Numerical Triangles and Several Classical Sequences
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Abstract: In 1991 Ferri, Faccio and D’Amico introduced and investigated two numerical tri-
angles, called the DFF and DFFz triangles. Later Trzaska also considered the DFF triangle.
And in 1994 Jeannin generalized the two triangles. In this paper, we focus our attention on the
generalized Fibonacci, Lucas, Pell, Pell-Lucas, Jacobsthal and Jacobsthal-Lucas polynomials,
and several numerical triangles deduced by them.

1. The Generalized Fibonacci and Lucas Polynomials
Let us define a sequence of polynomials {F,,(y)} by the recurrence relation
Fota(y) = Faly) + yFaa(y), n>1, (1.1)

where Fy(y) = a, Fi(y) = b. Notice that (1.1) yield the Fibonacci and Lucas sequences F),, and
L,, when y = 1 with the initial values a = b =1, a = 2, b = 1, respectively.
Define

Fuly) =Y fu 19" Flz,y) =) Faly)a" (1.2)
k=0 n>0
By (1.1) and (1.2) it is easy to derive
_a+(b-a)x
F(z,y) = Tz 22y (1.3)
and
n, k n, k $2kyk
foow = "y F(z,y) = 2"y ](a+(b—a)$)2m

k>0

- a<:—_212> t-a <:—_2kk:_—11>
= (") ().

which satisfies the recurrence fn11, 1 = fn, & + fa—1, k—1, With the initial conditions fo o =
a, f1,0=">.



Let ant1, k = font2, n—k+1 and by, 1 = fopt1, n—k, then we have

n+k n+k n+k n+k
a”“”f:“( 2%k >+b<2k—1>’ b””f:“<2k+1>+b< 2%k )
which generate two lower triangles
Table 1.1 Table 1.2

n/k |0 1 2 3 4 n/k 0 1 2 3 4
0O|a 0 b
1|a b 1| a+b b
2la a+2b b 2(2a+b a+ 3b b
3la 3a+3b a+4b b 3(3a+b 4a + 6b a + 5b b
4la 6a+4b 5a+10b a+6b b 414a+b 10a+10b 6a+ 156 a—+7b b

Theorem 1.1 Let ALY, = (antitist, btit1)osken and Bk, = (bnskri, ktido<k<ns then
ARl = Byl = 2020y,
Proof. We only prove the second statement. Note that

2n + 2k + 2i 2n + 2k + 21
bnykti, ki = @ n—1 +b

is a polynomial in k£ of degree n with the coefficient of the highest term %b, according to the

Tepper identity [2, §],

S ()= {1

=0 if r=n.
We have
n - n
Z(—l) g <k> nthti, ki
k=0
- on + 2k + 2i on + 2k + 2i
- 2 ) ) )
— k n—1 n
- 2"b
= Z(—l)"‘k <Z> <Fk‘" + the terms of lower 0rde7’s>
k=0 ’
= 2"bh.
Then the results hold by trivial computations on determinant. (|

In the special case a = b =1,

(n+k y o (ntk+l
k= ok ) T\ k41 )
Tables 1.1 and 1.2 reduce to the triangles DFF [3, 11] and DFFz [3, 4] respectively.
Table 1.3 (DFF) Table 1.4 (DFFz) Table 1.5
n/k|l0 1 2 3 4 n/k|l0 1 23 4 n/k|l01 2 3 4
01 01 0]1
111 1 112 1 111 1
211 3 1 213 4 1 21 2 1
3|11 6 5 1 314 10 6 1 3|1 3 31
411 10 15 7 1 415 20 21 8 1 411 4 6 4 1




It is well-known that Fj,1; is the number of (0,1)—sequences of length n without successive
ones. It is easy to show that a, 1 (b, &) is the number of such sequences of length 2n — 1(2n)
containing exact n — k ones, which illustrates that the row sums of Table 1.3 (Table 1.4) are
equal to the Fibonacci numbers with even(old) subscripts [3, 4]. In fact Tables 1.3 and 1.4 can
be obtained directly from the classical Pascal triangle displayed in Table 1.5, where Table 1.3
is just the even columns and Table 1.4 the odd columns of the Pascal triangle. Note that the
un-bared and bared numbers in Pascal triangles are respectively the numbers of the diagonals
of Tables 1.3 and 1.4, which illustrates that the sums of the diagonals are the powers of 2 [3, 4].

Theorem 1.2 Let A = (ay, k)o<k<n and B = (by, k)o<k<n, then we have

P (_1)n_k2k+l 2n + 1
n+1\n—k 0<k<n

B_l _ (_1)n—kk + ]. 2n + 2
n+1\n—=k nggn’

where A~ is the inverse of the matrix A.

Proof. Tt suffices to prove (1.4) that

g 2m + 1 (2k + 1
D s < o )(””) = G
— 2k+1\k—m 2k

where d,,, is the Kronecker symbol.
It is easy to see that (1.6) holds for m > n. In case m < n, we have

n

Z(_1)771_,€2m+1 2% + 1\ [n+k
2%+ 1 \k—m)\ 2k

k=0
n

N m+k+1\k+m 2k

k=0

B zn:(—l)m_k 2m+1 (n+k\(n—m
N P m+k+1\m+k)\k—m
B Zn:(—l)m+k2m+l n+k n—m
N prrd n—m\m+k+1/\k—m

B Z2m+1 m-—n n—m
N m—-—n\m+k+1 n—=k

k=0
B 2m+1 0 _ 0
 m-n\m+4+n+1)

Then (1.4) holds and (1.5) follows in the same way.

In the special case a =2, b =1, we have
_ (n+k N n+k—1\  2n (n+k
Ik =\ o ok ) ntk\ 2% )

b B n+k+1 . n+k _2n—|—1 n+k
nko = 2%k +1 2%k +1) 2k+1\ 2k )’

(1.4)

(1.5)



with ag, 0 = 2. And Table 1.1 and 1.2 yield the triangles,

Table 1.6 Table 1.7
n/k|0 1 2 3 4 n/Ej0 1 2 3 4
0|2 01
112 1 113 1
212 4 1 215 5 1
312 9 6 1 3|7 14 7 1
412 16 20 8 1 419 30 27 9 1

It is also well-known that L,, is the number of (0, 1)—sequences of length n without successive
ones, where the first and last components of the sequences are considered to be adjacent. It is
easy to show that a,, (b, 1) is the number of such sequences of length 2n (2n — 1) containing
exact n — k ones, which illustrates the row sums of Table 1.6 (Table 1.7) are equal to the Lucas

numbers with even (odd) subscripts.

Theorem 1.3 Let A = (an41, k+1)o<k<n and B = (bp11, k+1)o<k<n, then we have

= (e (D)
ot = (0 (),

Proof. This proof is similar to the proof of Theorem (1.2) so it is omitted.

2. The Generalized Pell and Pell-Lucas Polynomials
Let us define a sequence of polynomials {P,,(y)} by the recurrence relation

Pot1(y) = A+ 9)Puly) + ¥* Po1(v), n>1,

where Py(y) =1, Pi(y) = 1 + y, which generates the Pell sequence {P,} when y = 1.

Define

n

:kZPn, n—kyka :E y ZP
=0

n>0

By (2.1) and (2.2) it is easy to derive

1
P —
(@) 1—2—ay — 22y?’
and
k k z"
o n_ n— _ n, n—
P,y = [z"y" "] P(z,y) = [z"y ]E:(1_$y_$2y2)r+1

r>0

= [«"y"7H] Z Z HF "y

r, m>040+41++ir=m j=0

- Z ﬁFiw

io+i1+-+ip=n—k j=0

(2.1)

(2.2)

(2.4)



which satisfies the recurrence P, 1, p = Py,  + Py, k-1 + Pyh—1, &, with the initial conditions
Poo=P,0= P,1=1
From (2.3), we can deduce another formula for P, p,

(zy)" (1 +zy)"

Pn, k. = [wnyn_k]P(xvy) = [xnyn—k] Z (1 _ x)r—i—l
r>0
n. n— d r T+m m—4r+1i, r+i
- )
r, m>0 i=0
_ Z <r> <r + k)
r+i=n—=k t k

) [(ngé/?l <n Z_ Z) <n ; 2i>‘ (2.5)

By (2.4) and (2.5), we have the following interesting identity.
: B = (n - 2i
io+i1+~z:ﬂk:n—k91;IOFlj z'z:% ( ‘ > < k >
Now we give a combinatorial interpretation for P, , that is the following:

Theorem 2.1 For any integer n, k > 0, P,_jy1, r is the number of (0,1,2)—sequences of
length n with k 2°s but without subsequences 11, 12, 21, 22.

Proof. Let S,  be the desired number. Consider the last component x,, of such sequences in
three cases, i.e., x, =0, 1 or 2, we have

Sn-‘,—l, k= Sn, K+ Sn—l7 kT Sn—l7 k—1, (n > 1)7

with the initial conditions So, o =1, S1, 0 = 2, S1, 1 = 1. It is easy to verify that P,_j1 % also
satisfies this recurrence with the same initial values, so it must equal S, . O

Notice that P, o = F),, and P, ; leads to the triangle

Table 2.1

n/k{0 1 2 3 45

0|1

1711 1

212 2 1

313 5 3 1

415 10 9 4 1

518 20 22 14 5 1

Theorem 2.2 Let P,(Lgn = (Pn+k+i, kt+i)0<k<n, then
Pl = 1. (2.6)

Proof. 1t suffices to show that

S 47 (2) P s, -



Note that
k+1 1

x
= [z"] (1 -z — a2)rirl

(1 —r— :L,2)k+i+1

Then by the Cauchy Residue Theorem (for details see [2]), we get

n n 2y —k—i—1
x(n (u—1)" (1—x—2°)
E (=" <k> Prtkti, k+i = E res Es] res RN

Prikyi, ki = [$"+k+iy"]P($7y) = [l’"+k+i]

k=0 k=0
B (1—x—ax?)~t 1 n
= res R (1—1‘—:U2_1)

(I+az)™
= res
ps x(l —r— x2)n+z+l
= 1.
Thus the result holds. O

Now let us define another sequence of polynomials {Q,(y)} by the recurrence relation

Qui1(y) = (L +9)Qn(y) + ¥*Qn-1(y), n>1, (2.8)

where Qo(y) = 1, Q1(y) = 1 + 2y, which generates the Pell-Lucas sequence {2Q,,} when y = 1.
Define

= E Qn, n—kyka $ y E Qn . (29)
k=0 n>0
By (2.8) and (2.9) it is easy to derive

Qz,y) = -+ 2y

1—x—zy—x?y?’

(2.10)

and
(1+ay)e
—zy — Y2yl

Qne = "' 1Qy) =B MY 5

r>0

_ [mnyn—k] Z Z 20+1HF xm—l—r m

r, m>049+i1++ir=m

k
= Z Fio+1 HFijv (211)
j=1

io+i1+-+ip=n—k
which satisfies the recurrence Qp41, x = @n, &k + @n, k=1 + @n—1, k, With the initial conditions

Qo,0=1, Q1,0=2, Q,1=1

From (2.10), we can deduce another formula for Q,,, f,

xy)" xy)
Qn, k = [:c"y""“]Q(wvy)Z[x"y"_k]z( ygl(f;rff

r>0
= [ " k Z §<T‘—|—1>< ) m+r+z‘yr+z’
r, m>0 1=0
r+ 1\ [(r+k
- Z( DIGY

[(n—F)/2] . .
_ (”_k,_“Ll)(”_Z). (2.12)
par 7 k



By (2.11) and (2.12), we obtain the following identity.

k [(n—k)/2] , ,
—k—i+1\ (n—
Z FioHHE'j: Z <n i i ><nk1>

io+i1+-F+ig=n—k 7j=1 =0

Notice that @, 0 = Fp41, and (2.11) implies @, = P,k + Po—1, 1 . We can display
{Qn, k} in a triangle

Table 2.2
n/k{ 0 1 2 3 45
0 1
11 2 1
213 3 1
3|5 7 4 1
41 8 15 12 5 1
5113 30 31 18 6 1

Theorem 2.3 Let Qan = (Qntkti, kti)o<k<n, then

QY| = (2.13)

Proof. This proof is similar to the proof of Theorem (2.2) so it is omitted. t

Considering the sums and alternating sums of the diagonals of Table 2.2, we obtain the
following.

Theorem 2.4 For any integers n > 2k > 0, we get

> Qnokw = 2, (2.14)
k>0
> (D Quok & = 2— don. (2.15)

k>0

Proof. Tt suffices to show (2.14). By (2.12) and the Cauchy Residue Theorem, we have

> Quok ok = ZZ(n_T;].gl_r) <7"Zk>

k>0 k>07r>0
Z Z 1 + l’ 7’+1 (1 _ y)—r—l
= res e Pn)
k>07r>0 v " Yy
1 r+1
= Zres( +2) (1—az?)~!
z gnh—r+l
r>0
.Z'T(l _ x)—r—l
- ngs RN
r>0
_ (1—22)"t
= e — =2
Then (2.14) holds and (2.15) follows in the same way. O



3. The Generalized Jacobsthal and Jaco-Lucas Polynomials

Let us define a sequence of polynomials {J,(y)} by the recurrence relation

Jn—i—l(y) = Jn(y) + (1 + y)Jn—l(y)7 n=>1, (3'1)

where Jy(y) = J1(y) = 1, which generates the Jacobsthal sequence {2.J,} when y = 1. Other
references related to Jacobsthal and Jaco-Lucas Polynomials, see [1, 5, 6, 9, 10].
Define

=3t S =S (32)
=0

n>0

By (3.1) and (3.2) it is easy to derive

1
J($7y) - 1—$—$2—$2y, (33)
and
. . x2ryr
ok = B @y = 0 G
r>0

_ Dy 3 H Fy a2y

r, m>0i0+i1++ir=m 5=0
k
S SN @)
i9+i1+-+ig=n—2k =0

which satisfies the recurrence Jy, 1, 1 = Jp, & + Jn—1, & + Jn—1, k—1, with the initial conditions
Jo,o=J1,0=1, J1,1=0.
From (3.3), we can deduce another formula for J,, x,

Jo k= [2"y")J(z,y) = [2"y"] ; %
- 3 S () )
- z O

- [jzj] (” . Z) <;> (3.5)

By (3.4) and (3.5), we have the following interesting identity.
b L =i\ (i
2 e (00)6)
i0+i1++ig=n—2k j=0 =0

Note that by (2.4) and (3.4), Jp, k = Po—k, &, 50 Jp11, i also counts the number of (0, 1,2)-
sequences of length n with & 2’s, but without subsequences 11,12,21,22. Also Jo,, 1 and Joy41, &



produce the triangles

Table 3.1 Table 3.2
n/k| 0 1 2 3 4 n/k| 0 1 2 3 4
0] 1 0 1
1] 2 1 1] 3 2
21 5 5 1 21 8 10 3
3113 20 9 1 3121 38 22 4
4134 71 51 14 1 4155 130 111 40 5

Theorem 3.1 For any integer n, k > 0, we have

n

—i(n
Z(—l)n <Z.>Jn+2k+2i7 k+i = L

=0
Proof. This proof is similar to the proof of Theorem (2.2), so it is omitted. O

Now let us define another sequence of polynomials {JL,(y)} by the recurrence relation
JLnt1(y) = JLa(y) + (1 +y) T Ln1(y), n=1, (3.6)

where JLy(y) =2, JLi(y) = 1, which generates the Jaco-Lucas sequence {JL,} when y = 1.
Define

= JLn &y, JL(x,y) = JLn(y)z". (3.7)
k=0

n>0

By (3.6) and (3.7) it is easy to deduce

2—x
L = .
TL@y) = T (33)
and
. . (2 _ x)xQT’y’"
JLy 1 = [z yk]JL(l‘,y) =[x yk] Z (1—z—a2) 11
r>0

= [:L,nyk] Z Z LZOHF :L,m—i-Qr r

r, m>01ip+i1+-+ir=m
k
= > Li, [ ] B, (3.9)
io+irttiy=n—2k  j=1

which satisfies the recurrence JL,, 11 = JL, r+JLy r—1+JLy_1, k, with the initial conditions
JLo o=2, JLi,0=1, JL1, 1 =0.



From (3.8), we can deduce another formula for JL,, j for n > 1,

(2 —a)a? (1+y)"

JLn, k= [$nyk]JL(:E7y) = [:Enyk] Z (1 — IE)T'H

r>0

= 2 S () (e -0

r, m>0 1=0

- 2 G- 2 00

m—+2r=n

D (GURI G

_ [nf] n:(”f) (;) (3.10)

=0

By (3.9) and (3.10), we obtain the following identity for n > 1,k > 0,

K [n/2] Ny
> L JlE = z;nv;(nZZ)(;)

i9+i1+-Fig=n—2k 7j=1 1=

Notice that JL,, o= Ly, and JLg, ,JLopt1, 1 lead to the triangles.

Table 3.3 Table 3.4
n/k| 0 1 2 3 4 n/k| 0 1 2 3 4
0| 2 0 1
1] 3 2 1] 4 3
2|1 7 8 2 2111 15 5
3118 30 15 2 3129 56 35 7
4147 104 80 24 2 4176 189 171 66 9

Theorem 3.2 For any integer n,k > 0, we have

n

—i(n
Z(—l)n <i>JLn+2k+2i, ki = 2.

=0
Proof. This proof is similar to the proof of Theorem (2.2) so it is omitted. O

Similar to Theorem (2.1), we can also give a combinatorial interpretation for JL,, , that is
the following:

Theorem 3.3 For any integer n, k >0, JL,  is the number of (0,1,2)—sequences of length
n with k 2’s, but without subsequences 11, 12, 21, 22, where the first and last components of
the sequences are considered to be adjacent.

Proof. Let T;, 1 be the desired number. Consider the last component x,, of such sequences in
three cases, i.e., x, =0, 1 or 2, we have

Toi1, k= Jng1, b+ Jn—1, k + Jn-1, k-1, (n>1),

with the initial values Ty, o = 2, 11, 0 =1, 11,1 = 0.

10



By (3.3) and (3.8), we have JL, 41, k = 2Jp11, k — JIn, & = Jnt1, b+ In—1, k + Jn—1, k-1, and
JLo o=2, JL1,0=1, JL1,1 =0, so JL,, ; must coincide with T}, . [l
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