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Dedicated to Professor Roger W. Carter on his 70th birthday

ABSTRACT. The concept of Yang-Baxter basis is useful to interpret Young’s constructions
for the symmetric group. We extend this concept first to any Weyl group and then to any
Coxeter group.

Yang’s original motivation for introducing the Yang-Baxter equation was the n-body
problem on a circle. Yang introduced certain operators in the group algebra of the sym-
metric group S, which satisfy the Yang-Baxter equation (see [8]). Then Lascoux-Leclerc-
Thibon extended Yang’s operators to some elements in different Hecke algebras H of .S,,,
and called them the Yang-Baxter basis of H (see [6]). Fomin-Kirillov noticed that there
exists a close connection between Schubert polynomials and the Yang-Baxter equation
(see [4]). Lascoux further showed that the coefficients in the expansion of Yang-Baxter
elements can be interpreted in terms of statistic on alternating-sign matrices or ice config-
urations, and the latter in turn give the Chern classes associated to a pair of flags of vector
bundles (see [7]). Owing to its importance in various fields, we shall extend the concept of

Yang-Baxter basis from the symmetric group to an arbitrary Coxeter group in the present

paper.

§1. Yang-Baxter basis for the symmetric group S,.
1.1. Let (W, S) be a Coxeter system, so W is a Coxeter group with Coxeter generating
set S. The Bruhat-Chevalley order < on (W, S) is usually defined by taking subwords of
reduced decompositions. This amounts expanding, in the group algebra of W, expressions
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of type (1+5)(14+1t)(1+s)... (m = o(st) factors, where o(st) is the order of st for s, ¢ € 5).
However, since (1+s)(1+%)(1+s)... # (14+t)(1+s)(1+1t)... (each side contains m factors)
in the case of m > 2, this definition is not satisfactory. We must put weights to make
it equal. For example, let (W, S) be the symmetric group S35 with S = {s1,s2}, s; the

transposition of 4,4 + 1, Lascoux gave the following equation (see [7])
(111) (1 + 81)<1 —+ 282)(1 —+ 81) = (1 + 82)(1 —+ 281)(1 —+ 82).

1.2. The general rule to write weights for S,, is due to Yang (see [8]). Given any sequence
of spectral parameters x1, ..., z,, there exists a linear basis {Y,, | w € S, }, the Yang-Baxter

basis, of Clz1, ..., x,][Sy], which is defined through the following recursions:

(1.2.1) Yuws, = Yo (14 (Tyig1) — Tw@))si), L(wsg) > L(w),

where f(w) is the length function of the Coxeter system (W, S). The validity of such a

definition is ensured by the Yang-Baxter relations:

(1.2.2) (I+as;) (14 (a+ B)si+1)(1 + Bs;) =
(14 Bsit1)(L+ (a+ B8)s;) (1 + asit1).

In [6], Lascoux-Leclerc-Thibon further extended the concept of Yang-Baxter bases to dif-
ferent Hecke algebras of type A,,.

1.3. It is interesting to note that the coefficients of the expansion of Yang-Baxter elements
in the basis of permutations have various interpretations in many fields, such as geometry,
representation theory and combinatorics (see [6, 7, 8] ).

1.4. Owing to its importance in various fields, it is desirable to extend the concept of
Yang-Baxter bases to the other Coxeter groups. In the present paper, we shall extend the
concept of Yang-Baxter basis first to any Weyl group in Section 2 (Theorem 2.5) and then
to any Coxeter group in Section 3 (Theorems 3.3 and 3.4). A Yang-Baxter basis will be
defined recurrently in the group algebra S(V)[W] of a Coxeter group W over the symmetric
algebra S(V') of V|, where V' is the euclidean space spanned by the root system of W. Note

that we actually give two different Yang-Baxter bases for a Weyl group corresponding to



YANG-BAXTER BASES FOR COXETER GROUPS 3

two different defined root systems. Although do not overlap, the results in Section 3 are
more important than those in Section 2 as the former covers a much general case. Finally
we make some comments on Yang-Baxter bases in Section 6.

1.5. The proofs of our results mentioned in 1.4 are reduced to the case of finite dihedral
groups, where the proof of Theorem 2.5 is more or less straightforward, while the proof of
Theorem 3.3 is considerably technical. Two steps in the proof of Theorem 3.3 are quite
tricky: One is to reduce the proof of the equation (3.3.1) to the proof of the equation in
Proposition 4.12 according to a certain tactical partition | A(w, k); for the index set of the
terms in (3.3.1) for any given element w of D,,, where k > 1, and i ranges over a certain
subset of A(w, k) (see 4.4 and 4.10). The other is to introduce some auxiliary functions f,
g, [/ and ¢’ in the proof of Proposition 4.12, which enable us to use the invariant theory
of the dihedral group D,,.

1.6. Among the others, we would like to point out two applications of Yang-Baxter bases.
One is in the description of Bruhat-Chevalley order < on a Coxeter system (W, S) (see
Proposition 6.4). The other is concerned with the action of (W, S) on its root system
®. Let II = {v1,..., 7} be the simple root system of ® with s; = s,, € S and let S(V)
be the symmetric algebra of the vector space V' spanned by II. Given y < w in W, let
w = §j,Sj,...55, be a reduced expression of w. Then §; = s;,8;,...5;, ,(75,), 1 <@ < r,
are all the positive roots transformed by w~! into negative ones. For any integer t with
l(y) <t < l(w) and t = £(y) (mod 2), define ay 1 = Zil’i%”’it Bi, Biy---Bi,, where the
sum ranges over all the subsequences i1, 13, ...,7; of 1,2, ...,r with Sji, Sjiy---Sjs, = Y- Then
Theorems 2.5 and 3.4 tells us a new result that the element a, .+ € S(V) only depends
on y,w € W and t € N but not on the choice of a reduced expression of w, in particular,
this is the case when ¢t = {(y).

Besides S(V)[W], the Yang-Baxter bases can also be defined in a nil-Hecke algebra H
of a Coxeter group W, provided that a ring homomorphism is given from S(V) to the
coefficient ring of H (see 6.6).

Notations: N (resp., Z, resp., R, resp., C), the set of nonnegative integers (resp., integers,

resp., real numbers, resp., complex numbers).

§2. Yang-Baxter bases for the Weyl groups.
2.1. Let 21, ..., z, be an orthonormal basis in a euclidean space V. Set v;; = z; — x; and

Vi = Ve k41 forany 1 <i# j<nand 1 <k <n Then ® = {v;; |1 <i#j<n} forms
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the root system of type A,_1. The element w € S, acts on 7;; € ® via w(vij) = Yw()
Then (1.2.1) and (1.2.2) can be rewritten as follows.

sw(g):

(2.1.1) Yws; = Yo (1 — w(7i)s:), l(ws;) > L(w).

(2.1.2) (1 +visi) (1 + (Vi + Yig1)Sig1) (1 + Yig15)
= (1 +yir18i+1)(L+ (i + Yir1)s) (1 + visi).

2.2. Let R|a, 8] be the polynomial ring in two variables «, 5 with real coefficients. Let
D,, = (s,t | s> = t2 = (st)™ = 1) be the dihedral group of order 2m. With the above

point of view, we shall extend the concept of Yang-Baxter basis to any Weyl group.

Lemma. Let R|o, 5][Dy,] be the group algebra of D, over Rla, ).
(1) If m = 2 then (1 —as)(1 — gt) = (1 — Bt)(1 — as).
(2) If m =3 then (1 —as)(1 — (a+ B)t)(1 —Bs) = (1 = Gt)(1 — (a+ B)s)(1 — at).
(8) If m = 4, then

(1 —as)(1 = 2a+P)t)(1 - (a+ B)s)(1 - Bt)
= (1—Bt)(1 — (a+ B)s)(1 — (2 + B)t)(1 — as).

(2) If m = 6, then

(1—as)(1—-Ba+p)t)(1—(2a+0)s)(1—(3a+28)t)(1—(a+8)s)(1—[Ft)
=(1-pt)(1—(a+P)s)(1—(Ba+20)t)(1—(2a+p8)s)(1—(Ba+p5)t) (1 —as).

Proof. 1t is straightforward. [

2.3. It is known that ®(A; x A1) = {£a, £8}, ®(A2) = {fa, £(a + B),£5}, ®(B2) =
{xa, 20, £(a + B), £(2a + B)} and ®(G2) = {xa,x0,£(a + 8), £(2a + ), £(3a +
B), £(3ac + 2(3)} form the root systems of types A; x Aj, Az, Ba, Ga, respectively. The
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action of Dy on ®(By) is given by s(a) = —a, s(8) = 2a+ G, t(6) = —F and t(a) = a+ 3,
where s,t are regarded as linear transformations on the space V = Ra & RE. We have
(a, s(0), st(a), sts(B)) = (o, 2a+ B,a+ 3, 5) and (0, t(«),ts(B),tst(a)) = (B, a + (3, 2a +
B, a). On the other hand, define a linear action of Dg on V via s(a) = —a, s(8) = 3a+ S,
t(f) = —p and t(a) = a + B. Then we have (a, s(3), st(«), sts((3), stst(a), ststs(f)) =
(o, 3a+ B,2a+ 3,3a+ 206, a+ 3, 8) and (5, t(«a),ts(f), tst(a), tsts(B), tstst(a)) = (B, a+
B,3a 4+ 23,2a + 3,3 + B, ). The actions of Dy, resp., D3 on ®(A; x Ay), resp., P(Asz)
can be described similarly.
2.4. Let (W,S) be the Coxeter system of an irreducible Weyl group. Let ® be the
crystallographic root system of W. Let II = {~1,...,7,} be the simple root system in &
with S = {s1, ..., Sn}, where s; = s,,. Let V be the euclidean space spanned by II and let
S(V') be the symmetric algebra of V' over R.

Then the following result follows immediately from Lemma 2.2 and the observation in
2.3.

Theorem 2.5. Let (W,S) be a Weyl group with S = {s1,....,sn}, Il = {71,...,7} and
S(V') defined as above. Then the Yang-Baxter basis {Y,, | w € W} can be defined in the
group algebra S(V)[W| of W over S(V') via the recursions:

(2.5.1) Yuws, = Yo (L —w(ys)s:), if Llws;) > L(w).

Remark 2.6. Here we must clarify that the Yang-Baxter bases given here do not involve
the R-matrix defined by Cherednik, though the equations in Lemma 2.2 look somewhat
like the ones in [2, Definition 2.1]. So even in the case where W is of type B, C or D, the
Yang-Baxter basis given here has no essential relation with the ones given by Cherednik in
[1]. Also, note the difference between the group algebra S(V)[W] and any corresponding
(degenerate) affine Hecke algebra: elements of S(V') commute with elements of W in
S(V)[W], such a relation never holds in any (degenerate) affine Hecke algebra. So the
Yang-Baxter bases given here can not be extended to a corresponding affine Hecke algebra
in a simple way. However, they can be extended to a nil-Hecke algebra H of W, provided

that a ring homomorphism is given from S(V') to the coefficient ring of H (see 6.6).

§3. Yang-Baxter basis for any Coxeter group.
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In the present section, we want to extend the concept of Yang-Baxter basis further to

any Coxeter group. Note that the Yang-Baxter bases given in this section are not a simple
generalization of the ones in Section 2: the root systems involved here are different from
those in Section 2 in the case where W is a Weyl group.
3.1. Let (W, S) be a Coxeter system with S = {s1, s2, ..., s, }. Via the Tits representation
p: W — GL(V) of W, we can define a root system ®(WW) in V for (W, S) in a standard
way. ®(W) consists of certain vectors of unit length. ®(W) has a simple root system
IT = {v1,%2,-..,Yn} such that p(s;) is the reflection in V with respect to the vector -,
for 1 < i < n (see [5, §5.4]). In particular, when (W, S) is the dihedral group (D,,,S)
with S = {s,t} (hence s? = t2 = (st)™ = 1), ®(D,,) = {ax | 0 < k < 2m}, where
ap = (COS W) x + (Sin W) y for k € Z, and x,y are an orthonormal basis in the
euclidean space V = R2. The relation a4, = —ay, for k € Z is useful in the subsequent
discussion. s, t are reflections in V' with respect to the roots a = a1, 8 = «,, respectively.
We have

(3.1.1) s(aj) = amyo—; and  t(a;) = -, foranyjeZ

This implies that

(3.1.2) (a, s(B), st(a), sts(f),...) = (a1, a2, a3, g,y ..oy Q)
(3.1.3) (B, t(a), ts(B), tst(a),...) = (Qm), Om—1, Qm—2, Um—3, ..., Q7).

where both sides of (3.1.2) (resp., (3.1.3)) contains m terms.

3.2. Let S(V) be the symmetric algebra of V. Since both {x,y} and {«, 3} are R-bases
of V, S(V) can be identified with either R[z, y] or R[a, 3], both are polynomial ring in two
variables over R.

It is well known that the degrees of the group D,, are 2,m. So the D,, invariant
subalgebra S(V)Pm of S(V) is generated by two homogenous polynomials P = 22 +y? and
Q= Z,ﬁ{ (=1)%(5)z**y™ =2k (see [5, §3.7]), where |c] is the largest integer not greater
than ¢ € R. Moreover, 7(P) = P for any orthogonal transformation 7 of V. For any h € N,

let S(V);, be the hth homogenous component of S(V) and let S(V);™ = S(V), N S(V)P.
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Then we see that any f € S(V)],E)’” with & < m must be an integer power of P up to a
constant factor. We say that f € S(V) is a D,, skew invariant if w(f) = (—1)“")f for
all w € D,,, where ¢(w) is the length function on elements w € W. It is well known that
J = H;nzl a; is a D, skew invariant and that any D,,, skew invariant of S(V') must be a
multiple of J.

For any r € {s,t}, denote by T the element in {s,t} with 7 # r.

Theorem 3.3. Let (D,,,S) and ®(D,,) be as above. We have the following equation in
the group algebra S(V)[Dy,] of Dy, over S(V):

(3.3.1) (1 —a18)(1 —ast)(1 — azs)...(1 — amrst)

= (1 — amt)(1 — am—15)(1 — @m—at)...(1 — a17%),

where we set rsy = s if m is odd and ry =t if m is even.

The proof of the theorem will be given in Sections 4 and 5.

By Theorem 3.3 and equations (3.1.2) and (3.1.3), we get

Theorem 3.4. Let (W,S) be a Coxeter system with ®(W) and S(V') as in 3.1-3.2. Then
the Yang-Bazter basis {Y,, | w € W} can be defined in the group algebra S(V)[W] of W

over S(V') wvia the recursions:

(3.4.1) Yuws, = Yo (1 —w(vs)s:), if Llws;) > L(w).

Let F(V') be the fraction field of S(V'). Then the set {Y,, | w € W} forms an F(V)-
basis of F'(V)[W]. This is because, by (3.4.1), we have, for any w € W, an expression
Yo = >, <u Cyy for some ¢, € S(V) with ¢, # 0.

84. A reduction for the proof of Theorem 3.3.

In the present section, we reduce the proof of Theorem 3.3 to the proof of Proposition
4.12. This is achieved by a detailed comparison for the corresponding terms of both sides
of (3.3.1). The key steps for the reduction consists of Lemma 4.7, Proposition 4.9 and the

observation in 4.10 (the last is the most tricky one).
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4.1. Denote by F, (resp., Fr) the expression on the LHS (resp., RHS) of (3.3.1). Write
Fr, = ) yep, co(w)w and Fp = > - cr(w)w with cp(w), cr(w) € S(V). Further,
write cr(w) = >, er(w, k) and cr(w) = Y, cr(w, k) with ¢z (w, k), cr(w, k) € S(V).
Clearly, the coefficient of the longest element wg of D, on each side of (3.3.1) is the
same. It is also clear that cp(w, k) # 0 (resp., cg(w, k) # 0) only if k = ¢(w) (mod 2). So
to show Theorem 3.3, we need only show that for any w € D,,, with w # w, the equation
cr(w, k) = cr(w, k) holds for any k with {(w) < k < m and k = {(w) (mod 2).
We assume w # wg throughout the rest of the paper unless otherwise specified.
4.2. We have

sin & sin =17
4.2.1 = m m
( ) Ok sin % at sin % p

for any k € Z.

Let 65 (resp., 8,3) be an R-algebra homomorphism of R|a, 8][D,,] such that for any
g € Rlo, B][Dy,], 0st(g) (resp., 8ap(g)) is obtained from ¢ by transposing s and ¢ (resp., by
transposing o and 3). Clearly, both 6, and 6,43 are involutive. We have 650,53 = 0,305:.
Let ¢ = 04:0,3.
4.3. For any r € {s,t}, denote by 7 the element in {s,t} with 7 # r. Let k € {1,2,...,m}
and suppose that r € {s,t}. Then the factor 1 — axr occurring in the expression of Fp, is
the kth factor of F, (counting from the left). In that case, we see that

(i) 1 — ayp+1—xT is the kth factor of Fi (also counting from left).

(ii)) 1 — agr (resp., 1 — ayT) is the (m + 1 — k)th factor of F if m is even (resp., odd).

(iii) 1 — apt1—k7 (resp., 1 — ayppq1-x7) is the (m + 1 — k)th factor of Fy, if m is odd
(resp., even).
4.4. For w € D,,, and k € N with k = ¢(w) (mod 2), let Ap(w,k) (resp., Ar(w, k)) be
the set of all the subsequences i = (i1, ia, ...,4x) of 1,2,...,m such that if 1 — «;, 1, is the
ipth factors of Fr (resp., Fr) for 1 < h < k then ryrs...ry = w. Then i € Ap(w, k) (resp.,
i € Ar(w,k)) contributes to cr (w, k) (resp., cr(w, k)) the value ar, (i) = (—1)“) H§:1 o7y
(resp., ag(i) = (=1)") H?:l Umt1—i;)-
4.5. Assume m + f(w) even. Then the following conditions are equivalent:

(i) i = (i1,42, ..., 1) € AL(w, k);

(iym+1—i=m+1—ig,m+1—ig_1,....m+1—141) € Ap(w, k);
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(iii) i = (41,72, .., i) € Ar(Ost(w), k);

(ivym+1l—i=m+1—ig,m+1—ig_1,....,m+1—11) € Ar(Ost(w), k).

When the equivalent conditions hold, we have 0,5(ar(i)) = ar(m+1—i) and O,5(ar(i)) =
ar(m+1—1i).

4.6. Now assume m + £(w) odd. Then the following conditions are equivalent:
(i) i = (1,02, ...,7%) € Ap(w, k);
(iym+1—i=m+1—ig,m+1—igr_1,....,m+1—1i1) € Ap(0s:(w), k);
(iii) i = (41,72, ..y i) € Ar(Ose(w), k);
(ivym+1l—i=m+1—ig,m+1—ig_1,....,m+1—1i1) € Ar(w,k).

When the equivalent conditions hold, we have

ar(i) = ap(m+1—1i) = (-1)“) H%,

ar(m+1—1i) =ag(i) = (1) HOém+1 ije

From these facts, we get immediately the following

Lemma 4.7. (a) c(w, k) = cg(w, k) when m + ¢(w) is odd.
(b) Oup(cr(w, k) = cr(w, k) and Oop(cr(w, k)) = cr(w, k) when m + £(w) is even.

Example 4.8. Let m = 6. Then
Fr,=(1—a18)(1 —asgt)(1 —ags)(1 — ast)(1 — ass)(1 — agt),
Fr=(1-0ast)(1 —ass)(1 — ast)(l —aszs)(l —ast)(1 — ays).
Then
Ap(sts,3)={(1,2,3),(1,2,5),(1,4,5),(3,4,5)}
Ar(sts,3) = {(2,3,4), (2,3,6), (2,5,6), (4,5,6)}.

(1,2,3), (1,2,5), (1,4,5), (3,4,5) (resp., (4,5,6), (2,5,6), (2,3,6), (2,3,4)) contribute the
values (—1)3ajasas, (—1)3aaas, (—1)3a1agas, (—1)3azaqas, respectively to cr (sts, 3)
(resp., cr(sts,3)). On the other hand,
Ap(st,4)={(1,2,3,5),(1,2,4,6),(1,3,5,6),(2,4,5,6)},
Apg(st,4) ={(2,3,4,6),(1,3,4,5)}.
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We have 0,5(ar((1,2,3,5))) = ar((2,4,5,6)), 0a5(ar((1,2,4,6))) = ar((1,3,5,6)) and
0ap(ar((1,3,4,5))) = ar((2,3,4,6)). So

Oap(cr(st,4)) =cr(st,4) and O.p(cr(st,4)) = cr(st,4).

By Lemma 4.7, to verify Theorem 3.3, it is enough to show the following
Proposition 4.9. cp(w,k)) = cr(w, k) for any w € D,,, and k € N with m 4+ {(w) even.

4.10. The proof of Proposition 4.9 is divided into two steps. We proceed the first step in
the present subsection, where we reduce the proof of Proposition 4.9 to the proof of a more
general result, i.e., Proposition 4.12. Then the second step is to prove Proposition 4.11,
which will be done in Section 5. Assume m~+¢(w) even. By 4.5, we see that i = (i1, i, ..., k)
isin Ap(w,k) ifand only if m+1—-i=(m+1—ig,m+1—ig_q1,....m+1—141) isin
Ap(Os(w), k). For i = (i1,ia,....ix) € Ap(w, k), we have ar (i) = (—1) @[]} ay,. If
ir < m then m —1i= (m —ig,m — ix_1,....,m —i1) is in Ag(w, k) and ar(m — i) =
(—1)4w) H?:l @i, 41 iy =mthen 1+i= (1,i1+1,i24+1,...,i5—1 +1) is in Ap(w, k) and
ar(1+1) = (=1)4w) (H;:ll Ofij+1> ay = (—1)Hw)+1 Hle ;11 by the relation a1 =
—ap. Similar result holds when interchanging the role of “ L. 7 and “ R ”.

Let A(w, k) = Ap(w, k) UAgr(w, k). By the assumption that m + ¢(w) is even, we see
that this is a disjoint union and that a(i) # a(j) for any i # j in A(w, k) (see 4.5 and note
that S(V') is a UFD as a polynomial ring), where a(i) stands for ar (i) or ar(i) according
to i being in Ap(w, k) or Ag(w, k). Let us take some elements from the set A(w, k) in
the following way: Start with taking an arbitrary element i = (i, 42, ...,7%) in A(w, k).
Suppose that we have taken [ elements jV) = i, j@, .., j® from A(w,k) (repetition is
allowed) for some 1 < 1 < m. Assume j) = (41,42, ..., jr) in Ap(w, k) (resp. Ag(w,k)).
Then the (I + 1)th element of A(w, k) to be taken is m — i in Ag(w, k) (resp. Ap(w,k))
if jp < m, and is 1 +j in Ap(w, k) (resp. Ag(w,k)) if jr = m. Let Aj(w, k) be the
set of all the elements of A(w, k) being taken after m steps. Then all the elements of
Aj(w, k) must be taken with the same number of times (say h times) in this m steps. To
see this, we need only note that if i’ is the (m + 1)th element being taken from A(w, k),
then i’ must be i itself. For, we may assume i € Ap(w, k) without loss of generality.
Then ar(i’) = (=) 5, ipom = (=D [TF_, @i, = ar(i) by the fact that

m = {(w) = k (mod 2). Moreover, A(w, k) should be a disjoint union of some A;(w, k)’s.
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By the above observation, we see that the contribution of the elements in A;(w, k) to
cr(w, k) = cr(w, k) is 3 S0 (=1 T qis,

Example 4.11. To better understand the above process, let us consider the case of
m = 6. Take i = (i1,i2) = (1,4) in Ap(st,2) to start with. Then the 6 elements so taken
from the set A(st,2) by our process are (1,4),(2,5),(3,6),(1,4),(2,5),(3,6) in turn, each
occurs twice here. So A;(st,2) = {(1,4),(2,5),(3,6)}. The contribution of A;(st,2) to
cr(st,2) — cr(st,2) is %22:0(—1)h04h+1ah+4.

So Proposition 4.9 is a consequence of the following more general result.

Proposition 4.12. Let k < m be in N with m + k even. Then for any 1 < i1 < i < ... <

ir < m, we have Z;nz_ol(—l)h H?:l apti; = 0.

Example 4.13. Let m = 6. Then Ay (st,4) ={(1,2,3,5),(1,2,4,6),(1,3,5,6),(2,4,5,6)}
and Ag(st,4) = {(2,3,4,6),(1,3,4,5)}. We have cp(st,4) = ajasazas + ajasasag +

arazasag + asagasag and cr(st,4) = ajasagas + asagayag. Hence

5

cr(st,4) — cr(st,4) = Z(—l)ha1+ha2+ha3+ha5+h,
h=0

where we use the relation a4 = —a for any j € Z. By substitution of (4.2.1), we can
check directly that ¢y (st,4) — cr(st,4) = 0.

85. Proof of Theorem 3.3.
In Section 4, we reduced the proof of Theorem 3.3 to that of Proposition 4.12. In the

present section, we shall prove Theorem 3.3 by showing Proposition 4.12. A tricky step in
doing this is to introduce four auxiliary functions f, g, f’, ¢, which enables us to use the
invariant theory of the group D,, in our proof.
5.1. Fixasequence 1 < i1 < ig < ... < i < mwith k& < m. Denote [ = Z;lnz_ol(—l)h H?Zl Qhti
-1 k —1 17k —1 7k

9= (=1)" Lo an—i;, [/ = heo [[j=1 an+i; and g' = heo [Li= an—;.

To show Proposition 4.12, we have to show f = 0 under the assumption of m + k=0 (
mod 2).

Recall the action of s,t on o (j € Z): s(a;) = apmyo—j; and t(a;) = amm—j (see 3.1.1).

Consider the action of s,t on the elements f + g.
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m—1
S(fj:g) H Om42—h— ij + H Om42— h+i;

h—O
m—1 k k

= (—1)htk H Qg_p—i; T H A2 pyi
h=0 j=1 j=1
m—1 k k

=) (—1)miPtk Hagﬁ,_m_@-j iHan (substituting p=m—1—h)
p=0 j=1 j=1
m—1 k

k
= (—1)PTitk H a34p—i; T H O34 pti; (since m + k is even)

p=0 j=1 j=1
m-+2 k k
= (—1)7tk H Qq—i; £ H Qgti (substituting ¢ = p + 3)
q=3 j=1 j=1
m—1 k k k k
= (_1)q+k Haq—’bg :l:HO‘Q‘Hg + 1)m+2+k ]‘_[OCm—FQ—%J :l:HO‘m—kQ-‘ﬂg
q=3 =1 j=1 =1 j=1
k k k k
—l—( 1)m—|—1—|—k Haﬂﬂ-l—@g :tHam+1+%j —|—(_1)m+k Ham_% :I:I_‘[Oém_mJ
7j=1 7j=1 =1 j=1
m—1 k k
= (—1)r+* Haq—ij + Ho‘q—I—zg = (-D)"g+ /), (5.1.1)
q=0 7j=1 7j=1

In the above calculation, we use the fact that a,,+; =

m—1 k k
t(fg) =Y (=" [ [ am-n—s, =[] em-n+s,
h=0 j=1 j=1
m—1 k k
=Y D" [T a-n-i, £ ] a-nss,

h=0 j=1 j=1
m—1 k

J=1 J=1

—qy for any | € Z. Also, we have

k
=) (—1)mtetk H Qpmpii; H Qpmiiti; | (substituting p=m—1-h)

m—1 k k
= (—1)PFhHl H Qpt1—i; £ H Apt1+i, (since m + k is even)
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Z Hozq_% i—HaW (substituting g=p+1)
q=1
m—1 k k k k
= (=)™ [T evgms, £ ] Teraws, | + (=1 | [ [ etmes, £ ] [,
q=1 =1 j=1 =1 Jj=1
=(=1)%(g = /). (5.1.2)

The last equality holds since

k k

k k
O™ [T am—i, £ [[amss, | = D [ [] e, +
Jj=1 Jj=1 J

A
Jj=1 1

Next we shall consider two cases m=k=1 and m=k=0 (mod 2) separately.

Lemma 5.2. Let k < m be two odd numbers in N. Then
(1) f+ g is a Dy, skew invariant and hence f 4+ g = 0.
(2) f — g is a Dy, invariant and hence f = 0.

Proof. By (5.1.1)—(5.1.2) and the assumption of k, m both odd, we have s(f+g) = —(f+g)
and t(f+¢9) = —(f+9). So f+gisaD,, skew invariant. By the invariant theory of D,,,,
we have either f+ g =0 or J|(f + g) (see 3.2). Since f+ g € S(V); and k < m, it forces
f 4+ g =0 and hence (1) is proved. For (2), by (5.1.1)—(5.1.2) and the assumption of k, m
both odd, we get s(f —g) = f —gand t(f —g) = f —g. So f —g € S(V)P=. We know
that the algebra S(V )P~ is generated by P and Q with deg P = 2 and deg Q = m (see
3.2). Since f —g € S(V); and k < m, f — g must be either 0 or an integer power of P up
to a constant factor. But the latter case is impossible since k is odd. So f — g = 0. This,

together with the equation f 4+ g = 0, forces f = 0, as required. [

Lemma 5.3. Let k < m be two even numbers in N. Then
(1) Both f — g and ' — ¢’ are D, skew invariants and hence f = g, f' = ¢'.
(2) Both f and f' are Dy, invariants and hence f = 0.

Proof. The assertions that f — g is a D,,, skew invariant and that f + g is in S(V)Pm
follow by (5.1.1)—(5.1.2) and the assumption of k,m both even. Then the assertion of
f = g follows by the relation J|(f — g) in the invariant theory of I,,, and by the facts that
JESV)m, f—g€ S(V)r and k < m. Since f+g € S(V)P=, we have f € S(V)P= by the
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fact f = g. We can show that f’ — ¢’ is a D,, skew invariant and that '+ ¢, f' € S(V)Pn
in the same way as that for f — g, f + g and f. Let f1; = 2}’?”:—01 Hle Qap4i; and
fi2 = ZZ?;BI H;-Czl aopiiti;- Then f = fi1— fizand f/ = fi1+ fi2. So fi1, fiz € S(V)P.
Since k < m, fi11 and fio must be the same integer power of P up to a constant factor.
Let o be the anti-clockwise rotation of angle 7~ around the origin in the space V. Then o
acts on S(V), fixing the polynomial P and sending f11 to fi2. This implies that fi1; = fio

and hence f = fi1 — fi12=0. O

Now Proposition 4.12 is a consequence of Lemmas 5.2 and 5.3. Hence Theorem 3.3

follows.

§6. Some comments.
6.1. Let s,t € S be with o(st) = m. By replacing all the numbers 1 by an indeterminate
X in equation (3.3.1), we get

(6.1.1) (X —a18)(X — aot)(X — azs)...(X — amrst)
= (X — amt)(X — am—18)(X — appm—_st)...( X — a175)

where r4; is defined as in (3.3.1). The equation remains valid by the proof of Theorem 3.3.
Then by substituting X = —1 into (6.1.1), we get

(6.1.2) (1+ a18)(1+ agt)(1 4+ ass)...(1 + aumrst)
= (1 + O,/mt>(1 + Ozm_ls)(l + Oém_gt)...(l + Oél’l“_st>

6.2. Let zj, j € Z, be a set of parameters satisfying the relation 2,4, = —zp, for any
h € Z. We introduce the expression F (resp., F;) which is obtained from the LHS (resp.,
RHS) of (6.1.1) by replacing «; by z; for 1 < j < m. From the proof of Theorem 3.3,
we see that the equation F| = Fp, holds if the following equation on the parameters z;

(j € Z) holds for any subsequence i1, 2, ..., i of 1,2,....m with m = k (mod 2):

m—1 k
(6.2.1) S0 T 2044, | =0
h=0 j=1

For example, we can take z; = ¢J=1 for j € Z, where (,, = ew is the primitive 2mth

root of unity in C. For, there exists a unique algebra homomorphism ¢ : S(V) — C
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determined by ¢(;) = ¢! for j € Z. This implies that the equation

(6.2.2) (X = 8)(X = () (X — 28). (X — M ry)
= (X —MOX =) (X = ) (X — )

holds.

6.3. Let Y,, (w € W) be a Yang-Baxter base element defined either by (2.5.1) when W
is a Weyl group or by (3.4.1) when W is a Coxeter group. Let ® be the root system of
W with IT = {71, ..., 7n} a choice of simple root system both of which are compatible with
the definition of Y,,. Write Y,, = ZyGW ay.wy with ay,, € S(V). Then the following
result shows that the Yang-Baxter base elements play an important role in the study of
Bruhat-Chevalley order on (W, S).

Proposition 6.4. In the above setup, we have a , # 0 if and only if y < w.

Proof. The implication “ = ”"is obvious by the definition of Yang-Baxter basis for W.
Now we show the implication “ <= ”. Suppose y < w in W. Let w = s1s5...s, be a

reduced expression of w with s; € §. We have an expression of Y,, as follows.

(6.4.1) Yo = (1 = B151)(1 — f2s2)...(1 — Brs;),

where 31, ..., 3, are all the positive roots of ® sent by w~! to the negative ones (see (2.5.1)
and (3.4.1)). Then

(6.4.2) ayw = ()" > B, BB,

i1 62,0yt
where i1, i, ..., i; ranges over all the subsequences of 1,2, ..., with s;, s;,...s;, = y (such a
subsequence always exists by the condition y < w). Clearly, each (;, 5;,...0;, is a sum of
the terms 1442,k (some k; € N with 37, k; = t) with nonnegative coefficients (at least
one term with strictly positive coefficient). Since 71, ...,7, are algebraically independent
over R, there is no cancelation among the terms in the expansion of a, . Hence a, , # 0

for any y € W with y <w. O

Since the simple roots 71, ..., ¥, are algebraically independent elements of S(V') over R,

we can define the Yang-Baxter basis {Y,, | w € W} by specializing v1, ..., ¥, to particular
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values, say complex numbers. To ensure the condition a, . # 0 for any y < w in W,
we may take all these values in any such a subset E of C\ {0} that E is closed under
both addition and multiplication, e.g., take E the set of all positive real numbers and take
v = 1 for any i. Then the root 3; in (6.4.1) becomes the height of 3; for any j.

6.5. Note that the positive roots 1, ..., G, in (6.4.1) are arranged in a reflection order of
& (in the sense of Dyer, see [3]). Given y < w in W, we observe a remarkable consequence
of Theorem 3.3 and its proof. The expression (6.4.2) for the coefficient a, ., of y in Y,,
(and hence any of its homogeneous parts) depends only on the elements y, w, but not on
the choice of a reduced expression of w. It would be interesting to interpret a, ., purely
in terms of the action of w,y on ® without involving any particular reduced expression of
w. Such an interpretation would provide a more intrinsic proof for Theorems 2.5 and 3.4.
6.6. For any Coxeter system (W,S), the Yang-Baxter bases can also be defined in the
nil-Hecke algebra H of W, provided that a ring homomorphism 7 is given from S(V') to
the coefficient ring A of H. In this case, let {T,, | w € W} be the standard .A-basis of
H satisfying the relations 1,1, = Ty, for any z,y € W with ¢(zy) = {(x) + ¢(y) and
T? =0 for any s € S. Then by the observation in 6.5, we see that the Yang-Baxter basis
{Y, | w € W} of H can be defined recurrently by the formula (3.4.1) with T, n(w(y;))
in the place of s;, w(y;) respectively. Then the coefficient of T}, in Y, is n(ay,w k) for any
y < w in W with k = {(y), where ay ,, 1 is obtained from the element a, ., in (6.4.2) by
fixing t = k.
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