SYMPLECTIC GRAPHS AND THEIR AUTOMORPHISMS
ZHONGMING TANG AND ZHE-XTAN WAN

ABSTRACT. The general symplectic graph Sp(2v,q) is introduced. It is shown
that Sp(2v,q) is strongly regular. Its parameters are computed, its chromatic
number and group of graph automorphisms are also determined.

1. INTRODUCTION

Let F, be a finite field of any characteristic and v > 1 an integer. Let
F((f”) ={(a1,...,a9,) 0, €Fpi=1,...,2v}.

. . 2
be the 2v-dimensional row vector space over F,. For any ai,...,q, € Fg ”), we

denote the subspace of IFEIQV) generated by ai,...,q, by [aq,...,a,]. Thus, if a #

) and [a] = [ka] for any

0 € F then [a] is an one dimensional subspace of F\"
keF; =F,\{0}.

Let K be a 2v x 2v nonsingular alternate matrix over F,. The symplectic graph
relative to K over F, is the graph with the set of one dimensional subspaces of ngy)

as its vertex set and with the adjacency defined by
[a] ~ [B] if and only if « K'8 # 0, for any a # 0,3 # 0 € F((f”),

where [a] ~ [] means that [o] and [§] are adjacent. Since any two 2v X 2v nonsin-
gular alternate matrices over I, are cogredient, any two symplectic graphs relative
to two different 2v X 2v nonsingular alternate matrices over I, are isomorphic. Thus
we can assume that

0 1
-1 0

2uX2v
and consider only the symplectic graph relative to the above K over I, which will
be denoted by Sp(2v, q).
When ¢ = 2, the special case Sp(2v,2) of the graph Sp(2v, q) was studied pre-
viously by Rotman [4], Rotman and Weichsel [5], Godsil and Royle [2, 3], etc. In
the present paper we study the general case Sp(2v,q). In Section 2, we show that
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Sp(2v, q) is strongly regular and compute its parameters. We also prove that the
chromatic number of Sp(2v,q) is ¢” + 1. Section 3 is devoted to discuss the group
of automorphisms Aut(Sp(2v, q)) of the graph. The structure of this group depends
on ¢ and v. When g = 2, Aut(Sp(2v,2)) is isomorphic to the symplectic group of
degree 2v over Fo. When ¢ > 2, Aut(Sp(2v,q)) is the product of two subgroups
which are identified clearly (cf. Theorem 3.4).

2. STRONGLY REGULARITY AND CHROMATIC NUMBERS OF SYMPLECTIC
GRAPHS

For any subspace V' of ]FgQV), we denote the subspace of IF((IQV) formed by all 5 € IF((]QV)
such that o K3 =0 for all a € V by V+. Then [a] ~ [3] if and only if 3 & [a]*.

Denote the vertex set of the graph Sp(2v, q) by V(Sp(2v,q)). We first show that
Sp(2v, q) is strongly regular.

Theorem 2.1. Sp(2v, q) is a strongly reqular graph with parameters

q2y—1 u—1 2u-2 202
(q_l,q”‘,q”‘ (¢—1),¢"" (q—1)>

and eigenvalues ¢4, ¢~ and —q"~'.

Proof. As |F{)| = ¢%, it follows that |V (Sp(2v,q))| = qZV:ll. For any [a] €
V(Sp(2v,q)), since dim([a]t) = 2v — 1, we see that the degree of [a] which is just
the number of one dimensional subspaces [3] such that 3 & [a]*, is q%q__# = ¢ L
Let [a], [3] be any two different vertices of Sp(2v, ¢) which are adjacent with each
other or not. Then dim([a, 3]*) = 2v — 2. Note that a vertex [y] is adjacent with
both [a] and [3] is equivalent to that v & [a]* U [3]*. But
la]* U 81 = lld*] + 18] = I[ev, B
Hence the number of vertices which are adjacent with both [a] and [] is ‘12L2q2qy:11 e
= ¢**7?(q — 1). Therefore Sp(2v, q) is a strongly regular graph with parameter
2v
q B 1 vV— V— V—
( e (g - 1), ¢ 2(q—l))-
qg—1
By the same arguments as in [3, Section 10.2], we get that the eigenvalues of
Sp(2v, q) are ¢*~1, ¢"~! and —¢" L. O
Let n > 2. We say that a graph X is n-partite if there are subsets Xy,..., X,
of the vertex set V(X)) of X such that V(X) = X; U---U X, where X; N X; =0

for all 7 # 7, and that there is no edge of X joining two vertices of the same
subset. We are going to show that Sp(2v,q) is (¢* + 1)-partite. We need some

results about subspaces of FSQV). A subspace V' of IFEIQV) is called totally isotropic if

V C V*. Then totally isotropic subspaces of F 5121') are of dimension < v and there
exist totally isotropic subspaces of dimension v which are called mazimal totally
isotropic subspaces, cf. [6, Corollary 3.8].

The following lemma is due to Dye[1].
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Lemma 2.2. There exist mazimal totally isotropic subspaces Vi, i = 1,...,¢" + 1,
of B?) such that

IF((I2V) - ‘/1 U"' U‘/[1V+17
where V; NV; = {0} for all i # j.

Proposition 2.3. Sp(2v,q) is (¢* + 1)-partite. That is, there exist subsets Xy, ...,
Xps1 of V(Sp(2v,q)) such that

V(Sp(2v,q)) = X1 U U Xy,

where X;NX; = 0 for all i # j, and there is no edge of Sp(2v, q) joining two vertices
of the same subset. Moreover, the subsets Xi,..., Xy 11 can be so chosen that for
any two disinct indices i and j, every a € X; is adjacent with exactly ¢*~1 vertices

n X;.

Proof. Let F) =V, U---U Vpyr as in 220 Set X; = {[a] : a # 0 € V;},
1=1,...,¢" + 1. Then

V(Sp(2v,q)) = X1 U---UXpi1, XiNX; =0, forall ¢ # 5.

As V; is totally isotropic, we see that there is no edge joining any two vertices
in X;. Thus Sp(2v,q) is (¢” + 1)-partite. For any i # j, let [a] € X;. Since
V; is maximal totally isotropic of dimension v, it follows that o« € V; = V}l and
dim([a]* NV;) = dim([a, V;]*) = v — 1. Note that, for any [8] € Xj, [3] is adjacent
with [a] if and only if 3 € V;\ ([a]* NV}). Hence the number of vertices in X; which

. . . . v__ v—1__
is adjacent with [a] i qu11 _ 4 — L_ g1, .

Now we can compute the chromatic number of Sp(2v, q).

Theorem 2.4. x(Sp(2v,q)) = ¢” + 1.

Proof. By 2.3, we see that x(Sp(2v,q)) < ¢¥ + 1. Note that x(Sp(2v,q)) is the
minimal n such that Sp(2v, q) is n-partite. Suppose that Sp(2v, q) is n-partite. Then
there exist subsets Y, ...,Y, of V(Sp(2v,q)) such that

and there is no edge joining any two vertices in the same Y; forv = 1,...,n. We want
to show that n > ¢”+ 1. Suppose that n < ¢” +1. From the above equality, we have

2v v v
S Vil = qq:ll = (qull)(q” +1). Then there exists some i such that [Y;| >

Let W; be the subspace of F) generated by all a such that [a] € Y;. Then W;
is a totally isotropic subspace, hence dim W; < v. This turns out |Y;| < %, a

contradiction. Hence x(Sp(2v,q)) = ¢” + 1. O

—1
-1 -
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3. AUTOMORPHISMS OF SYMPLECTIC GRAPHS

We recall that a 2v x 2v matrix T is called a symplectic matriz (or generalized
symplectic matriz) of order 2v over F, if TK'T = K (or TK'T = kK for some
k € F, respectively). The set of symplectic matrices (or generalized symplectic
matrices) of order 2v over F, forms a group with respect to the matrix multiplication,
which is called the symplectic group (or generalized symplectic group, respectively,) of
degree 2v over F, and denoted by Sps, (F,) (or GSpa,(F,)). The center of Spy, (F,)
consists of the identity matrix £ and —F, and the factor group Sps, (F,)/{E,—E} is
called the projective symplectic group of degree 2v over F, and denoted by PSps, (F,).
The center of G'Spy, (F,) consists of all kE, where k € F;, and the factor group of
G'Spa(F,) with respect to its center is called the projective generalized symplectic
group of degree 2v over F, and denoted by PGSp,,(F,). Clearly, PGSp,, (F,) =
PSps,(F,), and when ¢ = 2, GSpa, (F2) = Spa, (F2).

Proposition 3.1. Let T be a 2v X 2v nonsingular matriz over F, and
or: V(Sp(2v,q)) — V(Sp(2v,q))
[a] — [aT].
Then

(1) T € GSpa(F,) if and only if or € Aut(Sp(2v,q)). In particular, when
qg=2,T € Sps,(F3) if and only if or € Aut(Sp(2v,2))

(2) For any T\, Ty € GSpa(Fy), or, = op, if and only if Ty = KTy for some
kel

Proof. It is clear that o7 is an one-one correspondence from V' (Sp(2v, q)) to itself.

(1) First assume 7" € GSpa,(Fy). Then TK'T = kK for some k € F;. For
any [a], [8] € V(Sp(2v,q)), since aK'3 = k= (aT)KYST), [a] ~ [] if and only if
or([a]) ~ or([0]), hence or € Aut(Sp(2v, q)).

Conversely, assume op € Aut(Sp(2v, q)). Then, for any «, 5 # 0 € IF((IQV), aK'3 =
0 if and only if «(TK'T)%8 = 0. Hence, for any a # 0 € F*) the two systems
of linear equations («K)’X = 0, («TK'T)’X = 0 have the same solutions. But
rank(aK) = rank(aTK'T) = 1, we see that oK = k(aTK'T) for some k € F;,
which depends on . Take v = (1,0,...,0),(0,1,...,0),...,(0,0,...,1), we get that
K = diag(ky, ks, ..., ko, )TK'T, for some ky, ky, ..., ko, € F}. Take o = (1,1,...,1),
we see that ky = ky = ... = kg, hence K = kL, TK'T.

(2) Tt is clear that o7, = or, if Ty = kT for some k € F;. Conversely, suppose
that o, = op,. Then, for any o # 0 € FgQV), Ty = kaT; for some k € ;. Take
a = (1,0,...,0),(0,1,...,0), and so on as above, we see that T} = kT3 for some
ke O

By 3.1, every generalized symplectic matrix in GSps, (F,) induces an automor-
phism of Sp(2v,q) and two generalized symplectic matrices T} and Ty induce the
same automorphism of Sp(2v,q) if and only if 7} = k75 for some k € F,. Thus
PSpy,(F,) can be regarded as a subgroup of Aut(Sp(2v, q)).
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Proposition 3.2. Sp(2v,q) is vertex transitive and edge transitive.

Proof. For any [a], [5] € V(Sp(2v, q)), there exists T' € Spy, (F,) such that o1 = 3
by [6, Lemma 3.11]. Then or € Aut(Sp(2v,q)) such that or(ja]) = [F]. Hence
Sp(2v, q) is vertex transitive.

Let [aq], [aal, [B1], [B2] € V(Sp(2v,q)) such that [a;] ~ [az] and [51] ~ [Ba]. We
may assume that a;K'as = 51 K'G;. Then, by [6, Lemma 3.11] again, there exists
T € Spoy(F,) such that o4T = (1 and T = (5. Then or € Aut(Sp(2v,q)) such
that or([aq]) = [61] and or(Jae]) = [Bs]. Hence Sp(2v, q) is edge transitive. 0

When g = 2, we have the following
Proposition 3.3. Aut(Sp(2v,2)) = Spa, (Fa).

Proof. Let
o: Spa(Fy) — Aut(Sp(2v,2))

T — or.
Then, by 3.1, ¢ is an injection. Clearly, o preserves the operation. It remains to
show that, for any 7 € Aut(Sp(2v,2)), there exists a T' € Sps, (F2) such that 7 = o7.

Note that, for any a # 0 € F?”), we have that [a] = {0,a}. We will denote
the uniquely defined element 7([a]) \ {0} by 7(a) and set 7(0) = 0. Then from

7 € Aut(Sp(2v,2)) we see that aK'8 = 7(a)K{7(3)) for any o, 8 € FY” (not
necessarily non-zero). Fix any o € FS*). Let 8y, 3, € F$). Then

aK'B = 7(a)K(7(5)),

aKBy, = 7(a)K(7(3)).

Thus
aK' (61 + B2) = T() K'(7(61) + 7(32)).
But
aK(By + Ba2) = 7() K(7(B1 + (2)),
hence

T(a)K'(7(By + 32) + 7(61) + 7(32)) = 0.

This is true for any o € ngy), it follows that 7(81 + B2) + 7(61) + 7(52) = 0, i.e.,
T(B1 + B2) = 7(B1) + 7(B2). Set

7(1,0,...,0)

_— 7'(0,1,‘..,0)

7(0, 0,.. 1)
Then () = T for any o € IF?V). Thus T is nonsingular. By 3.1 T € Sps, (Fs)
and 7 = o7 as required. O
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From now on, we assume that ¢ > 2. In IF((IQV), let us set

er = (
fi = (0,1,0,0,...,0,0),
e = (
for = (
e, = (0,0,0,0,...,1,0),
£, = (0,0,0,0,...,0,1).

Then e;, f;, © = 1,..., v, form a basis of FSQV) and e; K'f; =1, ¢;K'%; = 0, f;K'f; =0,
iajzla"'aya andeithj:O,i#j, ’i,j:1,...,y.

In order to describe Aut(Sp(2v, q)) for any prime power g, we need some definition
from group theory. Let ¢ be the natural action of Aut(FF,) on the group F; x - - - x F}
(v in number) defined by

o(m)((k1,.. . k) = (7(k1), ..., 7(ky)), for all 7 € Aut(F,) and ky, ..., k, € F},

then the semi-direct product of F; x - - - xF; by Aut(F,) corresponding to ¢, denoted
by (F; x -+ x F7) x, Aut(FF,), is the group consisting of all elements of the form
(K1, ..., ky,m), where ky, ..., k, € F; and 7 € Aut(FF,), with multiplication defined
by

’ !/ ’

ki, ok, m) (ko k) = (kim(ky), ... ko (k), mm).

b 70

Then the main result about Aut(Sp(2v,q)) is as follows.

Theorem 3.4. Regard PSps,(F,) as a subgroup of Aut(Sp(2v,q)) and let E be the
subgroup of Aut(Sp(2v,q)) defined as follows

E= {J < Aut(Sp(QV, Q)) : J([el]) = [€Z]v0([fl]) = [fZ]vl =1,.. "V}'

Then
(1) Aut(Sp(2v,q)) = PSpa(F,) - E;

(2) If v =1, then E is isomorphic to the symmetric group on q — 1 elements;
(3) If v > 1, then

E

I

\(]F; X +ee X FZZ X, Aut(F,).

-~
v

Proof. (1) Let 7 € Aut(Sp(2v,q)). Suppose that 7([e;]) = [el], 7([f:]) = [f/],

i=1,...,v. Then ;K'f] #0, ;K% = 0, f{K'f; =0,4,j =1,...,vand e;K'f] = 0,

i#7,1,7=1,...,v. We may choose ¢, f/, i = 1,...,v, such that e!K'f/ = 1,i =
6



1,...,v. Let

/

fi 1

/

/

A= fo |, A=]| /5
ey e,

/

Jv v

Then AK'A = K = A/K'A’. Thus, by [6, Lemma 3.11], there exists T € Spa, (F,)
such that A = A'T, ie., T =¢;, fiT = f;, i =1,...,v. Set ; = orr. Then
1(lei]) = lei], m([fi]) = [fi], i=1,...,v, hence 7y € E. Thus 7 € PSps,(F,) - E. It
follows that Aut(Sp(2v,q)) = PSps,(F,) - E.

(2) When v = 1, it is clear that E is isomorphic to the symmetric group on the
q — 1 vertices of Sp(2, q) since Sp(2,q) is a complete graph.

(3) Suppose that v > 1. Firstly, let us write out some elements of E. Let
ki,....k, € F; and 7 € Aut(F,). Let o, ., x be the map which takes any vertex

la1, as, as, ay, ..., a9, 1,as,] of Sp(2v,q) to the vertex
[W(Ch), klﬁ(@), kﬂ(@:s)u klkg’lﬂ(cu), Sy kuﬂ(%wl), klk;lﬂ(azu)]-

Then it is clear that o, . x,r) is well-defined. Furthermore, it is easy to see
that o,k ) is injective, but the vertex set of Sp(2v,q) is finite, o, k.
is a bijection from V(Sp(2v,q)) to itself. Let a = [ay,as,a3,a4,..., 02,1, 09,
B = [d),dy,al,a), ... ab, 1,a5,] be two vertices of Sp(2v,q). If o 4 (3, then, by
definition,

(a1ay — agay) + (azal — asay) + ... + (agy_1ay, — ag,ay, 1) =0,
which implies that
(m(ar)kim(ay) — m(as)kim(al)) + (kam(az)kiky 'm(al) — kiky ' m(aa)kom(as))
+ ...+ (kl,ﬂ'(CLQ,,,l)klk;lﬂ'(aéy) - klkljlW(aQ,,)kl,ﬂ'(a/ZVfl)) = O,

1., O, kym) (@) 7 Oy, k) (). Since the edges set of Sp(2v, q) is finite, o ¢ 3 if
and only if o, k) (@) # O, km)(B). Hence o,k - € Aut(Sp(2v,q)). Note
that o, x,x(lei]) = [ei], 0@y, ko ([fi]) = [fi], i = 1,...,v, hence, o, x,x) €
E.

If we define a map h as (k1,...,k,,T) — Ok, k), then it is easy to verify that
h is a group homomorphism from (F} x --- x Fy) x, Aut(FF,) to E. It is also easy
to see that if (ki,...,k,,m) # (ky,... Kk, @) then o, . kx) # O, k- Thus,
to show that h is a group isomorphism, it remains to show that every element of
is of the form o, . i, x)-

Suppose that o € E. Note that if o([a1,as,...,a9,]) = [b1,ba, ..., by ], then
asi—1 # 0ifand only if [ay, as, . .., ag] ~ [fi] and ay; # 0 if and only if [aq, as, . . . , ag,]
~ [e;], and similar results are also true for b;. But o([e;]) = [e;] and o([f;]) = [fi],
it follows that a; = 0 if and only if b; = 0. For any vertex [aj,as,...,as], if
ap = -+ = a;_1 = 0 and a; # 0 then [aj,as,...,as] can be uniquely writ-
ten as [0,...,0,1,a],,...,a5] and o([a1,as,...,as,]) can be uniquely written as
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0,...,0,1,0;,,...,b5,]. Let us show how to determine b/, ..., b, from a_,...,
ay,. We will use frequently the fact that, for any vertices [o], [3], if [a] o [] then
o([a]) % o([A]).

In the following, we will denote [ay, a}, as, b, ..., a,, @, by > a;[e;]]+> 7 allfil,
for example, [a,b,0,...,0] is denoted by ale;] + b[f1]. Since o is a bijection from
V(Sp(2v,q)) to itself, we have permutations m;, i = 2,...,2v, of F, with 7(0) = 0
such that

o(ler] + azi—1les]) = [ea] + moi—1(azi—1)[eil,
o(lel] +axulfi]) = led] + mai(az)[fi]-

We firstly consider the cases o([0,1,as,...,as]) and o([1,a2,as,...,as]). Let
o([0,1,as,...,a2]) =10,1,a},...,d5,] and j > 1. If ag;41 # 0, then, from

(0,1, a5, ., az] # [er]+ag; [ fj+1] we have [0, 1,5, ... a3, ]| 7 [e1] 47212 (ag; ) [fil,

hence, b = myjia(ag) ;)™ If agje # 0, then from [0,1,as,...,a2] # [e1] —

agj4alej41] we have [0,1,a5,... a5, # [e1] + moju1(—ags)lej], hence, aj; ., =

—7T2j+1(—a27j1+2)_1. Thus

(1) o([0,1,as,...,a9,]) =[0,1,a3,...,a,,)],

where aj; | = 7r2j+2(a2_j1+1)_1 if agjp1 # 0 and ab; ., = —7r2j+1(—a2_j1+2)_1 if agjio # 0.
For the case o([1,ag,as,...,as]). Let o([1,as,as,...,as]) = [1,d5,ad},...,a45,].

From [1, a9, as,...,as,] o [e1] + as[fi] we get [1,d5,af, ..., a5,] 4 [e1] + ma(az2)[fi],
hence, af = ma(az). Let j > 1. If agjry # 0, then, from [1, as,as, ..., a2] # [fi] —

a2—j1+1[fj+1] and O([fl]_agjl—&-l[fj+1]) = [f1]—mo;11(azjs1) " [fj+1] as been shown above,

we have [1, a3, aj, ..., a3,] # [fi] = majr1(azjen) 7 [fj41], hence, ag; y = maji1(azj).
Similarly, if agjys # 0, then from [1,as,a3,...,a2,] % [fi] + a5} slej11] we have
[1,a3,a3,...,a3,] # [fi] + mjs2(azjs2) e, hence, ay; 5 = myjia(azjsa). Thus,
for any as, as, ..., aq € Fy,
(2) U([17 gz, asg, . .. aa2u]) - [17 7T2(a'2)7 7T3((l3), s a7T2V(a'2u)]-

Then, let ¢ > 2, we discuss the general cases o([0,...,0,1, a1, ...,as,]) and
o([0,...,0,1,a;,...,as,]). The above results of case ¢ = 1 will be used. Let

o([0,...,0,1,a2i41,.-.,a%)]) = [0,...,0,1,a%,,,...,a5,] and j > i. If asjy1 # 0,
then, from

[07 s 707 17 A2i+41, - - - 7a2u] 74 [61] + [ez] + a2_j1-|-1[fj+1]

and o ([ea] + [es] + ayj[fi1]) = [er] +maima (1)[ei] +mj40(a5 ) [fi+1] as been shown
above, we have

[07 s 70’ 17 CL/2i—|—17 s ’al2u] 7é [61] + 7T2i—1(1)[€i] + 7T2j+2(a2_j1+1)[fj+1]7
hence, ay;,, = 7r2i_1(1)7r2j+2(a2_jﬂrl)_1. Similarly, if agj4o # 0, then from
[0,.+.,0,1, @211, - az,] 2 [ea] + [ei] — agjslejii]
we have

[0,-., 0,1 @, ag) 2 [en] + maima (D)[ed] + magpa(—agio)ejial,
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hence, ;o = —mai1(1)mj1(—as} o) ", Thus,

(3) o([0,...,0,1,a%i41,...,a2)]) =[0,...,0,1,a% +,...,a5,)],
where aj; = myi1(1)myjpa(ag;y )t if azjur # 0and ah; = =iy (1)maj1(—a;45)
if a2j42 # 0.

Finally, for the case o([0,...,0,1,a,...,a9,]). Let o([0,...,0,1,as;,...,as,]) =

0,...,0,1,al;,...,a} ]. From

[07 s 707 17 Q24 - - - 7a21/] 7(’ [61] + [ez] + a2i[fi]
we get

[0,...,0,1,al;, ..., ay,] # [ex] + moi 1 (1)[es] + mai(azi)[fi],

hence, aj; = mo;_1(1) 'mai(as;). Let j > 4. If agjy1 # 0, then from

0,...,0,1,a9,...,a2] # [fi] - a27j1+1[fj+1]
we have

[0,...,0,1, a5, ..., ay,] o [fi] = a1 (1) mgjpa (agsg) ' [fi4a,

hence, a/2/j+1 = ng_l(l)_lﬂgj+1 (a2j+1). If 2542 7é 0, then from

[O, Ce ,0, ]_, aggy -« . ,GQ,/] 76 [fz] + a;in[ejH]
we have

[0,..,0,1, a5y, .y a, ] o [fi] + T 1 (1)72550(a2j42) " el

hence, aly; o = ma—1(1) " maj42(agj42). Thus, for any ag, agit, . . ., a2, € Fy,
(4) O'([O,...,0,1,(12i,a2i+1,...7CL2,/])

= [0,...,0,1,mo—1(1) " mai(as), Tai1 (1) maigr (anig1), - - oy Toim1 (1) oy (a2,)]-
Having represented o by m;, ¢ = 2,...,2v, let us discuss some properties of ;.
Lemma 3.5. (1) For anyi>1 and a € F,,

7T2i+1(1)721+2(&) = 721+2(1)W21+1(a) = 772(@);
(2) For anyi>2 and a,b € F,,

Proof. (1) We may assume that a # 0. Since [e1]+ale;1] +alfiv1] # [eiva] + [fiz1]
it follows that o([e1] + alei+1] + a[fis1]) # o([eir1] + [fix1]), but
o(lel] + aleira] + alfira]) = [ea] + masi(a)[eia] + maira(a)[fira],
olesn] + [fir]) = leanr] + T2 (1) moipa (1) figal,
we have that

7T2z‘+1(1)_17T2i+2(1)7T2i+1(a) — maito(a) =0,
9



ie.,
Tai41 (1) Toiqa(a) = Toipa(1) T (a).

Similarly, since [e1] + a[fi1] + [ei+1] % [e1] + a[fit1], we have that [e1] 4+ m2(a)[f1] +
Toir1(1)[eir1] o [e1] + maia(a)[ firr], hence, moip1 (1)maiq2(a) = ma(a).
(2) From [e1] + (a + b)[f1] + [ea] # [e1] + a[f1] + b[f2] we have that

[e1] + ma(a + b)[f1] + m3(1)[ea] # [e1] + ma(a)[fi] + ma(b)[fa].

Then m3(a) — mo(a + b) + m3(1)m4(b) = 0, but m3(1)m4(b) = m2(b), hence, ma(a +b) =
mo(a) + ma(b). It turns out from (1) that this equality holds for all ¢ > 2. Thus
mi(—a) = —m;(a) as m;(0) = 0.

For multiplication, let ¢ > 1, from [eq] + ble;1] + ab[fit1] % [eit1] + a[fis1] we get
that

[e1] 4+ mais1 (D) [€i41] + Taia(ab) [ fisa] # leisa] + mai1 (1) maiga(a) [ firal,

hence, ma;11(b)mai1(1) ' maip2(a)—maira(ab) = 0, but mo; 1 (b) w1 (1)1 = Toi0(b)Toipa(1) !
Thus

Toira(ab) = maiq2(a)me;te (b)ﬂ2i+2(1)_1

It follows from 7T2i+1(1)7T2H_2((1) = 7T2i+2(1)7T2i+1 (CL) and 7T2i+1(1)7T2i+2(1) = 7T2i+2(1)7T2i+1(1)
that the abve equality also holds for 2i + 1. It remains to consider m5. We have

mo(ab) = m3(1)my
= m3(1)
= m3(1) " my(1l)  ma(a

(a)

= my(a)my(b)ma(1)~h

Fmally, if a # 0, then from 7;(1) = m;(aa™) = m;(a)m;(a=)7; (1)~ we obtain that
mi(a™') = m;i(a)"tm;(1)2, then the proof of lemma is complete. O

We continue the proof of the theorem. Let us denote the identity automorphism
on F, by 7. Then when ¢ = 1, (3) reduces to (1) and (4) reduces to (2). Therefore
(3) and (4) hold for all i, where 1 < i < v. By the above lemma, for any ¢ > 1, we
can rewrite (3) in the form of (4) as follows. In (3), for any j > i, we have

! _ 1
dhiy = Taim1(1)majpa(ag; )™

(1)
24— 1(1)7T2J+2(a2]+1)7r2]+2(1)_2
i1 (1) o511 (1) " aj0(1) ;41 (agj11)
1(D)7a(1) " o541 (ag;1)

) 1

Toj+1(azjt1),
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and

a,2j+2 = TT2i-1 1)7T2]+1( a2g+2) !

(

7T2i—1(1)ﬂ-2j+1(a’2]+2)_1

= 7T2i—1(1)W2j+1(a2j+2)ﬁ21+1<1)72

= myi 1 (1)7ay41 (1) oj2(1) Moy p2(ag;t2)

= )
1

= myi1(1)ma(1) ' majpa(as;se)

(
)~ 7T2]+2((123+2)

= 7T2i(1
Hence, for any ag;1,...,as € F,

(5) U([Ov s 707 17 A2i+1y - - - 7a2y]) = [Oa s 707 1a W?i(l)_lﬂ-%—&-l(a%—f—l% s aﬂ-?i(l)_lﬂ-Qu(GQV)]a

which is of the same form as (4).

Now let ky = (1), m = ki 'mo, ko = m3(1), ks = 75(1),...,k, = m_1(1). Then
m € Aut(F,), m = kym, m3 = kom,my = kvkyim, . w1 = kym,m, = kik; T
Assembling (4) and (5), we obtain

O-([ala a2, a3, a4, . .., 02,1, a?l/])

= [m(ar), krim(ag), kem(as), kiky ' m(as), . .., kym(ag_1), kik, '7(ag,)].

Hence o = h(ky, ..., k,, ), as required. O

Corollary 3.6. When v =1,

[Aut(Sp(2, )| = ¢(¢® — 1) - (¢ — 2)!,
and when v > 2,

v

[Aut(Sp(2v,q)| = ¢ [[(¢* — 1) - [F, : F,].

=1

Proof. Note that PSpy,(F,) N E consists of ¢ which is reduced from some ma-
trix of the form diag(ky,ly, ko, lo, ... ... kL), with kil; = 1,4 = 1,...,v. Thus
|PSpa(Fy) N E| = 5(q — 1)”. Hence

| PSpa, (F,)||E|

|PSp2V(Fq) NE|

1’ T (¢¥ — 1) - |E|
Lg—1)

|Aut(Sp(2v,q))| =

11



Thus, when v =1, |[Aut(Sp(2,¢))| = q¢(¢* — 1) - (¢ — 2)!, and when v > 2,
|Aut(Sp(2v, q))|
1 T (@ = 1) - (¢ — 1) - [Aut(F,))|
s(g—1)

= ¢ [[(¢” = 1) - |Aut(F,)|
i=1

V2 %
= q H(QQ — 1) [Fy : F,
i=1

as is well-known that |Aut(F,)| = [F, : F,] where p = char(F,). O
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