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Abstract

Let G be an additive finite abelian group. For a sequence T over G and g € G, let vg(T)
denote the multiplicity of g in T'. Let B(G) denote the set of all zero-sum sequences over G.
For @ C B(G),letdq(G) be the smallestinteger ¢ such that every sequence S over G of length
|S| = t has a subsequence in 2. The invariant dg (G) was formulated recently in [3] to take
a unified look at zero-sum invariants, it led to the first results there, and some open problems
were formulated as well. In this paper, we make some further study on do(G). Let ' (G) be
the smallest integer ¢ such that every sequence S over G of length |S| > ¢ has two nonempty
zero-sum subsequences, say 17 and 713, having different forms, i.e., v (T1) # v¢(T2) for
some g € G. Let q(G) be the smallest integer # such that

(| @=0

do(G)=t

The invariants q(G) and q'(G) were also introduced in [3]. We prove, among other results,
that q(G) = q'(G) in fact.
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1 Introduction

Zero-sum theory on abelian groups can be traced back to the 1960s and has been developed
rapidly in the last three decades (see [1,6,7]). Many invariants have been formulated and
we list some of these invariants, which will be used in this section. Let G be an additive
finite abelian group. By the Fundamental Theorem of Finite Abelian Groups, |G| = 1, or
G=Cy®---®Cpy, withl < ny | --- | n,, where r = r(G) is the rank of G and
n, = exp(G) is the exponent of G. Set

D(G) =1+ (ni—1).

i=1

A starting point of zero-sum theory involves the Davenport constant D(G), which is defined
as the smallest integer ¢ such that every sequence S over G of length |S| > ¢ has a nonempty
zero-sum subsequence.

Let OI(G) denote the smallest integer ¢ such that every squarefree sequence S over G
of length |S| > 7 has a nonempty zero-sum subsequence. The invariant Ol(G) is called the
Olson constant of G. Let ol(G) denote the maximal length of a squarefree zero-sum free
sequence S over G. Clearly, Ol(G) = ol(G) + 1.

In 2012, Girard [8] posed the problem of determining the smallest positive integer ¢,
denoted by disc(G), such that every sequence S over G of length |S| > ¢ has two nonempty
zero-sum subsequences of distinct lengths. The invariant disc(G) has been studied recently
by Gao et al. in [2,4,5]. Related to disc(G), Gao, Li, Peng and Wang [3] defined q'(G) to be
the smallest integer ¢ such that every sequence S over G of length | S| > ¢ has two nonempty
zero-sum subsequences, say 17 and 75, with v, (T}) # vg(T2) for some g € G. That is to
say, T1 and 75 have different forms. Clearly,

q'(G) < disc(G)

for every finite abelian group G.

In order to describe zero-sum invariants uniformly, Gao et al. [3] provided a unified way
to formulate zero-sum invariants.

Let G be anonempty subset of G. Let B(G() denote the monoid of all zero-sum sequences
over G, and denote by 1 the identity element of the monoid 5(Gy), i.e., the empty sequence
over Gg. For Q@ C B(G), let dg(G) be the smallest integer ¢ such that every sequence S over
G of length | S| > ¢ has a subsequence in 2. If such a ¢ does not exist, then let do(G) = oc.
Observe that d(G) = 0if 1 € Q. So we only need to consider the case of @ C B(G)\{1}
in what follows. Then dg (G) > D(G).

Let G* = G \ {0}. For each integer 1 > D(G), let @ = (B(G*)\{1}) U {0/~P@+1}
It is easy to see that do(G) = t. Therefore, for every positive integer t > D(G), there is
an Q C B(G) such that 1 = dg(G). But this does not give us much information on the
invariant ¢. For some classical invariants ¢, finding some special 2 C B(G) with dq(G) =1t
can help us understand ¢ better. Thus, Gao et al. [3] introduced the following concepts. A
sequence S over G is a weak-regular sequence if vg(S) < ord(g) for every g € G and
Q C B(G) is weak-regular if every sequence S € Q2 is weak-regular. Let B, (G) denote
the set of all nonempty weak-regular zero-sum sequences over G. Let Vol(G) be the set of
all positive integers ¢ € [D(G), 1 + deG(ord(g) — 1)] such that t = dg(G) for some
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Q C By (G). If Q C B(G), a sequence S over G is Q-free if S has no subsequence in 2.
Related to do(G), Gao et al. [3] introduced that a zero-sum sequence S is essential with
respect to some ¢ > D(G) if every Q C B(G) with dg(G) = ¢ contains S. Thus, a natural
research problem is to determine the smallest integer ¢ such that there is no essential zero-sum
sequence with respect to ¢; denote this by q(G).

For every positive integer t > D(G), let

u¥Ge= () e
QCB(G),da(G)=t
Clearly, S € Q;(G) if and only if S is essential with respect to ¢, and q(G) is the smallest
integer ¢ with Q,;(G) = 0.
To study Vol(G) we introduce the following invariant. Let N(G) denote the smallest
integer ¢ such that every weak-regular sequence S over G of length |S| > ¢ has a nonempty
zero-sum subsequence T of S satisfying v¢(T) = vg4(S) for some g | S or, equivalently,

supp(ST ") 5 supp(S).
In this paper, we make some further study on do(G), q(G), q'(G) and N(G) for finite
abelian groups. Our main results are as follows.

Theorem 1.1 If p is a prime and G is a finite abelian group, then the following hold:

(1) N(G) <1+ 0l(G)(exp(G) — 1).
(2) If G =Cp then N(G) =2p — |2,/P].

Theorem 1.2 If G is a finite abelian group, then the following hold:

(1) [14+ol(G)(exp(G) — 1), 1+ deG(ord(g) — 1] C Vol(G).
(2) If D(G) = D*(G) then

Vol(G) = [D(G), 1 + Y _(ord(g) — 1)].
geG

Theorem 1.3 Ifm, n are positive integers, p is a prime, and G is a finite abelian group, then
Vol(G) = [D(G), 1 + deG(ord(g) — 1] if G is one of the following groups:

(1) r(G) <2
(2) Gisa p-group.
(3) G = Cppn ® H, where H is a p-group with D*(H) < p".

Theorem 1.4 If G is a finite abelian group, then the following hold:

(1) D*(G) +exp(G) = q'(G) = D(G) + exp(G).
(2) 4(G) =q(G).
(3) If D(G) = D*(G), then q'(G) = q(G) = D(G) + exp(G).

The paper is organized as follows. Section 2 provides some notations and concepts which
will be used in the sequel. In Sect. 3, we prove Theorem 1.1. In Sect. 4, we investigate Vol(G)
for finite abelian groups and prove Theorems 1.2 and 1.3. In Sect. 5, we prove Theorem 1.4.

2 Preliminaries

Throughout this paper, our notations and terminology are consistent with [1,3,7] and we
briefly present some key concepts. Let Z denote the set of integers, and let N denote the set of
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positive integers, Ng = NU{0}. Forreal numbersa < b,weset[a,b] ={x € Z | a < x < b},
lal] =max{x € Z | x <a}and [a] = min{x € Z | x > a}.

Throughout, let G be an additive finite abelian group. We denote by C,, the cyclic group
of n elements and denote by C), the direct sum of r copies of C,,. An r-tuple (ej, ez, ..., e,)
in G \ {0} is called a basis of G it G = (e1) ® (e2) D --- D ().

Let Gy be a nonempty subset of G. In Additive Combinatorics, a sequence (over Go)
means a finite unordered sequence of terms from G( where repetition is allowed, and (as
usual) we consider sequences as elements of the free abelian monoid F(G) with basis Gg.

Let

S=gi--a=[] &% e FGo)
g€Go

be a sequence over Go. We call

Vg (S) the multiplicity of g in S,

h(S) = max{vy(S) | g € Go} the height of S,
supp(S) = {g € Go | v4(S) > 0} the support of S,
S| =1 = ng?o vg(S) € Ny the length of S,

o(S) = Zf’:l gi = deGo vg(S)g € Go the sum of S,

S a zero-sum sequence if o (§) = 0,

S a squarefree sequence if v¢(S) < 1 forall g € Gy,

T a subsequence of S if vg(T) < vg(S) forall g € Gy, denote by T'|S,

ST =11 2€Go 8¢~V (T) the subsequence obtained from S by deleting T,

S a minimal zero-sum sequence if it is a nonempty zero-sum sequence and has no proper
zero-sum subsequence,

S a zero-sum free sequence if S has no nonempty zero-sum subsequence,

e two subsequences 77 and T3 of S disjoint if Ty | S Tz_l,

e X(S)={o(T) | T|S,T # 1} the set of subsums of S.

Let A(G) denote the set of all minimal zero-sum sequences over G. By the definition of
minimal zero-sum sequences, the empty sequence 1 is not a minimal zero-sum sequence and
therefore A(Go) C B(Go)\{1}. Let n(G) be the smallest integer ¢ such that every sequence
S over G of length | S| > ¢ has a zero-sum subsequence of length in [1, exp(G)]. Let D2(G)
denote the smallest integer 7 such that every sequence over G of length | S| > ¢ has two disjoint
nonempty zero-sum subsequences. The invariant D, (G) was first introduced by Halter-Koch
[9] and was studied recently by Plagne and Schmid [13].

3 On N(G)

In this section we shall prove Theorem 1.1 and we need some preliminary results beginning
with the following well-known Cauchy—Davenport theorem.

Lemma3.1 [10] Ifh > 2, p is a prime number, and A1, ..., A are nonempty subsets of
Cp, then

|A1 4+ + Ayl = min(p, T}, |Ai] — h + 1).
Lemma 3.2 If S is a sequence over Cp, \ {0} with length |S| = p — 1, then
2($)\ {0} =Cp \ {0}
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Proof Let S = g1...gp—1and A; = {0, g;} foreachi € [1, p — 1]. By Lemma 3.1,
[ZS)\ {0} = [(A1 +---+ Ap—1) \ {0}]
> min(p, 77 |Ail = (p— D+ 1) — 1
=p—1
Since |X(S)\{0}] < p—1, wededuce |2 (S)\{0}| = p—1, therefore X(5)\ {0} = C,\{0}.
O

Lemma 3.3 Let k be a positive integer. Define Ay := min{a + b | ab > k,a,b € N}. Then
Ar = [2Vk].

Proof Let a,b € N, and ab > k. For k = 1,2,3, lettinga = 1 and b = k we get
Ar =1+ k = [2/k]. For k = 4, lettinga = b =2 we get Ay = [2+/k]. From now on we
assume that

k>5.
If k is not a square, there is a unique positive integer ¢ such that
<k <(c+D?*
We distinguish two cases:
Case 1. c(c + 1) < k. Then
k=cle+1D+1 +12+3
c(c =lc+ = -.
- 2 4

Therefore, ¢ + % <~k <c+1.Thus, 2¢ + 1 < 2/k < 2¢ + 2. Hence,

2vVkl = 2¢ + 2.

From ab > k > c(c + 1) + 1 we deduce that (@ + b)? = 4ab + (a — b)? > 4c(c+ 1) +
4+ (a —b)? = 2c+ 1)? + 3 + (a — b)2. Therefore,

a+b>2c+2.

Lettinga =b=c+1weget Ay =2c+2= r2vkl.
Case 2.k < c(c + 1). Then 2 <k< (c+ %)2 — %. Therefore, ¢ < vk < ¢ + % Thus,
2¢ < 24k < 2¢ + 1. Hence,

vkl = 2¢ + 1.

Since ab > k > ¢%, we have (a + b)? = 4ab + (a — b)* > 4¢2. Therefore,a + b > 2¢ + 1.
Lettinga =c,b=c+1weget Ay =2c+1= [2\/%1.

Now it remains to consider the case that k is a square. Let k = m? with m > 3 since
k = 5.From ab > k = m* we deduce that (a + b)> = (a — b)*> + 4ab > 4m? with equality
holding if and only if a = b = m. Letting a = b = m we get

Ay =2m

as desired. ]
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Proof of Theorem 1.1. (1) Let S be a weak-regular sequence over G of length |S| > 1 +
ol(G)(exp(G) — 1). We need to show that there exists a zero-sum subsequence 7 of S such
that v¢ (T) = v, (S) for some g | S. If there exists g € G such that v¢(S) = ord(g), then
T = g°d® jg a zero-sum subsequence of S and vg(T) = v4(S) = ord(g) > 1. Next we
assume that

vg(S) <ord(g) — 1 <exp(G) — 1
forevery g € G.
Let
supp(S) = {81, ..., &}

Since |S| > 1+ ol(G)(exp(G) — 1), we infer that [ > % > exp('% > 0l(G). Therefore,
[ > ol(G) + 1 =0I(G). Hence, 0 € X(g; ...g), i.e., there is a nonempty subset I C [1,[]

such that Zie] gi = 0. Take j € I with Vg, (8) = min{v, (S) | i € I}. Then

ng(S)

iel
is a zero-sum subsequence of S with Vg, (T) = Vg, (S).
(2) Let G = C). It is easy to verify that N(C2) = 2, N(C3) = 3. Now we assume that
p=5.
Let k > 5 be a positive integer. By Lemma 3.3,

Ar =min{a +b | ab > k,a, b € N} = [2v/k].

Ifa>k—1lorb>k—1,thena,b € Nand ab > k imply thata +b > k+ 1 >
27k + 1 > [2+/k]. Therefore, for k > 5 we have

Ar=min{a+b|ab>kabeN2<ab<k—2}=2Vk]. 3.1)

Since p > 5 is a prime, from a,b > 2,a,b € N we infer that ab > p if and only if
ab > p + 1. Therefore, A, = A, = [2,/p] by (3.1). So we need to show

N(Cp) =2p — [24/P) =2p — Aps1 + L.
First we want to prove
N(Cp) <2p — Api1 + 1.

Let S be a weak-regular sequence over Cj, of length [S| > 2p — A, 1 +1=2p — [2,/p].
We need to show that there exists a zero-sum subsequence T of S such that v (T) = vg(S)
for some g | S.

Since § is weak-regular, v¢(S) < ord(g) for every g € G by the definition. If v, (S) =
ord(g) forsome g € G,thenT = gord(g) is a zero-sum subsequence of § with vg (T') = v¢(S)
and we are done. So we may assume that vg(S) < ord(g) — 1 for every g € G. It follows
that

0¢tS,
and
ve(§) =p—1
forevery g | S.
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. 00 (S
If there exists go | S such that vg (S) < p — [2,/p] + 1, then |S(gg“°( ))*1| >p—1,

S
by Lemma 3.2, there exists a subsequence 7 | S(g(‘)’go( ))_1 such that o (T') = —vg,(S)go,

S) . C e S
SO Tg(\)/g‘)( ) is a zero-sum subsequence of S satisfying VgO(Tg(‘)/g"( )) = Vg (S). So we may

assume

ve(S) = p—12{/p] +2

forevery g | S.

If |supp(S)| > 3, then we fix a i | S for which v;,(S) is the smallest possible. Consider
U= SH"E)~LIf|U| > p — 1, then by Lemma 3.2 there is a V | U such that (V) =
—vi($)h (mod p),andthenT = VA¥*®) will be a zero-sum subsequence of S with v, (T) =
vi(S) as desired. If v (S) > p — 2, then |S| > [supp(S)|vi(S) > 3p — 6, therefore
|U| > 2p —5 > p — 1, and we are done. And if v,(S) < p — 3, then we refer to
[S| = [supp(S)|vi(S) = 3p — 3[2/p] +6 > 3p — 6,/p + 6, so in this case |[U| >
S|I—(p—=3)>2p—-6/p+9= p—l—(\/ﬁ—3)2 > p — 1, and we are done in this case,
too.

From the fact that S is weak-regular, we get

|supp(S)[ = 2.
Multiplying every term of S with an integer in [1, p — 1] we may assume

§ = 1P—ayr=b

withO <a,b<p—1landx €[2, p—1].
If min{a, b} < 1 or max{a, b} = p — 1, then it is easy to see that S has a zero-sum
subsequence T such that v (T') = v (S) for some g | S. So we may assume

2<a,b<p-2.

Assume to the contrary that S has no zero-sum subsequence T such that v, (T') = v¢(S) for
some g | S.
Let m and ¢ be integers with m, ¢ € [1, p — 1] such that

mx=p—a (mod p)and (p —b)x =c (mod p).
Then we deduce
(p—a)(p—>b)=mx(p—>b)=mc (mod p),
which implies
p | (ab —mo).

If m > borc > a,then 177%xP~™ or 17~¢xP~" is a zero-sum subsequence of §

respectively, a contradiction. So
l<m<b-1,1<c<a-1.

Now p | (ab—mc) implies p < ab—mc < ab— 1. Therefore, ab > p+ 1. By the definition
of A,y we infer

a—l—b 2 Ap+1.
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On the other hand, since |S| > 2p — A1+ 1and |S| =2p —a —b,onehasa + b <
Api1 — 1, a contradiction. This proves

N(Cp) <2p—Apy1 + 1.
So it remains to show
N(Cp) =2p — Apy1 + 1.

Let ag and by be integers such that2 < ap, bg < p—1,a0bp > p+1landag+by = Apyy.
Let

S =177%(p — ag)?~".
Then
IS|=2p — Aps1.

We claim that S has no zero-sum subsequence 7" such that v (T') = v (S) for some g | S.
Let T be a nonempty zero-sum subsequence of S. Assume to the contrary

Vg(T) = Vg(S)

for some g € supp(S) = {1, p — ao}.
Notice that for any integer z with0 <t < p —by < p —2, one has o (1779 (p — ap)") =
(t+ 1)(p — ap) # 0. Therefore, g # 1. So,

g§=pP—ao
and therefore
T =1""(p—ap)’™"

for some d € [ag, p — 1].
From o (T') = 0 we deduce (p — bp)(p — ap) =d (mod p), i.e.,

apbp =d (mod p). (3.2)

Moreover, ay < d < apbg since apbg > p + 1. Letd = gagp + r where g, r are integers
such that 0 < r < ag — 1. Then

1 <q <bg
since ag < d < agpbg. It follows from (3.2) that
ao(bp —gq) =r (mod p). (3.3)

If bp = 2, then ¢ = 1. But (3.3) yields ap = r (mod p), which is impossible since
0<r<ap—1 < p.Hence by > 3. If r =0, then (3.3) implies p | ag(bg — q), which is a
contradiction to 0 < ag, bg —q < p — 1. Hence r > 1.

Furthermore, if ¢ = bg — 1, by (3.3), we get ap = r (mod p), a contradiction since
r<ay<p-—1.8S01<gq < by— 2. This implies 2 < bg — g < p — 1. Now, using (3.3)
again, we deduce p | ag(bgp — q) — r. It follows that p < ag(bg —q) —r < ap(bo —q) — 1.
That is, ag(bg — q) > p + 1. Butag + (bo — q) < ag + bg since ¢ > 1, which contradicts
the minimality of ag + bo. This proves N(C,) > 2p — A4 + 1, completing the proof. O
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4 Vol(G) on finite abelian groups

In this section, we investigate Vol(G) for finite abelian groups and prove Theorems 1.2
and 1.3.

Lemma 4.1 [1,11,12,14] Suppose p is a prime and m, n are positive integers. Then D(G) =
D*(G) if G is one of the following groups:

(1) r(G) <2
(2) G is a finite abelian p-group.
(3) G = Cppn ® H where H is a finite abelian p-group and p" > D*(H).

Lemma 4.2 [3, Proposition 3.1] Suppose Q C B(G)\{1}. Then do(G) < oo if and only if,
for every g € G, gk e Q for some positive integer k = k(g).

Lemma 4.3 If G is a finite abelian group, then 1 + deG (ord(g) — 1) € VoI(G).

Proof Let
Q={g™® |geG)
We want to show

do(G) =1+ ) (ord(g) — 1).
geG
Let
T =[] g,
geG

It is obvious that 7 is Q2-free. Therefore,

de(G) = [T|+1=1+ Y (ord(g) — 1).
geG

It remains to show

da(G) <1+ Y (ord(g) — 1.
geG

Let S be any sequence over G of length 1 + > g€ c(ord(g) — 1). We need to show that S

has a zero-sum subsequence in 2. Assume to the contrary that S is Q-free. Then g4(®)  §
for every g € G. Hence, v4(S) < ord(g) — 1 for every g € G. It follows that

ISI=D " ve($) < Y (ord(g) — 1) < IS,

geG geG

which is a contradiction. This proves d(G) = 1 + deG (ord(g) — 1). Therefore, 1 +
deG(ord(g) — 1) € Vol(G) follows from Q C By, (G). O

Proof of Theorem 1.2. For |G| = 1, it is trivial. So we may assume

G| = 2.
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(1) We need to show that for every I € [1 4+ ol(G)(exp(G) — 1), 1 + dec (ord(g) — 1)],
there exists a weak-regular €2 such that

do(G) =1.

We proceed by induction on /. By Lemma 4.3, 1 + ZgEG(ord(g) — 1) € Vol(G). Now
suppose [/ € Vol(G), where [ € [2+ ol(G)(exp(G) — 1), | + deG(ord(g) —1)]. We want
to prove

[ —1 e Vol(G).

By the induction hypothesis, there exists an Q2 C B,,(G) such that do(G) = [. By
Lemma 4.2, {g®4®) | ¢ € G} C Q. Choose a sequence S over G of length | S| = [ — I such
that S is Q-free. Then

vg(S) <ord(g) — 1

forevery g € G. Therefore, S is weak-regular. Since |S| =[—1 > 140l(G)(exp(G)—1), by
Theorem 1.1 (1), there exists a zero-sum subsequence W of S such that vg (W) = v¢(S) > 1
for some g € G. Let

Q1 = QU{W} C Byr(G).
It is clear that g_1 S is ;-free. Hence,
[—1=|g7'S|4+ 1 <dg(G) <da(G) =1.

Sodg,(G) =Il—1orl,and 2 C Q| C By, (G).Ifdg,(G) =1—1,then!—1 € Vol(G) and

we are done. If dg, (G) = [, repeat the above steps, then we can find Q2> C B, (G) such that

do,(G) =I1—1lorl,and 2 C Q1 C Q> C By, (G). Note that B, (G) is finite, we finally get

an integer m < |By,(G)|, and m subsets Q1, Qa, ..., Q2 of By, (G) such that 2 C Q1 C

Q C - CQy C By (G),dg,(G) =lforeveryi € [1,m —1]and dg,, (G) = [ — 1. This

provesl—1 € Vol(G). Therefore, [14+0l(G)(exp(G)—1), 1+dea(0rd(g)—1)] C Vol(G).
(2) By the definition of Vol(G) we know

Vol(G) C [D(G), 1 + Z(ord(g) —D].
geG
So we need to show
[D(G), 1+ Z(ord(g) — 1)] C Vol(G).
geG

By Lemma 4.3, 1 + deG (ord(g) — 1) € Vol(G). So it suffices to prove

[D(G). Y _(ord(g) — 1)] C Vol(G). 4.1
g€G
Let
G=Cp ®Cp,® - ®Cp,
with 1 < ny|na|---|n,.

Let G, be the maximal elementary 2-subgroup of G. Then G, = {0} if |G| is odd. When
|G|iseven,letr’ = |{i € [1,r]]|2|n;}|. Then, G, = C5 .Sowealwayshave2 | (|G|—|G2]).
Let

|G| — |G|
m=———.
2
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If G = Cj then ol(G) = D(G) — 1 = r and exp(G) = 2. It follows from (1) that
[D(G), 1+ dec(ord(g) — 1)] = Vol(G). From now on we assume

G # Cj.
Next we want to show that there are two intervals /; and /> such that
I UL =[D(G), Z(ord(g) —1DJand I; C Vol(G) for j =1, 2, 4.2)
geG

and then (4.1) follows.

Now we want to construct /. Let j € [1,m], and let {g1, ..., g;j} C G\ G2 with
{e1,....gi}N{~g1,....—gj} =1.
Letk; € [1, ord(g;) — 1] foreach i € [1, j], and let
Dty = 18799 | g € GYU (g (gD, ... g (g M),
Put
Q=Qj k. k-

We now show

Jj
da(G) =) _(ord(g) — 1) — Y (ord(gi) — ki) + 1.

geG i=1
Let
k-1 kj—1 d(g)—1
T = gll -~~ng 1_[ g (-1
8€G\{0,g1.....8;}
It is easy to see that T; is an Q-free sequence of length |T;| = deG(ord(g) —-1) —

Z{:1 (ord(gi) — k;). Therefore,
J
de(G) = |Tj| + 1= (ord(g) = 1) = Y _(ord(g) — ki) + 1.
8<G i=1

So it remains to show

J
da(G) < ) (ord(g) — 1) — ) _(ord(g) — ki) + 1.

geG i=1

Let S; be any sequence over G with

J
Sj1 =Y (ord(g) — 1) = Y (ord(g;) — ki) + 1.

geG i=1

We only need to show that there is a zero-sum subsequence of S; in 2. If there exists g € G
such that v¢(S;) > ord(g), then g"rd(g) € , and we are done. Hence, we next assume

Ve(S;) <ord(g) —1

for every g € G.
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If there exists i € [1, j] such that v, (S;) > k; and v_g, (S;) > k;, then gl{("(—g,')k" e Q.
So we assume that, forevery i € [1, j], there exists glf € {gi, —gi} such that V! (S)) <ki—1
Since

J
ISil=" " ve(S) < D (ord(g) — 1) — D (ord(g) — ki) < IS;l,

g€G\{0} geG i=1

we get a contradiction. Therefore

J
de(G) = ) (ord(g) = 1) = ) “(ord(gi) — ki) + 1 € Vol(G)
1

geG i=

follows from the fact that 2 is weak-regular.
Let

J
fGokis k)= (ord(g) = 1) = Y (ord(gi) — ki) + 1.

geG i=1
When j runs over [1,m] and k; runs over [1,ord(g;) — 1] for every i € [, j],
fG, ki, ..., kj) takes its maximal value deG(ord(g) — 1) when j = 1 and k; =
ord(gy) — L,and f(j, ki, ..., k;) takes its minimal value
Ypeglrd) =D =2"+1
2
when j = m and k; = 1 forevery i € [1, m]. Itis easy to see that f(j, ky, ..., k;) can take

any integer in between the minimal value and the maximal value. So

d(g) —1)=2" +1 )
11=[ZgEG(°r (g)2 ) * +2’,Z(ord(g)—1)]cvo|(0). (4.3)

geG

Next we construct /. Let rg € [0, » — 1] be the smallest integer such that

Npyr1 > 2.
Let (eq, ..., e-) be a basis of G with ord(e;) = n; and g; = ¢; for every i € [1,r]. Let
Jj €lr,m+roland{g,+1,...,g;} C G\Gawith{g, 11, ..., g} {—grp+1,.... —gj} = 0.

Letk; € [1,ord(g;) — 1] foreveryi € [ro + 1, j1,
Ajky,k; =S € A(G) | supp(S) Z {81, ..., 8j» (—8ro+1)s -+, (=8}

kyo+1 ki .
U {gro‘fl (—&rpr )0+, L, 8 (—g)kiy,

and
Q=g | g e GIUAjx. k-

‘We now show

j j
de/(G) =Y (ord(g) — D+ Y (i —1+1.
i=1 i=ro+1
Let

d —1 ord(g;)—1 _ -
T) = gy 0l T g o T (g,
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It i§ easy to see that ij is an Q'-free sequence of length |ij| = {=1(0rd(gi) -1+
Z{=r0+1(ki — 1). Therefore,

J J
de(G) = |Tj|+ 1=} (ord(g) =D+ Y (ki =D +1.
i=1 i=ro+1
So it remains to show
J J
de/(G) < ) (ord(g) — D+ Y (ki—1)+1.
i=1 i=ro+1
Let S;. be any sequence over G with IS}I = {zl(ord(g,') -+ le:roﬂ(k,- —1)+1.

We only need to show that there is a zero-sum subsequence of S} in Q'. If there exists g € G

such that v, (S}) > ord(g), then g"rd(g) € ', and we are done. Hence, we next assume
vg(S;) < ord(g) — 1

forevery g € G.

If there exists i € [ro+ 1, j] such that vy, (S}) > ki and v_g, (S}) > k;, then gf‘ (—g)ki e
Q'. So we assume that, for every i € [ro + 1, j], there exists g € {g;, —g;} such that
Vg{'(S}) < k; — 1. By renumbering, we may assume

Vog (S) <k —1

forevery i € [ro + 1, j]. Let

Ve, 1 (87) (S’ e (S L. (S
T=g "7 g () o0t O (g .
Then
_ Vg, (8)) Ve, (5)
S}leglgl j"'grg '/Tl
with supp(T1) N {g1. ..., 8j» —&ro+1,---, —8j} =9
Since
ST~ = D*(G) = D(G),
S’ ! contains a minimal zero-sum subsequence W (say). Because g1 = e1,..., 8 = e
S/
is a basis of G, we infer that glgl( 2 x ~g:gr( ? is zero-sum free. This implies supp(W) N
supp(T1) # . Now W € Q' follows from supp(71) N {g1, ..., &}, —8rog+1:---» —&j} =¥
and the definition of Q’. Therefore
J J
de/(G) = (ord(g) =D+ Y (ki —1)+1€Vol(G)
i=1 i=ro+1

follows from the fact that €’ is weak-regular.
Let

J J
gl ki, k) =) (ord(g) =D+ Y (ki —D+1

i=1 i=ro+1
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Notethatg; = ey, ..., g = e,. When j runs over [r, m+rg] and k; runs over[1, ord(g;)—
1] forevery i € [ro + 1, jI, g(j, k1, . .., k;) takes its maximal value dec(ord(g) —-1) -

2 42 —m 4+ ro when j = m + rpand k; = ord(g;) — 1 foreveryi € [ro + 1, m + rol,
and g(j, ki, ..., k;) takes its minimal value 1 + Zle(n,- — 1) when j =r and k; = 1 for
every i € [ro + 1,r]. Itis easy to see that g(j, k1, ..., k;) can take any integer in between
the minimal value and the maximal value. So

L=[1+) (n—1),Y (ord(g) — 1) — 2 +2—m+r] CVOl(G).  (4.4)
i=1 geG

Let
A= (ord(g) - 1).
g€G
Now it remains to show
L UL =[D(G), ) (ord(g) — D].
geG

This is equivalent to the inequality

, A=2"+1 ,
A—2" +2—m+r02%+2r.

Next we show the following stronger inequality:

, A—=2"+1 ,
A—2’+2—m2%+2’. (4.5)

Note that 2m = |G| — |G;| and |G,| = 2" ". We obtain that the inequality of (4.5) is
equivalentto A — |G| > 27! =3, Since |G| = Y, 1, A — |G| = 2" — 3 s equivalent
to

> (ord(g) —2) = 27t -3,
geG

and this is equivalent to

> (ord(g) —2) = 2" -2,
8eG\G>

So we only need to prove the above inequality.
If v’ = 0, then it is obvious. Next we suppose thatr’ > 1. Take i € C,,, with ord(h) = n,.
Note that n, > 4 since G # C; and r’ > 1. It follows that

> (ord(g) —2) > > (ord(g) — 2)

¢€G\Ga §€Cu, ®--®Cy,_| Blh,—h)
= > (nr —2)
gEC;z|®"'®Cn,.7|®{hs_h}
=2n1...n,_1(n, —2) > 2"F1
> 2r’+1 > 2r'+1 -2

This proves the inequality of (4.5), completing the proof. O
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Proof of Theorem 1.3. Now the result follows from Lemma 4.1 and Theorem 1.2 (2). |

5 Proof of Theorem 1.4

In this section we will derive some properties on Q;(G) and prove Theorem 1.4. We need
the following lemmas.

Lemma 5.1 If G is a finite abelian group with r(G) < 2, then D>(G) = D(G) + exp(G).
Proof The result follows from [5, Lemma 3.2] and [7, Theorem 5.8.3]. O

Lemma 5.2 Let G be a finite abelian group. For any positive integer t > D> (G), we have
Q(G) =1

Proof Let G* = G \ {0}, and r > D>(G) be an integer. Let
Q = {0 PO+ U A(GH)
and
Q' = (0D U (B(G™) \ AGH)).

It is easy to see that dg(G) = = dg/(G). On the other hand, note that a minimal zero-sum
sequence over G of length D(G) has no two disjoint nonempty zero-sum subsequences, SO
we deduce that D> (G) > D(G). Therefore,

QN =4.
Hence, Q;(G) = mQCB(G),dQ(G)=tQ = 0. ]

Lemma5.3 Let @ C B(G) \ {1} and Si, S» € Q with Sy # S». If S1 | Sa, then do(G) =
da\(5,)(G).

Proof 1t is clear that da(G) < dg\(s,}(G). We next show doy\(s,)(G) < da(G). Let U be a
sequence over G with |U| = dq(G). We only need to show that there is a nonempty zero-sum
subsequence in 2\{S,}. Since |U| = dq(G), there exists a nonempty zero-sum subsequence
Sin Q.If § # Sy, then S € Q\{S2}, and we are done. Otherwise S = S,. Then S, |U. It
follows that S1|S2|U. Therefore, S € Q2. Thus, S; € Q\{S>} since S1 # S», completing the
proof. O

Lemma5.4 Let G be a finite abelian group with |G| > 4. If S is an essential zero-sum
sequence over G with respect to some integer t > D(G) + 1, then S # 0 is a minimal
zero-sum sequence.

Proof Let G* = G \ {0} and
Q = A(G*) U {0PG+1),
It is easy to see that

da(G) = 1.
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We next distinguish two cases.
Case 1. G = C,,, where n > 4. Take an element g € G with ord(g) = n. Let

Q' = (AGH\g" 2 28)) U (0P},
We want to show
do/(G) =1t.
Let
U = 0P ~Tgn=T34y.

It is clear that U is Q'-free. Therefore, do/(G) > |U| + 1 = t. So it suffices to show
do/(G) <t.Let

Uy = Ot*|T1|T1

be a sequence over G of length ¢, where O ¢ supp(77) and t — |T7| > 0. We only need to
show that there exists a zero-sum subsequence of U; in Q'. If t — |T}| > t — D(G), then
0'~P(@ s a zero-sum subsequence of U in €/, and we are done. Hence, we assume that
t —|T1| <t —D(G) — 1. Then |T1| > D(G) + 1 = n + 1, and T; has a minimal zero-sum
subsequence. If g"~2(2g) 1 Ty, we are done. So we may assume that

T\ =" (29) T,

where | 1| > 2.

If v¢(T3) > 2,then g" is a minimal zero-sum subsequence of 77 in QLIf v2g(12) > 1,then
¢"~*(2¢)? is aminimal zero-sum subsequence of 7 in ©'. So we may assume that v, (7») < 1
and vy, (77) = 0. Since |T>| > 2, we infer that v,,,(T2) > 1 for some m € [3,n — 1], then
(mg)g"~™ is a minimal zero-sum subsequence of 7} in €’. This proves that do/(G) = t.
Since S is essential with respect to ¢, we have S € Q N Q' C A(G*), completing the proof
in this case.

Case 2. G is not cyclic. Then D(G) > D*(G) > exp(G) > ord(g) for every g € G. Let
T be a minimal zero-sum sequence over G of length |T| = D(G), and let

Q" = (AGH\[T) U {0 P@y,
We now show dgr (G) = t. Let
U =027

Then U is Q"-free. Therefore, do/(G) > |U| + 1 = ¢. So it remains to show do/(G) < t.
Let

Uy =0Ty

be a sequence over G of length ¢, where O ¢ supp(77) and ¢t — |T7| > 0. We need to show
that there exists a zero-sum subsequence of U; in Q”. If t — |T}| > t — D(G), then we are
done. Hence, we assume that t — |T| <t — D(G) — 1. Then |T;| > D(G) + 1. Assume to
the contrary that 7} is an Q”-free sequence. Let

T = g182 - 8D(G)+1

be a subsequence of T of length D(G)+ 1. Take an arbitrary subsequence 73 of 7, with length
|T3] = |T2| — 1 = D(G). Then, T3 has a minimal zero-sum subsequence Ty. If |Ty| < D(G),
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then Ty € Q”, a contradiction. Therefore, |Ty| = D(G) and T3 = Ty follows. This proves
that o (T3) = O for every subsequence 73 of 75 with length |73]| = |T2| — 1. It follows that

81 =82 == 8D(G)+1 = 80-
Now ggrd(g‘)) is a minimal zero-sum subsequence of Uj in ", a contradiction. This proves
that dg7(G) = t. Since S is essential with respect to z, we have S € Q N Q" C A(G*),
completing the proof. O

Remark 5.5 Tt is easy to check that Qx(Co) = {12, 0}, Q3(C2) = {12, 02}. Moreover, by
Lemma 4.1, Lemmas 5.1 and 5.2, we obtain Q,(C>) = ¥ when ¢ > 4. Thus,

Q+1(C2) C Qi (C2)
for any positive integer t > D(C>) + 1 = 3. Note that Q3(C2) ¢ Qz(C>). We will show that
this is the only exception that does not satisfy Q,4+1(G) C Q;(G).

Lemma 5.6 Let G be a finite abelian group with |G| > 3. For any positive integert > D(G),
we have Q,11(G) C Q/(G).

Proof 1If |G| = 3, then G = Cs. It is easy to see that

Q3(G) = {0, 13,23, 12},
Q4(G) = {1%,2%), and
Qs(G) = {1°,2%),

and, by Lemmas 4.1, 5.1 and 5.2, we obtain
Q(G) =0

when ¢ > 6. Therefore, Q;4+1(G) C Q;(G) follows from |G| = 3. From now on we assume
that

|G| > 4.

Let S € Q;4+1(G). For every 2 C B(G) with da(G) =t > D(G), define k = k() as
the smallest positive integer such that 0% € Q. For any 0 <i <t —k+ 1, define

Q(l) — (Q \ {Ok, 0k+1’ o 0i+k*l}) U {0i+k},
where, Q©@ = Q. We next show
dQ(l)(G) =tort+1.

By Lemma 5.3, we have dQU{Ok+1}(G) = dq(G) = t. Therefore, dom(G) >
dQU{OkH 1(G) = t. So it remains to show don(G) <t +1.

Let U be a sequence over G of length 7 4 1. We only need to show that there is a nonempty
zero-sum subsequence of U in QW Since [U| =t+ 1 > dq(G), there exists a nonempty
zero-sum subsequence 7 in Q2. If k > ¢ + 1, then |[T| <t + 1 < k. Hence, T # 0% and
T € QW we are done. We may assume that k < ¢+ 1. If T # 0%, then T € QW and we
are done. Now we assume that 7 = OF. Let U = 0XU,. If 0 € supp(Uy), then 0¥+! ¢ QD)
and we are done. Hence we may assume that 0 ¢ supp(Uy). Since |0¥"'U;| = 1, there is a
nonempty zero-sum subsequence 77 in 2 and T # OF. Therefore, T; € QD). This proves
that dg1) (G) =tort + 1.
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We argue by induction oni that for each suchi, dg) (G) is eithert ort+1. Based on the fact
that 0 has no nonempty zero-sum subsequence in QUKD — (Q\ {0k, 0L, ..., 0'H U
{0"*1}, we have dge—++n(G) > t + 1. We conclude that there is an i < t — k such that
doi (G) = t and dgi+1) = t + 1. Next we argue that, by Lemma 5.4, S # 0**! and
therefore S € Q. From the arbitrariness of 2 we conclude that § € Q;(G). ]

Lemma5.7 Let G be a finite abelian group with |G| > 3. A zero-sum sequence S over G
is essential with respect to t > D(G) if and only if there exists a sequence W with length
|W| =t such that every nonempty zero-sum subsequence of W has the same form with S.

Proof Sufficiency. Let W be a sequence with |W| = ¢ such that every nonempty zero-
sum subsequence of W has the same form with S. Let 2 be any subset of B(G) such that
dqo(G) = t. Then we infer that S € Q. Therefore, S is essential with respect to 7.
Necessity. Assume to the contrary that every sequence W with length |W| = ¢ has a
nonempty zero-sum subsequence Sy with v¢(S) # vg(Sw) for some g € G. Let

Q= {Sw||W|=1}.

Thenitisclearthatdo(G) < tand S ¢ Q.Letdq(G) = 9. Then S ¢ Q;,(G). By Lemma 5.6,
we have S ¢ Q;(G). Therefore, S is not essential with respect to ¢, a contradiction. ]

Lemma 5.8 [3, Theorem 4.4] If G is a finite abelian group, then q(G) < D2(G).

Proposition 5.9 If G is a finite abelian group and H is a proper subgroup of G, then
q(G)=q (H)+D(G/H) — 1.

In particular, ¢ (G) > q'(H).

Proof Let S be a sequence over H of length q'(H) — 1 such that every nonempty zero-sum

subsequence has the same form. Moreover, let T be a sequence over G \ H avoiding a

nonempty zero-sum subsequence modulo H with length || = D(G/H) — 1. Clearly, each

nonempty zero-sum subsequence of ST is in fact a subsequence of S, and therefore has the

same form. Hence, '(G) > |ST|+1=|S|+|T|+1=q'(H) + D(G/H) — 1.

Obviously, D(G/H) > 2 since H is a proper subgroup of G. Therefore, q'(G) > q'(H).
O

Proof of Theorem 1.4. (1) Let

G=Cp®Cp,®---BCp, =(e1)D(e2) D D (er)
with 1 <ny|ny| --- |n,, and ord(e;) = n; foreachi € [1, r] and
-1 n,~71—1er2n,—1.

S=e’1“_]ez "1
It is clear that every nonempty zero-sum subsequence of S has the same form e;” . Therefore,
q'(G) > |S| + 1 = D*(G) + exp(G). So it remains to show
q'(G) = D(G) +exp(G).

Let S be a sequence over G of length D(G) + exp(G). We need to show that S has
two nonempty zero-sum subsequences of different forms. Since |S| > D(G), there exists a
nonempty zero-sum subsequence 7 of S. We now distinguish two cases.
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Case 1.

Case 2.

IT| < exp(G). Then |ST~'| > D(G). Therefore, there is a nonempty zero-sum
subsequence Ty of ST~!. Hence T and TT are two nonempty zero-sum subse-
quences of S with different forms.
IT| > exp(G). If there is an element g € G such that vg(T) > exp(G), then
g% and T are two nonempty zero-sum subsequences of S with different forms.
If vy (T) < exp(G) for every g € G, then let

ki k k

T =g1|g22..‘gll7

where exp(G) > kj > --- > ki > 1. Since |S(g")"!| = S| — k; > D(G) for
any i € [1,1], there exists a nonempty zero-sum subsequence 7> of S(gl/.(" yLIf
T, and T have different forms, we are done. Otherwise, all nonempty zero-sum
subsequences of § (gfi )~! have the same form with 7', then Vg (8) = 2vg, (T) for
every i € [1,]. Therefore, there are two nonempty zero-sum subsequences T, T2
of § with different forms.

(2) Consider first G = C,, then q(G) = 4 by Remark 5.5. One readily checks that

q'(Cy) =
Lemma 5

4 also holds, so in the sequel |G| > 3 may be assumed. Then q'(G) > q(G) by
.7, so one only has to show the reverse inequality

a(G) = 4'(G).

Note that no minimal zero-sum sequence over G of length D(G) has two nonempty zero-
sum subsequences with different forms. Thus, the inequality q'(G) > D(G) + 1 holds. Let
S be a sequence with |S| = q'(G) — 1 such that every nonempty zero-sum subsequence of

S has the

same form with 7. Let t = |S|. Then > D(G). By Lemma 5.7, we obtain that

T is essential with respect to . Therefore, Q,(G) # {). We assert that Qx(G) # ¢ holds for
every k € [D(G), t]. In fact, if there exists k € [D(G), t — 1] such that Q¢ (G) = @, then
by Lemma 5.6, we have Q;(G) C Qx(G) = 0, a contradiction. Hence, q(G) >t 4+ 1 =
IS|+1=4d(G).

(3). The result follows from (1) and (2). O

By Theorem 1.4 and [5, Lemma 3.2], we obtain the following result.

Corollary

5.10 [fD(G) = D*(G) and n(G) < D(G) + exp(G), then
q(G) = q'(G) = disc(G) = D2(G) = D(G) + exp(G).

We end this section with the following

Conjecture 5.11 For any finite abelian group G,

Vol(G) = [D(G). 1 + Y (ord(g) — 1)].
geG
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