FOUR IDENTITIES RELATED TO THIRD ORDER MOCK THETA
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ABSTRACT. Ramanujan presented four identities for third order mock theta functions
in his Lost Notebook. In 2005, with the aid of complex analysis, Yesilyurt first proved
these four identities. Recently, Andrews et al. proved these identities by using g-series.
In this paper, in view of some identities of a universal mock theta function

9(z;q) = <1+qun+1qx1q)n>’

we provide different proofs of these four identities.

1. INTRODUCTION

Let g denote a complex number with |¢g| < 1. Throughout this paper, we adopt the
standard g-series notation [6]. For any positive integer n,

(a;9)0 =1, (a;q)n:= 1:[(1 —aq®), (a;q)s := H(l — aq),
k=0 k=0
3 (@5 q) = (@5 4)oo(4/ 25 ) (¢ @) (1.1)

Letting a and m be integers with m positive, we define

o0

Jam = 3(00™),  Tam =3(=0%0"),  Jm = TJnzm=](1 - ™).
k=1

Recall the Jacobi triple product identity [6, Eq. (1.6.1)]

3 (14 a* = (0)oe(0/7 @)oo (@ @)

k=—o00

Thus, Ramanujan’s theta function ¢(q) and 1 (q) are defined, respectively, as follows.

n? 2\2 /. 2. 2 2
= > 0" = ()% ) = 23 (1.2)
e JiJi
n+1 J2
E q = —q @)oo =2 (1.3)
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For any real number a, define

e¢] n2

e q
falq) = 2 (I+aqg+ )1 +ag+¢) - (1+ag"+¢) (1.4)
Set
B - B o0 qn2

which is one of the third order mock theta functions included in Ramanujan’s last letter
to Hardy. Then Ramanujan [11] stated the following four identities related to third
order mock theta functions in his Lost Notebook. For more on mock theta functions,
see Andrews and Berndt’s book [2].

Entry 1.1. [11, p. 2] Suppose that a and b are real numbers such that a*> + b* = 4.
Recall that f,(q) is defined by (1.4). Then

”‘“”fa( D)+ 2 ) - i)

oo 1 — b + ¢
_ H 9 +4a , (1.6)
1+ a2b2 q4n+q8n

Entry 1.2. [11, p. 2] Let a and b be real numbers with a® + ab + b*> = 3. Then, with
fa(q) defined by (1.4),

(a+1)f-alq) + 0+ 1)f-b(q) = (a+b—1)fass(q)

q q %
1.7
H1+aba+bq3"+q6” (1.7)

Entry 1.3. [11, p. 17] Let ¢(q) and f,(q) be defined by (1.3) and (1.4), respectively.

Then
Ly )+ 3+6ff1< 0~ 150
L2 s i
abaARrrong | Syavorwrn

Entry 1.4. [11, p. 17] Let ¥(q), fa(q), and gzNS(q) be defined by (1.3), (1.4), and (1.5),
respectively. Then

S+ i) + %(1 + e (~ig) — f(0)
1
2

—=U(=a)(=¢* ¢ OOHIJM/-q e

In 1944, Dyson [5] defined the rank of a partition to be the largest part minus the
number of parts. Let N(m,n) denote the number of partitions of the positive integer
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n with rank m. Then he showed that the generating function for N(m,n) is given by

oo 00 o o qn2 - )
mz;oonz;]\f(m,n)q ™ = nzg R G(z,q). (1.8)

From (1.4) and (1.8), it can be seen that

i =6 (L),

The proofs of Entries 1.1-1.4 which were first provided by Yesilyurt [12] rely on the
following lemma due to Atkin and Swinnerton-Dyer.

Lemma 1.5. [4] Let q, |q| < 1, be fized. Suppose that ¥(2) is an analytic function of
z, except for possibly a finite number of poles, in every region, 0 < z; < |z| < zy. If

I(zq) = AZF9(z)

for some integer k (positive, zero, or negative) and some constant A, then either 9(z)
has k more poles than zeros in the region |q| < |z| <1, or 9(z) vanishes identically.

Recently, Andrews et al. [3] offered different proofs of these four identities by using
g-series. The proofs of Entries 1.1-1.3 depend on a partial fraction expansion formula,
and in the proof of Entry 1.4, two 2-dissentions for two special cases of the rank
generating function G(x,q) are the main tools.

The object of this paper is to present different proofs of these four identities by
using the universal mock theta function,

laig) =a™ (_1 ! ZO (; q)nj:qxl; q)n> ' 9

A transformation formula of g(z;¢) given by Ramanujan [11] and an identity of g(z;q)
due to Hickerson [7,8] play important roles in our proofs, see Propositions 2.2 and 2.3
in the next section. This paper is organized as follows. In Section 2, we show some
preliminary results which are used in our proofs. In Section 3, we prove Entries 1.1-1.4.

2. PRELIMINARIES

In this section, we present some preliminary results. For later use, we need the
following identities:

— J3 J? J1Jy
Jio=—2=, Jig="F, Jia= :
1,2 J12 JZ ) 1,2 J2 9 1,4 J2
In addition, the following general identities are frequently used in this paper.
jlazsq) = =27 (23 9), (2.1)
j(ziq) = j(gr™ " q), (2.2)

i@ ¢?) = j(z;9)(—2;9)/ 12, (2.3)
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i(z;q) = Jij(z;¢°)jlqr; ¢%)/ 5, (2.4)
m—1 .
jasa) = 30 (=14 ql)aky (-1 gl o). (2.5)
k=0
Setting m = 2 in (2.5) yields that
i(x;q) = j(—q2* ¢*) — zj(—¢*z% ¢*). (2.6)

Hickerson and Mortenson [8] defined Appell-Lerch sums as follows.

Definition 2.1. Let x,z € C* := C\{0} with neither z nor xz an integral power of q.
Then

r

e _1\r (2)27"
m(z, q,2) = — 1 3 (G

J(z;q) 1—q oz

r=—00

Following (8], the term “generic” means that the parameters do not cause poles in
the Appell-Lerch sums or in the quotients of theta functions. The next proposition
can be found in the Lost Notebook.

Proposition 2.2. ([11, p. 32], [1, Eq. (12.5.13)]). For generic x € C*,
J2J2274
xj(2;9)j(—q2% ¢%)

g(x;q) = =27+ qr g(—qx7? ") — qg(—q2*; ¢") +
The following proposition was first proved by Hickerson [7], and then Hickerson and
Mortenson [8] rewrote the identity in terms of Appell-Lerch sums.

Proposition 2.3. ( [7, Theorem 2.2], [8]). For generic z,z € C*,
Jtj(2z;4)5 (2 ¢%)

-2 -3 3 .3 1, (.2 -3 3 3
g(x;q) = —x " "m(qz ™", ¢, x°2) — " m(q°x ™", ¢, x°z) + - . . :
(z:9) ( ) ( ) J(w:)j(2.9)j(2%2 ¢°)
(2.7)
Notice that a special case of (2.7) with z = 1 reads
J3
-2 -3 3 3 1, (.2, -3 3 3 3
r;q) =—x ‘mqgx",q¢°,2°) —x m(qg°x >, ¢, 2°) + ——————. 2.8
9(;q) (gz7", ¢ 2°) ( ) 7@ ) (2.8)

In the proof of Entry 1.4, we apply the next two propositions to simplify theta
function identities.

Proposition 2.4. [9, Proposition 3.4] Let x # 0. Then

. . q . _ Ji. .
H(@w; g (0w 6%) + - (6 (gw; °) — 7411 (=’ ¢")i(d*w;¢%) = 0.
Proposition 2.5. [10, Proposition 2.5] Let x # 0. Then
J

. . . . 1 . .
i(=2;¢Y)i(—d°z; ¢°) — j(—¢°x; ¢*)j (—qz; ¢°) — T (P qN)j(—q" T ¢%) = 0.
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Furthermore, in view of (1.8) and (1.9), we arrive at

G(x,q) = (1 — ) (zg(x;q) +1). (2.9)

3. PROOFS OF ENTRIES 1.1-1.4

In this section, employing Propositions 2.2-2.5, we prove Entries 1.1-1.4.

Proof of Entry 1.1. Set a = 2cosf, b = 2sinf), and t = €. Then a =t + ¢! and
b= —i(t —t'). So we have

b—a+2  (i—1)1—it)(1—1)

4 4t ’

b+a+2 (i+1)(1—it)(1+1)
4 4t ’
i(1 —t?)

212 4 —4
o« (' +7)

1.4) and (1.8), we obtain that
fal@) = G(=t,q),  [-ale) = G(t,q), fulg) = G(it, q).
Thus, using the above relations, we rewrite (1.6) as
(t—1)(1 ;tz't)(l — t)G(—t, o)+ (t+1)(1 ;tit)(l + t)G(t, )
Al - t2)G(it,q) (0%9Y) o (—igt; q) o (igt ™ @)oo

— N

Moreover, according to

= 3.1
2t (=45 ¢*) o (@'t ¢*) o (@'t ¢ ) oo (3.1)
Multiplying both sides of (3.1) by 4¢(1 +4t)/((i — 1)(1 — t*)), we arrive at
i i—1 21 + i)tJ3j(—it; q)
—G(~t,—q) — ——G(t,—q) + ——Git,q) = — 3.2
1 +tG( ) 1 —tG( 0+ 1 —itG<Z 0 J3j(t4 q*) (32)

Hence, to prove Entry 1.1, it suffices to prove (3.2).
First, we consider the left-hand side of (3.2). Using (2.9) in the first equality and
Proposition 2.2 in the third equality below, we have
1
——G(~t,— ——Gt— —G it)
= —tg(—t;—q) + 1 - Z(tg(t —q)+1) + (2 — 1)(itg(it; q) +1)
= —tg(—t; —q) — itg(t; —q) — (1 +9)tg(it; )

J2J2274
J(=t;—a)j(at* ¢?)
+i4igtg(qt ™% q") —iqtg(qt®; ") — - —

at ) =) = S g )

— i+ 14+ (1 =gt 2g(qt™% ¢") + (1 +9)qtg(qt* ¢") —

= —1—qt?g(qt % q") — qtg(qt*; ¢*) +

(1 - i)J2J2274
J(it; q)7(qt?; q%)
= (=1+i+1—i)gt %glqt %q¢") — (1+i—1—1d)qtg(qt*; ¢")
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) JoJ3, iJaJ3 (1 —1d)J2J3,
J(=t;—=q)j(qt*;¢*)  j(t;—q)j(qt* q®)  j(it;q)j(qt? ¢?)
JoJ2 1 ' 1—i
= - 222742 ( - . ! - . ! ) (33)
J(qt?¢%) \Jj(—t:—q)  Jjt;—q) j(it;q)
Define
. 1 i 1—i

j(—ti—a)  j(t—a)  j(it;q)
3t —a)i(it; ) — ij (=t —q)j(it;q) — (L = 4)j(=t; —4)j(t; —q)
J(=t: =i (t; —a)j(it; q) '
To evaluate A, by (2.6), we deduce that
it —q) = j(at? ¢*) + ti (1% "),
J(t;—a) = j(at* q") — ti(*%; ¢"),
j(it;q) = j(at* ¢") — iti (% ¢").
Then by means of the above three identities, we find that
3t =a)i(it; @) — ij(—t; —q)j(it; ) — (1 = 9)j(—t; —q)j (t; —q)
= (Jat* ¢") = ti(d’t% q) (4(at* ¢") — itj(@’t* "))
—i(j(at* ") + ti(d**; 0Y) (ilat*s q") — iti(q’t: q"))
—(1=1) (4(at* ¢") +ti(@’t% ¢") (i(at*; ¢") = ti(@*t*; ¢"))
= =2(1+)tj(qt*; 43 (¢t ¢"). (3.4)
Hence, utilizing (2.3), (2.4), and (3.4), we obtain that
A - 20 +0)tat* a5 q")
J(=t;—q)i(t; —q)j(it; q)
20 +atIFi(ets ) d(=itg)
Joj(—t; —q)i(t; —q)j(it;q)  j(—it; q)
201+ )tTRi(gt? ¢%)g (=it q)
Jo J1,271,2 Jo,a3(t% q%) '
Thus, the right-hand side of (3.3) becomes
Jo T3, (_ 2(1 +0)tJ3j(qt? ¢*)j (=it q))
J(aqt* ¢?) Jo 191 0d047(t4; %)
2(1 + i)tJ3j(—it; q)
O Bithe)
which is the right-hand side of (3.2). Therefore, we complete the proof of Entry 1.1. O

Proof of Entry 1.2. We parameterize a® + ab + b*> = 3 by a = 2cos(d + 27/3),
b=2cosf, and t = €. Let w = €?™/3. Then we have a = wt + (wt)™* and b =t + ¢~
So,

1—¢ 1—¢

b= —w?t — (w)"! 1= ' . pil=
ot W= (i), atl=rm—rs b=




FOUR IDENTITIES RELATED TO THIRD ORDER MOCK THETA FUNCTIONS
1—1¢3

(S . Sl —
ot w2t(1 — w?t)

ab(a +b) = —t3 — 73,

and
f—a(q) = G(Wt7 Q), f—b(Q> = G(tv Q)a fa-l—b(q) = G(WQta Q)
Therefore, (1.7) is equivalent to the following identity:

ig( " )+ig(t )+1;tgg( %t,q)
wt(l—wt) VT T VT i — ey W
3(¢% 4*)% 1 1

(@ Qoo iy 1= (B +172)g% + ¢
Observing that the right-hand side of (3.5) reduces to
3J3(1—13)
(%)
we are required to prove that
Gwt,q) | Glt,q9 , GWtyq 3J3
wt(l—wt)  t(1—1t)  w2(l —w?t)  Jij(t3;¢3)
From (2.9), it can be seen that
Glwt,q) | G(tg Gwiq)
wt(l —wt) (1 —1t)  w(l —w?)

1 1 1
= glwt; — +g(t; = °t; —
gwtiag) + — +g(ta) + 1 +9(Wta) + —

= g(t;q) + g(wt; q) + g(W’t; q).
Then applying (2.8) to the right-hand side of (3.6) gives
Glwtg)  G(tg | GWtaq)
wt(l—wt) (1 —t)  w?t(l —w?t)

J3
= —t7m(qt 7, ¢ ) =t m(@t 0, ¢ ) +

Jl](t 7q3)
2 3 3,3 2,-1 2,-3 3 .3 J:’?
—wt "“m(qt™",q°,t°) —wt m(qt ", q¢°,t°) + ————=
( ) ( ) VIGHS)
2,-2 3 3,3 1 2,-3 3,3 J:?
—wt T "m(qt™7,q%,t°) —wt” m(qt ", q¢°,t°) + ————=
( ) ( ) J1j (%5 ¢*)
=— (1 +w+w)t?m(gt™, ¢ 1) — (1 +w+ )t 'm(*t >, ¢, %)
3.3
J1j (%5 ¢°)
3R
Jlj(tg’;qg’).

Therefore, we complete the proof of Entry 1.2.

(3.5)

(3.6)

O

It is easy to find that Entry 1.3 is a special case of Entry 1.1. One can refer to the

proof in [12]. Here we omit it.
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Proof of Entry 1.4. Let a = e™/*. According to (1.4), (1.5), and (1.8), we have

fss(a) = G(—a.q), ¢(q) = G(i,q).

In view of the above two identities, we restate Entry 1.4 as

l+a , . 14+at = 1 (=9 (=40
g Glhio + =5 G(l’_ZQ)_G(_a’Q)_E(—qa;q)oo(—qa”;q)oo'

Dividing both sides of the above identity by (1 + «)/2, we deduce that

G(i,iq) + a~'G(i, —ig) — H%G(—Oz, q) = ﬂw(_qx;iﬁz;"(q; D (37

Replacing ¢ by iq in (3.7) yields that

Gli,—q) + a~'Gli,q) — H%G(—a,iq) - ﬁ@”(_i”(j?éf)zi’;)(iq; Wee (34

Therefore, to obtain Entry 1.4, it suffices to prove (3.8).

In the following, we first consider the left-hand side of (3.8). Using (2.9) and Propo-
sition 2.2, we have

G(i,q) = (i+1)g(isq) +1—i

JoJ3
=(i+1 (H i—1qg(q; ¢* +—) +1—14
+1) (= Dagla: 7) ij(i:9)5(a; ¢*)
= —2q9(q; ¢") + (1 — i) . 3.9
@)+ )J(Z;Q)J(q; q*) (39)
Similarly, by noticing that a? =i and o® = —a~!, we arrive at
G(i,—q) = 2q9(=q;¢") + (1 — i) ——— : 3.10
=) ( )+ )J(Z; —0)j(—4; %) (3.10)
2 . . 2J5J3 4
———G(—a,q) = 2iqq(iq; ¢*) — 2qag(—iq; ¢*) — = —— . 3.11
ol d) ia:4) ( ) j(=a;9)j(—ig; ¢%) 311)
To evaluate the right-hand side of (3.11), using (1.1) and (2.3), we find that
. . iy ~JE
i(os @)i(=a;a) = Niajlisa’) = (1 =)=, (3.12)
o J;
i(—igq®) = 5= (3.13)
8

So, by (1.2), (3.12), and (3.13), we deduce that
T34 J2 5 jlasg) _ Fl5ad(05q)  pl(a)i(asq)

J(eiq)j(—igi?)  j—ai@i(ig ) jlasq) (L=l (1=
Therefore, we restate (3.11) as
2 20(q)J(; q)

. . :2 .4 _2 S
T30 a) = 2iqg(ia; ¢°) — 2q09(~ig; ¢°) =
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Setting ¢ by i¢ in the above identity yields that

9 » _ 2¢(iq)j(a; iq)
R _ — _9 4 9 1 L4 “rANAJJANT T
o Gl-aig) a9(—a;4") +2q0” " g(q;q°) — (1—i);

Then substituting (3.9), (3.10), and (3.14) into the left-hand side of (3.8), we obtain

(3.14)

Gli,—q) + a~'Gli,q) — ——G(—a, ig)

I+a
. Jo 3 4 e 7 _
IR eV ) Y 7V ) R CRi 7

JoJ3 4 (3(530)3 (0. ¢*) + o7 (i: —q)j(—¢: ) 20(iq)j(a;iq)

o 3y 20(iq)j(a;iq)

=(1—-2 - - : 3.15
= 30 =a)j(=q:¢%)3 (5593 (4; ¢°) (1 —)Js (315)
To continue the evaluation from (3.15), we note that from (2.2) and (2.6),
j(ia) = j(aq*) —i(¢* ¢") = (1= 1)5(a: 4.
Substituting the above identity into (3.15), we have
2
G(i,—q) + ™ Gli,q) = 7 G(=asig)
_ D340 9Yi(q¢%) + a7 (=4:00i(=4:4%)  20(ig)j (s iq)
3(=a;:4)3(a:4")3(=4;4*)3(4: ¢°) (1 —=1)Js
_ i@ d)i(@d®) + o ti(—adh)i(—ad®)  2¢(ig)j(asig) (3.16)
Jy (1—i)Jy ~’ '
where we use (2.3) in the last equality.
Next, we give an alternative representation for the right-hand side of (3.8).
V20 (=iq)(¢% ¢*) oo (143 i9) o
Jj(=asiq)
_ V20(=i9)(¢%: ") (i3 19) o j(a1ig)
Jj(=asiq) jlaig)
570 ile: i
_ M (3.17)
(1 — Z)J4

where we utilize (1.3) and (3.12). Therefore, combining (3.16) and (3.17), we only need
to prove that

(1 —14) (j(g: "3 (5: %) + o i (=a: 6 (—a; 7)) — 20(iq)j(a;iq) = V25(q% ¢*)j (s iq).

(3.18)
In view of (2.6), we have
344" = §(=d%¢"%) — q¢j(—=q"; ¢"°), (3.19)
i@ ) = j(=q"¢%) — 4j (=% ¢°), (3.20)
pliq) = j(—ig; —¢*) = j(—=q"; ¢°) + iqi(—% ¢°). (3.21)

Moreover, using (2.6) twice yields

j(asiq) = j(g;q") — j(—q; ¢*)
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= j(=¢%¢") - qj(—q“‘; ¢"%) — a (j(—=¢%¢") + aj (4" ¢"))

= (1—a)j(=¢%q") = (L + a)qj(—q":q""). (3.22)
Then substituting (3.19)-(3. 22) into the left-hand side of (3.18), we find that

(1—14) (§(:¢Y5(5:¢°) + a7 Yi(=4: 45 (=4: 6*)) — 2¢(iq)j(a; iq)

=(1—-14) (j(=¢%q") - qj(— 14;6116)) (J'(—q4'q ) - qj(—q g ))
+(1=i)a™ (j(=¢%¢") + ai(~ )( )+ ai(—¢% %))
-2 (j(=¢% ¢ +qu(—q 1)) ((1 - a) (—q ) (1+ Oé)qy( 7 ¢"%)
= (—1+v2—4) (j(—q"; ¢")i(—¢% ¢" )—qj(—q 1¢%)j(—q": q'))

+ (14 V2+14)q (=" ¢%)i(—¢": 4" — §(—*: ¢%)i (=% ¢"%)) - (3.23)
Furthermore, setting ¢ — ¢ and = —1 in Proposition 2.4 and employing (2.2), we
arrive at

i(=a"0%)i(=d% ¢"%) = 3(=¢% ¢*)i(=d" ¢'°) = 5(a* ¢")i (=% ¢'°). (3.24)
Setting ¢ — ¢* and x = ¢* in Proposition 2.5 and applying (2.1) and (2.2), we obtain

3(=q"%a*)i (=" a"%) — §(—=¢% ¢®)i (=% ¢'%) = —j (% ¢")i (=" ¢"%).  (3.25)
Then substituting (3.24) and (3.25) into (3.23), we derive that

(1 =) (4(g; 4" (g; 2) +a (=4 (—a;4%)) — 2e(iq)j(o;iq)

= (—14+v2=1)j(¢*; ¢ (=% ¢"°) — L+ V2 + D)qi(d* ¢")i(—¢"*; ¢'°)
=V2(1—a)j(¢%q )]( ¢ q"%) — V2(1 + 2)qj(a*; ¢*)j(—a"; ¢*°)

= V2j(¢% q")j(asiq),

where we use (3.22) to obtain the last equality. Now we complete the proof of Entry
1.4. O
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