is the minimum integer satisfying conditions in (4.8), which implies
that @(¢p4(A\)) = A. This completes the proof. O

For example, for m = 2 and n = 41, consider the following 2-Durfee rectangle symbol

in Q4(2,41):
(5, 4, 2, 1 )
A= .
3, 3, 2, 2, 2, 2/..4

It can be checked that k = 2. Applying the injection ¢4 to A\, we get

p=da(A) = (

4, 4, 1, 1, 1, 1)
3, 3, 3, 2, 2, 1/,

which is in Py(—2,41). Applying ¢ to u, we obtain that &' = 2 and ¢(u) = A.
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We next describe the injection ¢5 from Qs(m,n) to Ps(—m,n).
Lemma 4.6. For m > 1, there is an injection ¢5 from Qs(m,n) to Ps(—m,n).

Proof. Let

N <a> (al, g, .., as>
6 (m4+75)xj /Bla ﬂ27 ) ﬂt (m+35)xj

be an m-Durfee rectangle symbol in Q5(m,n). By definition, we have j = 51 > 8; > 2,
ap=az=m+j>azand t—s > 1.

Since ag —m +2 = j+2 > f3 — 1, we may choose the maximum number k& such that
1<k<t—1and ay —m+2 > fry1 — 1. To define ¢5(\), we construct two partitions
~ and 4. It is clear that k > 2. So we may define

y=(Ba+m—=2,....0k+m—2a511+1,...,00 + 1) (4.9)
and
d=(ag+1=—myaz+2—m,...;05+2—m,Br41—1,...,8: —1). (4.10)

Notice that when k& = 2 the above definition (4.10) may be ambiguous. In this case,
(4.10) is interpreted as

6:(Olg-i-l-m,,@g-l,-..,ﬂt—l)-
We now define

gl

$5(A) = < (4.11)

Y ) (m+j+1)x(5+1)

We first prove that (v, 0)(m+j+1)x(j+1) is an m-Durfee rectangle symbol. To this end,
we need to show that v and § are partitions with v; < m+j+ 1 and §; < j+ 1. We
then verify that (v,0)(m4j41)x(j+1) satisfies the conditions for Ps(—m,n).

To prove that ¢ is a partition, it suffices to show that when k& = 2, we have

as+1—m>pB3—1, (4.12)
and when k > 3, we have
as+1l—-m>az+2-—m (4.13)
and

ok +2—m > Bep1 — L. (4.14)
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When k£ = 2, since as —m+1=j+1and B3 < 1 = j, we see that (4.12) holds,
and so ¢ is a partition. When &k > 3, since ay > as, we get (4.13). On the other hand,
(4.14) follows from the choice of k. Hence ¢ forms a partition when k& > 3. Furthermore,
it is clear from (4.10) that 61 =as+1—m =7+ 1.

We now verify that «y is a partition. From the definition (4.9) of ~, it suffices to show
that

Br+m—22> gy + 1. (4.15)

Keep in mind that k is in the range from 2 to ¢ — 1. When k& = ¢ — 1, (4.15) becomes
Bi—1+m —2 > a; + 1, which is valid since 8;_1 > 2 and a; = 0. When 2 < k <t — 2,
since k is the maximum integer such that ap —m+2 > Sr11—1, we have ag11 —m+2 <
Br+2 — 1, which implies (4.15). This proves that ~ is a partition. It is clear from (4.9)
that y =fo+m—2<j+m—2.

Next we demonstrate that (7v,6)(m4j+1)x(j+1) is an m-Durfee rectangle symbol in
Ps(—m,n). It is clear from (4.9) and (4.10) that 61 = ae+1—m = j+1,71 = fo+m—2 <
j+m—2,and £(y) = £(0) =t — 1. It remains to check that [(7v,)m+j+1)xG+)| = [Al
Note that

v+ 18] =la] —a1 + (2 —=m)(k —2) +1—m+ (t — k)
+18 =B+ (m—2)(k—1) = (t—k)
=la] —a1 +|B] = B1 — 1.

Since 81 = j and oy = m + j, we get
v+ 18] = [af + [B] = (27 +m + 1).
Hence

|(V: 0) (mtj+ 1) xG+1)| = W+ 18]+ (m+5 + )G+ 1)
= la| + |8 +j(j +m),

which equals [A]. So we arrive at the conclusion that (7,9)(mtj+1)x(j+1) € Ps(—m,n).
We are now in a position to prove that ¢5 is an injection. Let

J(m,n) = {¢5(A): A € Qs(m,n)}

be the set of images of ¢5. It has been shown that J(m,n) is a subset of Ps(—m,n). We
wish to construct a map 7 from J(m,n) to @Qs(m,n) such that for any A in Q5(m,n),
we have
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To describe the map 7, let

M_<7> _(71, Y2 e %/)
(S (m+j’)><j/ 61, 52, ey (5t’ (m+j/)><j’

be an m-Durfee rectangle symbol in J(m,n), that is, there is an m-Durfee rectangle
symbol A = (&, ) (m+j)x; in @s(m,n) such that ¢5(\) = p. We claim that 74 = 1 and
there exists an integer k&’ such that

1§k'§t’—1 and g —m+1 25k/+1. (416)
From the constructions (4.9) and (4.10) of ¢5, we see that vw = oz +1=1, yx—1 = B +
m—2 and 6 = Br1—1. It follows that v,_1—m—+1 > 0. Since 1 < k—1<t—-2=1¢—1,
we reach the conclusion that k—1 satisfies the conditions in (4.16). This proves the claim.
By the above claim, we may choose k' to be the maximum integer such that 1 < k' <
t' — 1 and

Yt — M +1 > 5k:’+1' (417)
The choice of k" yields that yiry1 —m + 1 < dprao when 1 < k' <t/ — 2, which implies
Vire1 — 1 < 0 —2+m. When k' =t/ — 1, we also have y, 11 — 1 < §pr — 2 4+ m since

~v¢ = 1. Combining the above two cases for k', we obtain that

Y1 —1 < O — 2+ m. (418)

In view of (4.17) and (4.18), we may define

w=(5)
7(u) = ,
B (mtgr—1)x(3r—1)

where
a=(G'+m—-1,6-14+mb—2+m,....00 —24+m, Y41 —1,...,7v — 1) (4.19)
and
B=0"—Lm+2—m, ..., +2—m, 0w +1,...,00 +1). (4.20)
It is easily checked that 7(p) € Qs(m,n).
Finally, we verify that 7(¢5(\)) = A. By the constructions of ¢5(\) and 7(u), it suffices

to show that the integer k appearing in the representation of ¢5(\) is equal to the integer
k' appearing in the representation of 7(¢5(\)) plus 1, namely, &' = k — 1.
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Recall that k is the maximum integer determined by A subject to the conditions
1<k<t—1 and ap—m+22> Fry1 — 1. (4.21)

On the other hand, it can be shown that k — 1 is the maximum integer k' determined
by ¢5(\) subject to the conditions

1<k <t'—1 and v —m+1>0pi1. (4.22)

Using (4.9) and (4.10), we find that 1 < k—1<t—-2=¢ —1and 741 —m+1 =
Br — 1> Bry1 — 1 = 0k, that is, the conditions in (4.22) hold with &’ replaced by k — 1.
It remains to show that k — 1 is the maximum integer satisfying the conditions in (4.22).
Assume to the contrary that there is an integer p > k for which the conditions in (4.22)
are satisfied, that is, k <p <t' — 1 and

Yp—m~+12>6p41. (4.23)
Since t' =t — 1, we have
k<p<t—2. (4.24)

From the constructions (4.9) and (4.10) of ¢5(A), we find that v, = ap+1 + 1 and
dp+1 = Pp+2 — 1. By (4.23), we deduce that cpy1 —m~+2 > 8,19 —1. Moreover, it follows
from (4.24) that k+1 < p+ 1 <t — 1. Thus, (4.21) is valid with k replaced by p + 1,
which contradicts the choice of k. So we conclude that k — 1 is the maximum integer
satisfying conditions in (4.22). This implies that 7(¢5(\)) = A, and hence the proof is
complete. O

For example, for m = 1 and n = 34, consider the following 1-Durfee rectangle symbol

in Qs(1,34):
(4, 4, 2 )
A= .
3, 3, 2, 2 2/,.,

It can be checked that k = 4. Applying the injection ¢5 to A\, we get

b5 (\) (2, 1, 1, 1)
eV, 81, 1/,
which is in Ps(—1,34). Applying 7 to u, we obtain that ¥’ = 3 and 7(u) = A.
It should be remarked that the injection ¢s is not valid for m = 0. More precisely,
¢5 does not apply to Durfee symbols A = («,3); in Q5(0,n) with 5;—1 = 2, where

((B) =t and £(a) = s < t. Assume that 5;_1 = 2. Then we have ay—1 +2 > 2 > 5 — 1,
so that k =t — 1. Applying ¢5 to (o, §);, we get
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’V:(52_2,-”,51571_2,06“!‘1),

which is not a partition, since y;_o = ;-1 —2=0and 341 =a; +1=1.
In the following lemma, we give an injection ¢g from Qg(m,n) to Ps(—m,n).

Lemma 4.7. For m > 1, there is an injection ¢g from Qg(m,n) to Ps(—m,n).

Proof. To define the map ¢g, let

) <a> (al, g, .., as>
5 (m4+75)xj /Bla 527 ) Bt (m+j5)xj

be an m-Durfee rectangle symbol in Qg(m,n). By definition, we have j = 51 > ; > 2,
ap=ay=az3=m+jandt—s > 1.

Since ag —m+1=j+1> 35— 1, there exists a maximum integer k such that k¥ < s
and ap —m+1 > B — 1. We aim to construct two partitions v and § from . It is clear
that k£ > 3. So we may define

y=Br+m—1,... Be-1+m—Lag+1,...,a,+1,2,17°71) (4.25)
and
d=(az+1—m,...,ap +1—m,Bx—1,...,8.—1). (4.26)
To avoid ambiguity, when k = s, we set
v = (ﬁl +m—=1,...,8s-1 —|—m—1,2,1t_5_1).

Using the argument in the proof of Lemma 4.6, it can be shown that (7,8) (m45+1)x (j+1)
is an m-Durfee rectangle symbol. Define

Y
d)ﬁ()‘) = <5) .
(m+j+1)x(5+1)

We claim that ¢g(A) is an m-Durfee rectangle symbol in Pg(—m, n). It is clear from (4.25)
and (4.26) that vy =j+m — 1,6, = j+ 1 and £(y) = £(6) =t — 1. Tt remains to check
that |¢g(A)| = |A|. Observe that

v+ 10 =la]—a1—as+ (1 —-—m)(k—2)+(s—k)+2+ (t—s—1)
+18l+(m—-1)(k—-1)—(t—k+1)
=la|+ 8] —a1 —az+m—1. (4.27)



W.Y.C. Chen et al. / Advances in Mathematics 270 (2015) 60-96 83

By the definition of Qg(m,n), we have a1 = as = j + m. Thus, it follows from (4.27)
that

1+ 18] = o] + 18] — (2] +m +1).
Hence,

|06(N)| = Iy + 16| + (G +1)(j +m +1)
= laf + B +7(j +m),

which equals |A|. This proves that ¢g(\) € Ps(—m,n).
Next we show that ¢g is an injection. Let

K(m,n) = {¢s(A\): A € Qs(m,n)}

be the set of images of ¢, which is known to be a subset of Ps(—m,n). It suffices to
construct a map x from K(m,n) to Q¢(m,n) such that for any A in Qg(m,n),

X(¢6(/\)) =\

To describe the map x, let

o= <ry> _ (’717 Y2, s ’Yt’> (428)
6 (m+j’)><j/ 61, 52, ceey 515’ (m+j’)><j/

be an m-Durfee rectangle symbol in K (m,n), that is, there is an m-Durfee rectangle
symbol A = (a, 8)(m4j)x; in Q¢(m,n) such that ¢s(A) = p. From the defining rela-
tion (4.25) of ¢g, we see that v has a part equal to 2. Moreover, s is the maximum
number such that v, = 2. This property enables us to determine s from . We claim
that there exists an integer k' such that

1<Kk <s—1 and ~p —m > . (4.29)
By (4.25) and (4.26), we have
2<k—-1<s—-1, yp_1=pFk-1+m—1, Op—1 =Bk — 1,
and hence
1<k—-1<s—1 and ~g_1—m> k1.

Hence the conditions in (4.29) are satisfied with &’ replaced by k — 1. So the claim is
proved.
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Now we may choose &k’ to be the maximum integer such that (4.29) holds. This choice
of k' implies that 11 —m < 041 when 1 < k' < s—2. It follows that dpr—1 +m > Yrr11
when 1 < k' < s—2. When k¥’ = s — 1, since v, = 2, we have d,_ +m > ~,. Combining
the above two cases for k/, we deduce that

Okr—1 + M > Ypr41- (4.30)
By (4.29) and (4.30), we may define

(07

)

x(u)( >
B mtir—1yx('—1)

where

a=0G'+m—-1,74+m-1,0—14+m,....0p_1—1+myws1—1,...,7-1—1)
(4.31)

and
B=Mm+1—-my....;v +1 =m0 +1,...,50 +1). (4.32)

It can be easily checked that x(u) € Qs(m,n).

Finally, we verify that x(¢s()\)) = A. By the constructions of ¢g(A) and x(u), it
suffices to show that the integer k appearing in the representation of ¢g()) is equal to
the integer k' appearing in the representation of x(¢g(\)) plus 1, that is, k = k&’ + 1. This
assertion can be justified by using the same argument as in the proof of Lemma 4.6. For
completeness, we include a proof.

Recall that k is the maximum integer determined by A subject to the conditions

3<k<s, ap—m+1>p—1. (4.33)
We proceed to show that k—1 is the maximum integer k&’ determined by ¢¢(A) such that
1<k <s—1, v —m> . (4.34)

From the constructions (4.25) and (4.26) of ¢, it can be checked that (4.34) is valid with
k' replaced by k — 1. So it suffices to show that k — 1 is the maximum integer satisfying
conditions in (4.34). Assume to the contrary that there is an integer k¥ < p < s —1 for
which the conditions in (4.34) are satisfied, that is,

Yp — M > Op. (4.35)

In view of the constructions (4.25) and (4.26) of ¢g, and noting that k£ <p < s—1, we
find that
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Vp=0pt1+1 and 9, = pFpi1 — 1. (4.36)
Substituting (4.36) into (4.35), we arrive at
Opt1 —m+1 Zﬂp+l —1.

This means that (4.33) holds with & replaced by p+1. But this contradicts the maximality
of k. So we conclude that k—1 is the maximum integer satisfying the conditions in (4.34),
which implies that x(¢s(A)) = A. This completes the proof. 0O

For example, for m = 2 and n = 60, let
R <5, 5 5 5 3, 2 )
\3, 3,3, 3, 2 2 2 2/..

be a 2-Durfee rectangle symbol in Qg(2,60). It can be checked that k = 6. Applying ¢g
to A\, we get
4, 4, 4, 4, 3, 2, 1
=) = ( )
6x4

4, 4, 2, 1, 1, 1, 1

which is in Ps(—2,60). Applying x to p, we obtain that s = 6, k' =5 and x(u) = \.

It should be noted that the injection ¢g is not valid for m = 0. To be more specific,
¢¢ does not apply to Durfee symbols A = (o, §); in Q¢(0,n) with Ss—1 = 2, where
l(a) = s and ¢(B) = t. Assume that (7, 0);; = ¢g()). Since S,_1 = 2, we have o, +1 >
2 > s — 1, which implies that k£ = s. Thus

Y= (51 - ]-7 s 7ﬂs—1 - 1727 1t—s—1),

which is not a partition, since y,_1 = 851 — 1 =1 and v, = 2.
Combining the above injections ¢; (1 < i < 6), we are led to an injection from Q(m, n)
to P(—m,n) for the case m > 1.

Proof of Theorem 4.1 for m > 1. Assume that m > 1. Let A be a partition in Q(m,n),
define

d1(N), if XA € Q1(m,n);
da(N), i A € Qa(m,n);
S0 = d3(A), if XA € Q3(m,n);
da(N), i A€ Qa(m,n);
d5(N), if XA € Qs(m,n);
de(N), if A€ Qg(m,n).
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Using the divisions of Q(m,n) and P(—m,n) and combining Lemmas 4.2, 4.3, 4.5,
4.6, 4.7, we conclude that @ is an injection from Q(m,n) to P(—m,n). O

5. Proof of Theorem 1.6 for m = 0

In this section, we give a proof of Theorem 4.1 for m = 0, and so Theorem 1.6 holds
for m = 0. In addition to the injections ¢1, ¢2, ¢35 and ¢4 for m > 0 and restrictions of
¢5 and ¢g, this seemingly special case requires three more injections.

Recall that Q(0,n) denotes the set of Durfee symbols («, 3); of n such that
and P(0,n) denotes the set of Durfee symbols (v, d); of n such that £(5) — £(y
From the definitions of Q;(m,n) and P;(—m,n) given in Section 4, we have

A1
)

<0

6
Q(0,n) = U Qi(0,n)
i=1
and
8
P(0,n) = U P;(0,n).
i=1

It is known that Q1(0,n) = P;(0,n). By Lemmas 4.2, 4.3 and 4.5, we see that the
injections ¢2, ¢3, ¢4 can be applied to Q2(0,n), @Q3(0,n) and Q4(0,n), so that we get
three injections from @;(0,n) to P;(0,n), where 2 < i < 4.

As mentioned in the previous section, the injection ¢5 does not apply to @Qs5(0,n),
and the injection ¢g does not apply to Qg(0,1). We need to construct an injection from
Q5(0,7)UQs(0,n) to Ps(0,n)U Ps(0,n) U Pr(0,n)U Ps(0,n). To this end, we shall divide
the set Q5(0,1)UQg(0,n) into five disjoint subsets Q1(0,n), Q2(0,71), Q3(0,n), Q4(0,n)
and Q5(0,n):

(1) Q1(0,n) is the set of Durfee symbols (a, 3); € Q5(0,n) with s(3) > 3;
(2) Q2(0,n) is the set of Durfee symbols (a, 3); € Q6(0,n) with s(3) > 3;
(3) Q3(0,7) is the set of Durfee symbols (a, 8); € Q5(0,n) UQg(0,n) with s(a) = 1 and
S(8) = 2
(4) Q4(0,m) is the set of Durfee symbols (a, 3); € Q5(0,n) U Qs(0,n) with s(a) > 2,
@ = [y and s(f) = 2;

(5) @Q5(0,n) is the set of Durfee symbols (a, 5); € @5(0,n) U Qs(0,n) with s(a) > 2,
B1 > B2 and s(B) = 2.

On the other hand, we divide the set P5(0,n) U P3(0,n) into three disjoint subsets
Py(0,n), Py(0,n) and P3(0,n):

P1(0,n) is the set of Durfee symbols (v, d);, € Ps(0,n) with s(5) > 2;
(2) P»(0,n) is the set of Durfee symbols (v, 4);, € Ps(0,n) with s(5) > 2;
P5(0,7) is the set of Durfee symbols (v, d); € P5(0,n) U Ps(0,n) with s(§) = 1.
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In the following lemmas, we shall show that there exist an injection v from 6_21(07 n)
to P1(0,n), an injection ¥y from Q2(0,n) to P>(0,n), an injection 15 from Q3(0,7n) to
P53(0,n), an injection v, from Q4(0,n) to P;(0,n) and an injection 5 from Q5(0,7)
to Ps(0,n). It should be noted that 1, is a restriction of ¢5 to Q1(0,n) and 1 is a
restriction of ¢g to Q2(0,n). Then the injection & for m = 0 consists of injections ¢;
(1 <4< 4) and injections ¢; (1 <7 <5).

Lemma 5.1. There exists an injection 11 from Q1(0,n) to P1(0,n).

/\_(a) _<a1, ag, ..., as>
a B ‘_ ﬁla 627 R ﬁt j

J

Proof. Let

be a Durfee symbol in Q1(0,n). By definition, we have j = 81 > f; > 3, j = a; =
ag > ag and t —s > 1. Consequently, we have as +2 = j+2 > 3 — 1. Hence there exists
a maximum number k such that 1 <k <t—1and ar +2 > Sr+1 — 1. So we may define

P1(A) = (Z)jﬂ, (5.1)

where
Y= (62_27"'7ﬁk_27ak+1+17"'7at+1>

and

6= (a2+1,a3+2,...,ak+2,ﬁk+1 —1,...,@5—1).
Using the same argument as in the proof of Lemma 4.6, we deduce that i1 (A) is a Durfee
symbol in P;(0,7) and the construction of ¢; is reversible. Thus ¢, is an injection from
Q1(0,n) to P1(0,n). This completes the proof. O
Lemma 5.2. There exists an injection 1y from Q2(0,n) to Py(0,n).

/\_(a) _(al, Qg ..., as>
\B/, \Bu Ba ... B

J

Proof. Let

be a Durfee symbol in Q2(0,7). In this case, we have j = 8, > ; > 3, j = a1 = az = a3
and t—s > 1. Thus, ag+1=j+1> B3 — 1. So we may assume that k is the maximum
integer such that £k < s and ay +1 > S — 1. Define



88 W.Y.C. Chen et al. / Advances in Mathematics 270 (2015) 60-96

v
mo=(7) (52)
0 j+1
where
Y= (61 _17"'aﬁk—1 _1aak+1 _1_17.“7&3_’_1,27115—3—1)
and

5:(ag—&—l,...,ak—i—LBk—1,...,@—1).

It can be checked that 15(\) is a Durfee symbol in P»(0,n). Moreover, it can be shown
that 1o is reversible by using the same reasoning as in the proof of Lemma 4.7. Hence
1o is an injection, and the proof is complete. 0O

Lemma 5.3. There is an injection 15 from Q3(0,n) to P3(0,n).

)\_(a) _(al, a9, ..., as>
\B/), \Bi, Boy ey B

J J

Proof. Let

be a Durfee symbol in Q3(0,n). So we have ay = ap = j, oy = 1, 1 = 4, B = 2 and
t —s > 1. It follows that S < j and as = j. So we can define

¥ Po—1, ..., B—1
%(A)( ) ( HH) . (5.3)
6/, \az+1l, ., awi+l, 1 .

Note that vy =B —1<j—1=j"—-2,01=as+1=j+4+1=j" and £(y) = £(). Since
t—s > 1, we see that s(d) = 1. Since a; = 1, it is easily checked that |1)3(A)| = |A|. This
proves that v3()\) is in P3(0,n).

To show that 3 is an injection, let

L(0,n) = {¢3(N): A € Qs(0,n)}

be the set of images of 15, which is a subset of Ps (0,n). It suffices to construct a map o
from L(0,n) to Q3(0,n) such that for any A in Q3(0,n),

I(Ws (V) =\ (5.4)

_(7) _(717 Y25 e ’Vt')
a 4] i/ 517 52a R 6t/ i

J

Let
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be a Durfee symbol in L(0,n). We claim that v+ = 1 and d_1 = 1. By the definition of
L(0,m), there exists a Durfee symbol A = (a, 8); in Q3(0,n) such that 13(\) = p. Since
t—s+12>2and f; =2, from the definition (5.3) of 13()\), we get

Y =0t—1=1 and O0p—1 = 1. (5'5)

So the claim holds.
We next define the map 9. Let A’ be the largest index such that d5, > 1. By the above
claim, we have d;:_1 = 1, and so b/ < ¢ — 2. Define

J o1, =1, ..., w1, 1
ﬁ(u)=< )

j/_17 71—’—1’ ERE ’yt’+1 j'—1

It is not difficult to check that ¥(u) € Q3(0,n) and 9(¢3(N)) = X for A € Q3(0,n).
Therefore, 13 is an injection from Q3(0,7n) to P3(0,n). This completes the proof. O

For example, for n = 35, let
3,3, 2 2 1
= ( )
3, 3,3, 2 2 2/,
be a Durfee symbol in Q3(0,35). Applying the injection 3 to A, we get

iy (27 2, 1, 1, 1)
T4, 8, 08,01, 1))

which is in Ps(0,35). Applying 9 to p, we find that b’ = 3 and 9(u) = .

Lemma 5.4. There is a bijection ¢y between Q4(0,n) and Pr(0,n).

\ (oz) (al, ag, ..., as>
5 j Blu 527 C) ﬂt
be a Durfee symbol in Q4(0,n). By definition, oy = g = j, as > 2, B1 = fo = 4, Bt = 2
and t —s > 1. Thus, ag = j > B3 — 1 and B2 = 7 > a3. So we may define

Y a2, /83_1a sy ﬂt—l_l
5 -, ﬂg—f—l, Ckg-l—]., ey O[5+1, ]. i+1

J J

Proof. Let

J

Note that §;_1 = as+1 >3 and §; =1 for s <i <t — 2. It is clear that § has no parts
equal to 2. Since 3; = 2, we find that |14(\)| = |A|. Moreover, we have £(vy) = £(§) = t—2,
hh=pF+l=j+1l=7andyi=as=j=7 —1>F3—1=r9. Soy()\) is in P;(0,n).
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To show that v, is a bijection, we construct the inverse map &£ of 4. Let
M_(v) _(71, Y2, e %/)
) (m) %" 01, O2, ..., Op i

be a Durfee symbol in P;(0,n). By the definition of P7(0,n), we have §; = j/, y1 =
7' —1 > 5 and § has no part equal to 2. We define £(u) as follows:

jl_17 1, 62_17 ey 6t’_1
£(u)=< ) :
2 -1

jlfl, 51717 ’YQ+1, ey ’}/t/+1,

It can be checked that &(u) € Q4(0,n) and ¢ is the inverse map of 1b4. Thus 14 is a
bijection. O

For example, for n = 40, consider the following Durfee symbol in Q4(0, 40):

\ (3, 3, 3, 2 2 )
\3, 3, 3, 3, 2 2 2/,
Applying the bijection 14, we get

e (3, 2, 2, 1, 1)
YT\, 4, 08,08, 1))

which is in P7(0,40). Applying & to 14()\), we recover A.
Lemma 5.5. There is an injection ¥ from Qs(0,n) to Ps(0,n).

Proof. Let
5= <a) _ <oz1, a9, ..., ozs>
8), \Bi, B .., B/,
be a Durfee symbol in Q5(O,n). In this case, we have a; = as =7, ay > 2, j = (1 > o,
Bt =2and t —s > 1. Observe that j > 3, since j = 81 > B2 > By = 2.

We next define the map 5. Given oy = as = j, we may choose k to be the maximum
integer such that ap = j. Clearly, £ > 2. Using 8; = 2, we may choose h to be the
minimum integer such that 5, = 2. Since 51 = j > 2, we get 2 < h < t.

By the choice of k, we see that o, = j and a1 < j. Since 51 = j and [ < j, we see

that ap > B2 and 51 > ag41. On the other hand, by the choice of h, we have 8,1 > .
So we may define



W.Y.C. Chen et al. / Advances in Mathematics 270 (2015) 60-96 91

Y
Y5 = (5)
j/
<a1—1, e ap—1, B2—1, o Bho1—1, Bn, 1th)
N B, agpy1 + 1, R ag +1, 12k—2+t—s ;
(5.6)

Since 5_p+1 =as+1>3and ), =1for s —k+2 <i<t—1+k, we deduce that ¢
has no parts equal to 2. Furthermore, it is easily checked that ¢(y) = £(§) =t + k — 1,
h=7,m=9=7 —1and |¢s5(\)] = |A|. So ¢5(A) is in Ps(0,n).

To prove that 5 is an injection, let

R(0,n) = {15(A): A€ Qs(0,n)}

be the set of images of 15, which has been shown to be a subset of Pg(0,n). We shall
construct a map 0 from R(0,n) to Q5(0,n) such that for any X in Q5(0,n),

B(us(N) = A

Let

_ <’y> B (% Yor e %/)
SRV Y R A S o
be a Durfee symbol in R(0,n). Let k&’ denote the number of occurrences of 7/ — 1 in
and let n1(J) denote the number of occurrences of 1 in §. We claim that for j* > 4, we
have &/ > 2 and n;(0) > 2k’ — 1, and for j' = 3, we have &’ > 3 and n;(§) > 2k’ — 3.

By the definition of R(0, n), there exists a Durfee symbol A = (¢, §); in Q5(0,n) such
that ¢5(\) = p. From the construction (5.6) of 5, we find that j/ = j and ny(d) =
2k —2+t—s. Since t —s > 1, we get n1(d) > 2k — 1. Moreover, since k > 2, it suffices to
show that ¥’ = k if j > 4 and k' = k+ 1 if 7 = 3. From the construction (5.6) of ¢5, we
see that v, = a; — 1 for 1 <4 < k. Since a; = j for 1 <14 < k, we deduce that v, =7 —1
for 1 < ¢ < k, which implies k' > k.

It remains to show that yx41 < j—1for j >4 and yx41 = j — 1 > 4o for j = 3.
By (5.6), we have either yx41 = B2 — 1 or y,41 = Bp. For j > 4, in either case, we
have 441 < j — 1 since B3 < j and Bp, = 2. For j = 3, we have 51 = 3 and 2 = 2,
so that h = 2, where h is the minimum integer such that §;, = 2. This implies that
Yit1 = P2 = 2 = j — 1. Since vi42 < 1, we find that y442 < j — 1. Thus, we arrive at
the conclusion that k&’ = k + 1 for 5 = 3. This proves the claim.

From the construction (5.6) of 95, it can be seen that yxyp—1 = B = 2. So we may
choose h' to be the maximum integer such that ~;, = 2. Recall that k' denotes the
number of occurrences of 7' — 1 in . We consider the following two cases:
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Case 1: j' > 4. Define

v+ 1, e Y + 1, (52—17 ey op — 1
0(n) = :
61) Yk +1 + 1) ceey Yh'—1 + 17 Yh's  Yh'41 + 1a ceey + 1 3!

By the above claim, we have k' > 2 and n;(0) > 2k’ — 1. Now it is easy to check that

0(n) € Q5(0,n).
Case 2: j' = 3. By the definitions of k¥’ and k', we have k' = h'. Let ' = n;(J) and

define
316'—17 2t’—r’—1
9(/1,) = < 3, Qtlfk'+1 >3
From the above claim, we deduce that v’ > 2k’ — 3 and k'’ > 3. Then it is easily checked
that 0(u) € Qs(0,n).
Finally, from the constructions of 15 and 6 together with the above claim, it is straight-

forward to verify that 0(15()\)) = A for any A € Q5(0,n). This completes the proof. O

For example, for n = 51, consider the following Durfee symbol in Qs(0, 51):
4, 4, 4, 2, 2
A= ( ) .
4, 3, 3, 3, 2, 2 2/,
Applying the injection 15, we obtain that k = 3, h = 5, and

= s = (

&3,&2,12,11,w
4, 3, 3, 1, 1, 1, 1, 1, 1/,

which is in P3(0,51). Applying 6 to u, we find that ¥’ =3, b’ =7 and 0(u) = A.
We are now ready to complete the proof of Theorem 4.1 for the case m = 0.

Proof of Theorem 4.1 for m = 0. From the definitions of Q;(0,n) (1 < i < 6) and
Qi(O,n) (1 <i<5), we have

Q(0,1n) = Q1(0,n) UQ2(0,n) UQ3(0,1n) UQ4(0,7) UQ1(0,n) UQ2(0,n)
U Qg(o, ’/l) U Q4(O7 n) U Q5(0, TL)

By the definitions of P;(0,7n) (1 <i < 8) and P;(0,n) (1 <14 < 3), we have

P(0,n) = P1(0,n) U Py(0,n) U P3(0,n) U Py(0,n) U P, (0,n) U Py (0,n)
U P3(0,n) U P7(0,n) U Ps(0,n).

Let A € Q(0,n), define
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o1 (), if A e Q1(0,n);
$2(N), i A€ Q2(0,n);
¢3(A), if A € Q3(0,m);
®4(N), i A€ Qa(0,n);
B(N) =< 1N, if A e Q1(0,n);
Pa(N), if A € Q2(0,n);
P3(A), if A € Q3(0,m);
Pa(N), if X € Qa(0,n);
Ys(N), if A € Q5(0,n).

From Lemmas 4.2, 4.3, 4.5 and 5.1-5.5, it follows that @ is an injection from Q(0,n) to
P(0,n). This completes the proof. 0O

By a closer examination of the injections in the proof of Theorem 4.1, we can charac-
terize the numbers n and m for which N<,,(n) = M<,,(n). The details are omitted.

6. Connection to Theorem 1.7

In this section, we establish a connection between Conjecture 1.3 and Theorem 1.7 of
Andrews, Chan and Kim. More precisely, we relate the positive rank (crank) moments
Ni(n) (Mg(n)) to the functions N<,,(n) (M<,,(n)) defined by Andrews, Dyson and
Rhoades. Based on this connection, it can be seen that Theorem 1.7 of Andrews, Chan
and Kim on the positive rank and crank moments can be deduced from Conjecture 1.3.

Theorem 6.1. For k > 1 and n > 1, we have
Nu(n) == 3 (m* — (m — 1)F) (p(n) — Ne_1(n)), (6.1)
My(n) = % S (= (m — 1)) (p(n) — Mayn_1(n))- (6.2)

m=1

Proof. We only give a proof of (6.1) since (6.2) can be justified in the same vain. Recall
that

+oo
Ni(n) =D "N (). (6.3)

Express (6.3) in the following form:
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UL SIS

m=1

+oo J
= > (m" = (m—=D*)N(n).

j=1m=1

Changing the order of summations, we find that

. +oo +oo
Ni(n) =) (m* —(m-1*) 3~ N(jn)

Writing the second sum in (6.4) as

+oo +00 m—1
Z N(j,n) = Z N(j,n) — Z N(j,n),

and substituting the relations

ZNrn (n)

and
m—1
j=—00

as given by (2.1) and (2.3) into (6.5), we deduce that

—+oo

> N(@j,n) =p(n) = p(~=m +1,n).

j=m
Replacing m by m — 1 in (2.4) yields

p(n) + Nem-1(n)

p(fm+1,n) - 2

Substituting (6.7) into (6.6), we obtain

= nps oy P0) = Nemoa (n)
;N(],n) = 5 .

Combining (6.4) and (6.8), we arrive at relation (6.1). This completes the proof.

(6.4)

O
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In view of Theorem 6.1, it can be seen that Theorem 1.7 follows from Conjecture 1.3.

Proof of Theorem 1.7. Subtracting (6.1) from (6.2) in Theorem 6.1, we obtain

M(n) — Ny(n) = % S (= (m = 1)) (N 1(n) = My 1 (). (69)

m=1

From the definitions of the rank and crank, we have for m > n + 1,

It follows that for m >n + 1,
Ngm_l(’n) - Mgm_l(’n) =0. (610)
For m = n, we find that

N<n—1(n) = p(n),
Mc<p—1(n) =p(n) — 2.

Consequently,
N<po1(n) — M<p—q1(n) = 2. (6.11)

Substituting (6.10) and (6.11) into (6.9), we obtain

Mi(n) — Ny(n) = % S (m — (m — 1)) (Nemo1 (1) — Merp1(n))
+nF —(n—1)k (6.12)

Since m* — (m — 1)¥ > 0 for m > 1 and k > 1, by Conjecture 1.3, that is, N<,p,—1(n) —
M<pm—1(n) > 0, we reach the assertion that My(n) — Ny(n) >0 forn > 1 and k > 1.
This completes the proof. O
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