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ABSTRACT. In his 1984 AMS memoir, Andrews introduced the family of k-colored
generalized Frobenius partition functions. For any positive integer k, let c¢x(n) denote
the number of k-colored generalized Frobenius partitions of n. Among many other
things, Andrews proved that for any n > 0, cd2(5n+3) =0 (mod 5). Since then, many
scholars subsequently considered congruence properties of various k-colored generalized
Frobenius partition functions, typically with a small number of colors.

In 2019, Chan, Wang and Yang systematically studied arithmetic properties of
C®p(g) with 2 < k < 17 by employing the theory of modular forms, where C®(q)
denotes the generating function of cgr(n). We notice that many coefficients in the
expressions of C®(q) are not integers. In this paper, we first observe that C®(q) is
related to the constant term of a family of bivariable functions, then establish a gener-
al symmetric and recurrence relation on the coefficients of these bivariable functions.
Based on this relation, we next derive many bivariable identities. By extracting and
computing the constant terms of these bivariable identities, we establish the expres-
sions of C®g(q) with integral coefficients. As an immediate consequence, we prove
some infinite families of congruences satisfied by c¢i(n), where k is allowed to grow
arbitrary large.

1. INTRODUCTION

Throughout this paper, we always assume that ¢ is a complex number such that |¢| < 1
and adopt the following customary notation:
o)
(a; @)oo == [ (1 = ag™), (1.1)
n=0

(a1,a2, s am; Qoo = (015 ¢) 0 (A2; @)oo * * * (Am} @) o-

In his 1984 AMS Memoir, Andrews |2 introduced the notion of a generalized Frobenius
partition of n, which is a two-rowed array of nonnegative integers of the form:
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wherein each row, which is of the same length, is arranged in weakly decreasing order
with n = r 4+ ', (a; + b;). Furthermore, Andrews studied a variant of generalized
Frobenius partitions whose parts are taken from k copies of nonnegative integers, which
is called k-colored generalized Frobenius partitions. For any k& > 1, let c¢r(n) denote the
number of k-colored generalized Frobenius partitions of n. The popular way to study a
partition function such as cgg(n) is to investigate its generating function

CPr(g Zcm

In [2, Theorem 5.2], Andrews proved that
1
CPk(q) = — Z qQ(mlvaV"amk—l), (1.2)

where

Q(my,ma, ..., my_1) Zm + Z mim;. (1.3)
1<i<j<k—1
Based on (1.2), Andrews |2, pp. 13, 26] established different expressions of C®(q) with
k € {2,3,5}. To state Andrews’ results, we introduce the following two functions given
by

D=3 g = 1/4M

(4% ¢*)so

=0

Zq: CIQ)

= )%(¢% )%

Andrews proved that

C®y(q) =

O3(9) (%9
DT (gt (1.4)

(9% (44 Yoo
—(03(9)03(¢”) + ©2(9)02(¢%)) (1.5)

(q’ < +6Z<'>1_qj> (1.6)

Cosle) = o Q) <1+25Z() (1—¢i)? _5§:(%) 1j—qjqj>’ L7

Jj=1

q
C3(q) =

and

where (5) is the Kronecker symbol. An equivalent form of (1.7) can be found in the work
of Kolitsch [20, Lemma 1|. Andrews |2, pp. 13-15| obtained (1.4) and (1.5) by applying
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Jacobi’s triple product identity (see |2, Eq. (3.1)]) and some properties of theta series.
The main ingredient in the proofs of (1.6) and (1.7) is the result of Kloosterman [24, pp.
358, 362]. Andrews |2, p. 26] also remarked that there exists a similar identity for the
case k = 7, but this identity was not presented in [2|. This missing identity is

1 M3 = I\ P +¢¥  T=[F\ ;¢
Co = —— |14+ — Sl = = . 1.8
T (q;Q)Zo< i = (7)(1—(103 8; i) Y
which was later derived by Kolitsch [26, Lemma 2.

As an immediate consequence of (1.4), Andrews |2, Corollary 10.1] proved that for
any n > 0,

cp2(5n+3) =0 (mod 5). (1.9)

In 1994, Sellers [38] conjectured that (1.9) is the first special case of an infinite family
of congruences modulo any powers of 5 enjoyed by c¢9(n), namely,

cp2(5°n +8,) =0 (mod 5%), (1.10)

where §, is the least positive integer such that 126, =1 (mod 5%). Later, Eichhorn and
Sellers [13] proved that (1.10) is true for 1 < o < 4. Paule and Radu [30] confirmed the
Sellers conjecture by utilizing the theory of modular forms.

Since then, many scholars successively established other expressions of C®;(q) and
derived a number of congruences for c¢y(n) with different moduli. More specifically,
Baruah and Sarmah |3, 4] utilized the method described in Cao’s work [0] to establish
integral expressions of C®(q) for k£ € {4,5,6}, namely,

1 37,2 2 2/ 2
@ o (93(6") +30:(a")63(¢”). (1.11)
|

C®,(q) =

q; q)go (@3((]10)@%((12) + 363((]10)@3((]2)@%((]2)

+ 3OO0 ) + 30:(4)0u()%0) + BalgOYe?) ). (112
1
(4;9)S,
+ 203a)0u(0nla™) + @§<q>ez<q2>@2<q6>). (1.13)

Colq) = (@§<q>@3<q2>eg<q‘*’>

According to (1.11) and (1.13), Baruah and Sarmah |3, 1] established some congruences
modulo powers of 2 for c¢¢4(n) and some congruences modulo small powers of 3 for cog(n).
Congruence properties modulo powers of 5 for c¢s(n) and c¢y(n) were subsequently

studied by Ono [35], Lovejoy [33], Xiong [17], Sellers [39], Xia [16], Hirschhorn and
Sellers [21], Chan, Wang and Yang [7], and Wang and Zhang |12]. Congruence properties
modulo 7 for c¢4(n) were considered by Lin [32], and Zhang and Wang [19]. Congruence

properties of cpg(n) modulo powers of 3 were successively investigated by Xia [15],
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Hirschhorn [18], Gu, Wang and Xia [16], and the third author [10]. The third author 1]
also proved congruence properties modulo 5 for c¢g(n) and cpg(n). There are other
studies on congruences and arithmetic properties of cgi(n); see, for example, |9,

) Y
) ) ) y 1T, ’ ]
It is worthwhile to mention that Andrews |2, p. 15| commented that as k increases,

the expressions of C®x(q) quickly become long and messy. In 2019, Chan, Wang and
Yang [3| systematically studied the expressions of C®(q) by utilizing the theory of
modular forms, and discovered many surprising properties of C®x(q), where k is an
integer satisfying 2 < k < 17. Based on the results of Chan, Wang and Yang, Wang |14]
further proved some congruence families modulo powers of 3 enjoyed by c¢s(n) and
cpg(n), which improve some previous results of Kolitsch [28,29]. In particular, Chan,
Wang and Yang [3, Theorem 5.3| proved the following general internal congruences for
c6x(n), namely,

C¢paN(n) = Cgbpa*lN(n/p) (IIlOd p2a)’ (114)

where a > 1, n > 0, p is a prime number and N is a positive integer which is not
divisible by p.

The method developed by Chan, Wang and Yang [3] is a powerful technique to derive
different expressions of C®(q). We notice that some coefficients in the expressions of
C®(q) are not integers. For example, one result derived by Chan, Wang and Yang |[3,
Theorem 6.7| is that (some typos have been corrected)

1 36207 923091 35829
Co = — B B
12(9) 05(0)(4: )2 ( T + 1000 124 + 1000 2125
891 1485 143247 891 8109
——Bisg — ——Bia7 — Bisg — —Bisg— ——DB
1 D126 g Dt 950 D128 1 129 = qgp P
B 582717 n 227691 N 714249 L 81O9B
16000 2121 T Topp Pizie T mgggpm Pizis T mogm Pz
33 294109 16503 99
+ §312,15 + 500 1216 T 400 Bioa7 — §312,18
10559 128807 n 25647 N 727 (1.15)
500 1219 100 P12 60 222 T P22 ) .

where the By, for ¢ € {1,4,5,...,22} are some functions involving O2(¢) and O3(q).
Similar phenomena also exist in the expressions of C®y(q) for k € {10, 14, 15,17}. More-
over, some expressions of C®;(q) derived by Chan, Wang and Yang contain the following
Eisenstein series given by

q =™, Im(7) > 0.

These places cause heavy obstacle to further study congruence properties of cor(n). In a
recent paper |1 1], we established another expression of C®15(q) with integral coefficients.
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Further, we proved some congruences modulo small powers of 3 enjoyed by c¢12(n) and
conjectured several congruence families modulo powers of 3 for coi2(n).

The objective of this paper is to present a general strategy which can be applied to
establish the expressions of C®y(q) with integral coefficients. For this purpose, we first
observe that C®y(q) is related to the constant term of a family of bivariable functions.
For 0 < |z| < oo, we define

fu(2) = fi(z,q) = ( > ann2> = ) ()™ (1.16)

n=—o0o n=-—00

Then the constant term (on the variable z) of fi(2) is

~ k
crolq) = CT, ( Z z”q"2>

n=—oo
o o0

_ Z it Z g2Qmn2, k1) (1.17)

N1,N2,... M =—00 N1,N2,.00 M —1=—00
n1+nz+-+nE=0

where Q(ny,ng,...,nk_1) is defined as in (1.3). Combining (1.2) and (1.17), we find
that

cro(q) = (6% )5 CPr(q?). (1.18)

By (1.18), to derive the integral expression of C®(q), we only need to compute the
constant term in fi(z). We shall establish a general symmetric and recurrence relation
on the coefficients in fx(z). With the help of this relation, we next derive many bivariable
identities for fi(z). Based on these bivariable identities, we prove three infinite families
of congruences satisfied by c¢y(n), where k is allowed to grow arbitrary large, namely,

C¢9N+3(37’L + 2) =0 (mod 27), (119)
chont6(3n+2) =0 (mod 27), (1.20)
cPsnia(dn+3) =0 (mod 32). (1.21)

The rest of this paper is organized as follows. In Section 2, we first establish a general
symmetric and recurrence relation on the coefficients of a family of bivariable functions.
Based on this relation, we next derive many bivariable identities which can be applied to
deduce the expressions of C®y(q) with integral coefficients. In Section 3, we prove many
integral expressions of C®(q). The proofs of (1.19)—(1.21) are presented in Section 4.
In the last section, we give several remarks and conjecture that (1.21) also holds for the
modulus 256.
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2. A GENERAL SYMMETRIC AND RECURRENCE RELATION AND SOME BIVARIABLE
IDENTITIES

In this section, we derive a general symmetric and recurrence relation on the coeffi-
cients of a family of bivariable functions and some bivariable identities, which can be
utilized to establish the expressions of C®;(q) with integral coefficients.

For notational convenience, we denote

Jap = (0"4" " 0" ") oor Jap = (0" =" 0" )o0s  Ju = Japa = (0"¢")
Ramanujan’s theta function f(a,b) is defined by

f(a,b) := Z a2 =02 — (g b ab;ab)s,  |ab| < 1. (2.1)

n=—oo

The last identity in (2.1) is the well-known Jacobi triple product identity [5, p. 35, Entry
19]. Two important special cases of f(a,b) are, respectively, given by

(q) = Z ¢ = J2J2= (2:2)

o2 J3
W)= fle.d’)= Y " "= Z nirn/ f (2.3)

Now we introduce the following auxiliary functions involving ¢(q) and ¥(q), defined by

Alq) = @ (@)e(@®) + 8¢ (¢*)v(¢*)  and  B(q) = ¥*(q) + 2¢°(4%). (2.4)

The following lemma provides another expression of fi(z) and a general symmetric
and recurrence relation on the coefficients of fy(z). For the sake of convenience, we
denote

La,b,c,d - La bcd z q E Zaner o +dn

Lemma 2.1. Let fi(z) and cx;(q) be defined as in (1.16). Then for any k > 1,
Lk/2]
fu(z) = Z Ch,i(q) L i k2i- (2.5)
i=—[(k—1)/2]

In particular, c;;(q) = cx—i(q).
Proof. According to the definition of fi(z), we find that
fel/2) = fiz)  and  fi(2q®) = (20) " fu(2),

from which we deduce that

cn(@) = r—n(q)  and  cun(q) = ¢ erni(q).
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Therefore, by iteration, we conclude that for —|(k —1)/2] <i < |k/2],

n? ni
chanti(q) = ¢ ey i(q).

The identity (2.5) thus follows. O

In the sequel, if we assume that fi(z) have the following expression:
Lk/2]
fr(2) = Z Cri (@) L g 21

i=—[(k=1)/2]
where ¢ ;(¢) are some functions of ¢. Then we mean that
cki(q) = ri(q), for —|[(k—1)/2] <i< |k/2].

With the help of Lemma 2.1, we deduce the following necessary lemmas, some of which
are main ingredients in the proofs of (1.19)—(1.21).

Lemma 2.2. We have

f2(2) = 0(q®) Lo 20 + 2q0(q") Lo 22, (2.6)
J3

f3(2) = a(q®) Laos0 + 36176 (Lsis2+ Ls—13-2), (2.7)
2

where a(q) is one of the Borwein cubic functions, given by (see [20])

a(g) = Y gmimm (2.8)

m,n=—oo

The identity (2.7) was proved earlier by Hirschhorn, Garvan and Borwein [20] and
Hirschhorn [17]; see also [19, Chap. 21]. It should be admitted that the proof of (2.7)
due to Hirschhorn is very elementary and is simpler than ours to some extent. However,
in order to the completeness and self-contained content of the discussion, we present
another proof of (2.7) here. More importantly, in the process of proving (2.7), we need
some variable substitutions to simplify certain double sums, and we will frequently utilize
this technique in what follows.

Proof. By Lemma 2.1, we need to derive c2(q), c21(q), ¢3,0(¢) and c31(g). According to
the definition of fi(z), we arrive at

crilq) = Z qn%+n§+---+ni. (2.9)
ni+ng+--+ng=t

It follows from (2.2) and (2.3) that

TL2 ’I’L2 n2
colg) = D ¢ =) @ =eldd), (2.10)
n1,no=—00 n=-—00

ni1+no=0
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o0

calg)= Y, 1= Z ¢ = 2qu(q"). (2.11)
ny,ne=—0oo n=—oo
ni1+ngo=1

The identity (2.6) follows by Lemma 2.1, (2.10) and (2.11).
Next, we find that

o0 o0

_ E n24n34nd __ § n?4+n3+(ni+n2)? _ 2
63’0((])_ gt = gt ( ) _a(q )
ni,m2,n3=—00 ni,n2=—00
ni+na2+n3z=0

We next turn to prove the following identity, namely,

g
cs(q) = 36]72- (2.12)
It follows immediately from (2.9) that
03’1(q) _ Z qn§+n§+n§ _ Z q2n%+2n%+2n1n272n172n2+1'
ni,n2,nN3=—00 ni,meg=—00

ni+na+nz=1
If ny +ny =0 (mod 2), we take ny =r — s and ng =r + s; if ny +ny =1 (mod 2), we
put ny =r —s and np =r + s+ 1, where r and s are two integers. After simplification,

we deduce that
o0

o0
_ 6r2—4r+4+2s241 6r24+2r+2524+2s+1
i)=Y ¢ + q

T,§=—00 r,8=—00

J4 JeJas J3J%

=qJ %) +2q¢J 2 : 2.13
Therefore, in order to prove (2.12), we need to prove that
Ji Jo Joa J3 T, Jg
2 39— 2.14
N ENEN P AL 214
or, equivalently,
Jg T3 J J3JE J3
208712 L 946 358 ), (2.15)

JE T3 T J3J12 J1
Now we recall Hirschhorn’s version of the parameterized identities of theta functions
(see |19, Chap. 35, Egs. (35.1.1)-(35.1.6)]), and the idea comes from [L].

Jy = sY2Y2H1 = 2q) V(1 + qt) (1 + 2qt) VO (1 + 4qt) V3, (2.16)
Jy = s22(1 = 2gt) YA (1 + qt) V(1 4 2qt) 12 (1 4 dgt) M, (2.17)
Jz = sY28(1 = 2gt) YO (1 + qt) Y24 (1 + 2¢t) 2 (1 + 4qt)V/*, (2.18)
Ja= 52051 = 2qt) P (1 4 qt) (1 + 2qt) >4 (1 + 4qt) ¥, (2.19)
Jo = s'PHYN1 = 2gt) P (1 4 qt) (1 + 2qt) V(1 + 4gt) 2, (2.20)
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Jio = sYHY2(1 — 2q)Y?H (1 + qt) Vo1 + 2¢t)B(1 + 4qt) V', (2.21)
where
JR I35 337
= = d t:=1t(q) = .

Substituting (2.16)—(2.21) into the left-hand side of (2.15), after simplification, we obtain
(2.15). According to Lemma 2.1, we obtain (2.7).
This completes the proof of Lemma 2.2. O

Lemma 2.3. Let A(q) and B(q) be defined as in (2.4). Then
fa(2) = A(@®) Lupap + 490 (¢*) (Laj a2 + La—14,-2) +2¢°B(¢*)¥(¢*) Lapaa  (2.22)

and

Je T2 0.
— (ala® o(a'?) + 62282512 0as )
12 = (ala?ola) + 6 BT 1y

5

Jud,
+ (QG(QQWJ(QG) + 3Q#) (L4,1,4,2 + L47—1,4,—2)
J2 J12

4 0o oad 2 I8 J16J34
+ 1 2¢°alq (™) + 60" ———— | Lapaa.  (2.23)
JoJs Jus
Proof. According to the definition of f;(z) and using (2.6), we deduce that
2
f1(2) = (£2(2))" = (9(6) L2020 + 200(q") L2 122) " (2.24)

Therefore, combining (1.16) and (2.24) gives that
C4,0(Q) = CTz{902(92)L§,0,2,0} + CTZ{4q2¢2(q4)L§’172’2}

_ S02(q2) Z q2n§+2n§ +4q2w2(q4) Z q2n§+2m+2n§+2nz
ni,mog=—00 ni,me=—00
ni1+ng2=0 ni1+n2+1=0

= 0*(¢*)e(q") + 8¢°Y* (¢ (¢®) = A(¢”). (2.25)

Next we turn to derive the expression of ¢4 ;(g). It follows from (1.16) and (2.24) that

o0

n 77/2 .
can(q) = dgp()(gh) Y it

n1,M2=—00
ni1+neo=0

=4qV*(q®) Y " = Agvi(eP). (2.26)
Following a similar strategy of deriving (2.25), we can prove that
ca(q) = 2¢°0(d°) (0*(¢°) + 2¢%(¢")) = 2¢° B(¢*)¥(¢%). (2:27)
Based on Lemma 2.1, we obtain (2.22) by (2.25)-(2.27).
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To prove (2.23), one first readily finds that
fi(2) = Lgpo0 + Q(L3,1,9,6 + L3,71,9,76)- (2.28)
According to the definition of fi(z), and utilizing (2.7) and (2.28), we find that

3
fa(z) = f3(2) - fi(2) = {a(q2)<Q)L3,0,3,0 + 3(1% (L3,1,3,2 + L3,1,3,2)}

x {Ls 0900+ q(Ls 106+ Ls-19-6)}- (2.29)

We only derive the expressions of ¢4 (q) and c41(q) in (2.29). The coefficient ¢4 2(q) can
be demonstrated similarly, and thus, we omit the details.
Combining (1.16) and (2.29) yields that

e}

s 3
_ 2 3n24-9n2 ﬁ 3n242n1+9n3 —6n2+1
caolg) =ald®) Y, ™ P30y > gt

ni,nog=—00 ni,nag=—00
n1+n2=0 n1+n2=0

3 oo

J 2 2
4 3 “6 3ni—2n1+9n5+6n2+1
a7 > g

n1,no=—00
ni1+n2=0

Je T2 J1adus

JB_
= a(¢®)p(q"?) 4+ 6¢° =L J 01 = a(q®)p(q"?) + 6¢° (2.30)

I JoJyJigJoa
Now we prove ¢41(q). Notice that
2 2 2 9
ca1(q) = a(q2) Z q3n1+9n2+6n2+1 + 3q76 Z q3n1+2n1+9n2
ni,N2=—00 2 n1,me——00
m+n2=0 n1+n2=0

3 o

J 2 2
+3 “6 3n{—2n14+9n5—6n2+1
7 g_:_ooq
n{+n2:1
2 6 Js = 27
= qa(q”)¥(q’) + 36]7“10,24 + ¢*Ja4).
2
We also require the following identity, which follows from two identities in Berndt’s
book |5, Entry 30 (ii) and (iii)]:

f(a,b) = f(a’b,ab®) + af(b/a,a’b’). (2.31)
Taking (a,b) = (¢%,¢*) in (2.31) yields that
72,6 = 710,24 + C]272,247 (2.32)
from which we obtain that
2 6 Jg— 2 6 J4Jg
ca1(q) = qa(q*)Y(q°) + 3q—Jos = qa(q”)V(q”) + 3q—5—+—.
Jo J3J12

We therefore complete the proof of Lemma 2.3 by utilizing Lemma 2.1. O
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Lemma 2.4. Let A(q) and B(q) be defined as in (2.4). Then
f5(2) = (A(@®)p(q™) + 8¢°¢*(¢*)(¢") + 4¢° B(¢*)¥(¢*) ¥ (¢*)) L5050
+ (¢A(¢%) T12.40 +49¢°(¢*) Tu0 + 26° B(¢*) (%) Ts.00)
X (L5,1,5,2 + L5,71,5,72)
+ (q4A(q2)74,40 +4¢°¢*(¢%) T 210 + 26]23(612)1/)@8)716,40)
X (L5’27574 + L5,,2,57,4). (2.33)
Pmof According to (1.16) and (2.22), we find that
{A L4 0,4,0 T 4CI¢S( )(L4,174,2 + L4,—1,4,—2) + 2(]23(612)1/1((18)[14,2,4,4}
X { L0160+ q(Laj,165 + La—116-8) + ¢ La21616 }- (2.34)

Similar to the proof of (2.23), we only present the proofs of the expressions of ¢ (q)
and ¢51(g) in (2.33).
From (1.16) and (2.34) we deduce that

oo o0
_ 2 4An24+16n2 372 4An2+4+2n1+16n2—8no+1
csolg) = A(g?) D ¢ dqt(@?) Y g™ 2
n1,n2=—00 n1,ng=—00
ni1+n2=0 ni1+ns=0

oo

+ 4q¢3(q2) Z q4n%—2n1+16n§+8n2+1

n1,M2=—00
ni—+n2=0

o0

+ 2q23(q2)¢(q8) Z q4n§+4n1+16n§+16n2+4

ni,ne=—00

ni+nz2+1=0
= A@)e(d®) + 8% (*)(q"°) + 44° B(*) v (¢*) v (¢"). (2.35)
In the same vein, we deduce that
051 Z q —8n+1 _}_4qw3 Z q20n +2n
+ 4q¢3(q2) Z q20n2718n+4 + 2q2B(q2)¢(q8) Z q20n2+12n+1
= qA(¢*) J12,0 + 40*(¢) (J1s,.00 + ¢* T2.00) + 26° B(q*)¥(*) Ts 40
= qA(q2)712740 + 4Q¢3(q2)74,10 + 2q3B(C]2)¢(q8)78,40, (2-36)
where the last step follows from (2.31). Based on Lemma 2.1, we complete the proof of
Lemma 2.4. [l

Lemma 2.5. We have

fo(2) = (a(q4)g03(q2) + 24q2?/13(q2)¢(q4)¢(q6))L6,0,6,0
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JyJg
L L 16—
J2J12)( 6,1,6,2 T L6,—1, 2)

JuJ?
J24J162) (Le264 + Lo —26-4)

+ (8¢%a(q" v (¢*) + 12¢°0(*)* ()0 (¢°)) Lo s (2.37)

3
+ (24q3w3(q4)% + 690(*)V° (¢°)

3
+ (i’>(12g03(q2)JJ—Z2 + 12¢°¢° (¢*)Y(¢*)

and

_ 2/ 2 6 QJZJ(ZJ%
fo(z) = | a*(¢")p(q”) + 18¢"— Le 06,0
Jy JgJ1a

J3JgJ?

JZTSJ;T) (Lﬁ,l,ﬁ,z + L6,—1,6,—2)
J2Jd Jos
J2 312

J6
+ (18q3w(q12)J—62 + 6qa(q?)
2

J6
+ (9q2¢(q6)—6 + 6¢%a(q?)

J3 ) (Lo264+ Lo —26,4)

o+ 1 T :
+ | 2¢°a"(q")¥(q7) + 18¢° = 6,3,6,6- (2.38)
J5 Ja oy

Proof. We first prove (2.37). From (2.6) we find that

3
fo(z) = (SO(QQ)Lz,o,z,o + 2Q¢(q4)L2,1,2,2)
= 903(q2>L§,0,2,0 + 6qg02(q2)1/1(q4)L§70,270L2,172,2
+ 129290(92)@/12(94)L2,0,270L%,1,2,2 + 8q3¢3(q4)L271’272. (2'39>

Based on Lemma 2.1, we need to find the expressions of ¢g,(q) for 0 <i < 3.
First, combining (1.16) and (2.39) gives that

[e.9]

co.0(q) = go?’(qz) Z q2n§+2n§+2n§

n1,n2,n3=—00
ni+na+nz=0

[e.9]

+ 12q2¢2(q2)¢(q4) Z q2n§+2n§+2n2+2n§+2n3

n1,n2,M3=—00
ni1+n2+n3+1=0

o0

_ 903((]2) Z q4n§+4n§+4n1n2

ni,ne=—00

[e.e]

+ 12q2w2(q2)w(q4> Z q4n%+4n§+4n1n2+2m+4n2' (2.40)

ni,na=—00

Following a similar strategy of proving (2.13), upon simplification, we obtain that

)
§ q4n%+4n%+4n1n2+2n1 +4no

n1,n2=—00
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o0

7’2 T 82 S 7"2 . 82 S
_ Z q12 +-6r+45242 + Z q12 +18r+45%46 +8:2¢(q2)¢(q6)‘ (2'41>

r,8=—00 r,8=—00

Substituting (2.41) into (2.40) yields that

co0(a) = alg)¢’ (%) +24¢°9° (@*)(a") ().
Next, we prove cg1(q). We first derive that

o0

06,1(q) _ 8q3@/)3(q4) Z q4n%+4n§+4n1n2+4n1+4n2

ni,n2=-—00

o0

+ 6qg0(q2)¢2<q2) Z q4n%+4n§+4”1n2—2n1 —2n9

n1,ne=—00

r2+8r+4s r2—4r+4s2+4s
_ 8q3,¢3 < Z q12 2 4-8r+452 T Z q12 4445244 )

r,8=—00 r,8=—00

+6qu(q2)¢2(q2)( Z gl2riartast=2s | Z q12r2—10r+4s2+25+2>
r,8=—00 r,s=—00

= 8¢°¢°(¢") (SD(Q4)74,24 + 2¢(q8)78,24) + 699(¢*)V° (¢°) (710,24 + q272,24)
J} —

= 246131#3(q4)(]—142 +6g0(q°)1° (%) T2
J3 Jy 2

:24334£+6 2 37 2 ’
Q¢(Q)J4 qp(q°)Y (Q)J2J12

where we obtain the second step by setting ny = r+s, ng = —2rorny =r+ s+ 1,
ny = —2r — 1, and the penultimate step follows from (2.14) and (2.32). The expressions
of ¢62(q) and ¢ 3(¢q) can be proved similarly.

Next, we turn to prove (2.38). At this time, it follows from (2.7) that

(2.42)

fe(Z)z{ (q )L3030+3qJ (Lajs2+ Ls—13, 2)}. (2.43)

Jo

And we can derive the expressions of ¢g;(q) in (2.43) for 0 < i < 3 by following a similar
strategy as deriving (2.22), and thus, we omit the details here. We therefore finish the
proof of Lemma 2.5 by using Lemma 2.1. U

Lemma 2.6. Let A(q) and B(q) be defined as in (2.4). Then
fs(2) = (A2(6)(d®) + 326*¢°(4*)¥(¢") + 8¢" B*(¢*)¥*(¢*)¥(a™®)) Ls 0.0
+ (8q14(q2)¢3(q2)76,16 +16¢° B(¢*)V* (¢*) ¥ (q°) T2, 16) (Ls 1,82 1 L8,71,8,72)
+ (46°A(@®) B(a*)¥(q")¥(a®) + 16¢°¢°(a*)p(a°) + 324™¢°(4*)¥(¢™°))
X (L8,2,8,4 + L8,72,8,74)
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+ (863 A(*)0*(¢%) Tan6 + 166 B(¢2) 0 (421 (%) T6.16)
X (Lgzgse + Ls,—38-6)
+ (24" A ()0 (") + 44" B*(¢*)p(¢*)* (¢°) + 324" (¢*)0 (")) Lsass. (2.44)
Proof. According to (1.16) and (2.22), we deduce that
{A )Lio40+ 4q0°(q )(L4,1,4,2 + L4,71,4,72) + 2q2B(q2)w(q8)L472’474}

(2.45)

Similar to the previous lemmas, we only demonstrate the proof of the expression of
cs0(q) in (2.45). From (1.16) and (2.45), we find that

o0 o0

_A2/7.2 4An244n2 216/ 2 An24-2n1+4n2—2no
csolq) = A(q%) Y. ¢ 320%0(¢?) > g™ 2
ni,ny=—00 ni,nog=—00
ni1+n2=0 n1+n2=0
oo

+HAG'BH PP (gE) Y gimirimtanitans
n1,M2=—00
n1+n2+1=0

= A(q*)p(q®) + 32¢°¢°(¢*)¥(q") + 8¢ B*(¢*)v* (¢ )y (¢"°).
Based on Lemma 2.1, we complete the proof of Lemma 2.6. U

For the sake of convenience, we write
3. 3)\3
C(q) = —(C(]q; Z>zo°°. (2.46)

Lemma 2.7. We have

fo(2) = (a’(¢*)a(q®) + 54q*a(q*)C®(¢%) + 162¢*C°(¢*)C(¢°)) Lo o9

+{27¢°a(¢*)C*(¢*) (Ja,12T 836 + 2,127 1036)

+9qa*(¢*)C(¢?) (90 ) 1436 + 24" (q" )J4,36)
+81¢°C*(¢?) (SO(C] Joze6 + 2¢°0(q"?) s, 36) } (L9,1,9,2 + Lg,—1,9,—2)
+ {27¢°a(q*)C*(¢*) (Ju12T 16,36 + ¢* T2,12J2,36)
+ 9¢%a*(q 2)0(612)( (¢°) T1026 + 249 (" )J8,36)
+ 819403 2) (7 2J10 36 1 74,1278,36) } (L9,2,9,4 + L9,72,9,74)
+ {34°a*(¢*)C(¢°) + 27¢°a(¢°) C°(¢?)

+ 54q® a( CP(q?) + 81¢°C°(¢°)C(¢°) } (Lo 9.6 + Lo,—39,—6)
+ {27(] a(q )02(q2>(J2,12714,36 + q274,1274,36)

+ 9q4a2(q2)0(q2)( 290((16)72,36 + 2¢(q12)716,36)
+ 81¢*C3*(¢?) (gp(q6)714736 + 2q4¢(q12)74736) } (L97479,8 + L97_4,9,_8). (2.47)
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Proof. From (2.7), we deduce that

J3 3
fo(z) = {a(qz)L?,,o,:a,o + 36]76 (L3,1,3,2 + Ls,—1,3,—2)} . (2.48)
9

The proof of the expression of ¢g(q) in (2.48) is a little trickier than the previous cases.
According to (1.16) and (2.48), we deduce that

o0

co0(q) = a3 ( q2) Z q3n% +3n3+3n3

ni,n2,n3=-—00

n1+nz2+nz=0
Jg > 2 2 2
4 27q3_g E q3n1+2n1+3n2+2n2+3n3+2n3
J2 n1,n2,n3=—00
ni+no+nz+1=0
J§ =
+ 97 q3 6 Z q3n%f2n1 +3n2—2n2+3n2—2n3

713
J2 n1,n2,n3=—00
ni+nz2+ng—1=0

JG > 2 2 2
4 54q2a(q2) 62 E q3n1+3n2+2n2+3n372n3
J2 n1,n2,n3=—00
ni1+n2+n3=0
%)

_ 37 2 E 6n24+6n2+6n1no
= qQ (q ) q 1 2

n1,n2=—00

Jg Z‘”
+ 54q3 J_f; q6n%+6n§+6n1n2+6n1 +6no+1
2

n1,n2=—00

I 262
2 2\ 76 6ns+6nz+6nons+2nes—2n3
+544%a(e) 3 Do e -
ng,m3=—00
Adopting a similar strategy of deriving (2.13), after simplification, we obtain that

J? — —
co0(q) = a®(¢*)alq®) + 54q* = (¢(q°) J6,36 + 20(q"?) J12,36)

J3
JS — -
+ 540 (77) B (P Toa + 20006 o) (2.49)
2
Thanks to (2.15),
— — J3
@)1+ 20(0°) o =37,

from which we obtain that

J? — —
54q4J—g (QO(QG)J&?,G + 2’@/)((]12)(]12736) = 162(]4
2

Jg Jis

— . 2.50



16 S.-P. CUL N. S. S. GU, AND D. TANG

Therefore, in order to prove

coale) = (P)ale”) + 340l ) % + 1620+, (251
we only need to prove that 2
2(¢")T16 + 260 (q"*) Jog = i—‘? (2.52)
or, equivalently,
3(0(q”) T16 +20°0(q"%) T26) = (@) T16 + 20(¢%) Tas. (2.53)

We also require the following identities which follow from the two identities in Berndt’s
book [5, p. 345, Entry 1 (ii) and (iii)]:

2\ 9. 2.0 18\\3 _ 3/ 2 . 2¢4(qﬁ>
(6(c?) — 3¢2(¢™)) —w<q>(1 9 (q2>> (2.54)
9\)3 _ . (3)
(o(a) — 30() —@()(1 9Mq)) (2.55)

Combining (2.54) and (2.55) gives that
(¢(q2> - 3q2¢(q18))3 _ ¥3(¢?) — 9¢°v*(¢°) /U(a?)
v(q) — ¢(d°) v3(q) — 99*(¢*)/(a)
Notice that (2.53) is equivalent to
V(@) =3¢(@®) e VD D ST
() — 3¢(q%) 2006 2 Ndads  JuJ§ o 200G
Thus, in order to prove (2.53), we need to prove that

V3 (q?) = 9% (%) /0(q?)  J3I3TY

= i 2.56
03 (q) =994 (q*) /ela)  —8JPJLTY (2.56)
Substituting (2.2) and (2.3) into (2.56), we find that (2.56) is equivalent to
B gty (B (RRIEN (B
J3 J2J§ JS T} J3I8TS, )\ =8I IS T
or, equivalently,
6 8 24 73 76 4 711
8J—3 — 72 2‘]22‘]15 + ‘]29 ‘]132‘]192 -9 ‘]25‘]?’1 ~=0. (2.57)

Plugging (2.16)—(2.21) into the left-hand side of (2.57), upon simplification, we find that
(2.57) is indeed true. The identity (2.51) thus follows.

The proofs of the expressions of ¢y ;(q) for 1 <i < 4 can be established similarly, and
thus, we omit the details. Notice that when we derive the fourth term of ¢ 3(q), we need
to set ny = 1 — ny — n3 and utilize (2.52).

This completes the proof of Lemma 2.7 based on Lemma 2.1. O
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3. GENERATING FUNCTIONS OF k-COLORED GENERALIZED FROBENIUS PARTITIONS

In this section, we derive some expressions of C®y(¢q) with integral coefficients. From
(1.18), one sees that for any k > 1,

COulq) = }ﬁ) (3.1)

Combining (3.1) and these bivariable identities presented in Section 2, we can deduce
the integral expressions of C®(q).

3.1. Case k = 4. The following theorem provides two expressions of C®4(q).

Theorem 3.1. Let a(q) be defined as in (2.8). Then

1/ J8J T3 2
Coula) = 35 (o + 54 J) (32
S 6q 3.3
i <G(Q) T2 T Dy ds T (33)

Proof. The identities (3.2) and (3.3) follow immediately from (3.1) and (2.25), and (3.1)
and (2.30), respectively. O

Baruah and Sarmah [3, Theorem 2.1] derived an equivalent form of (3.2) (see (1.11)
above) by utilizing the method of integer matrix exact covering systems. The identity
(1.11) can be derived from (3.2) if one uses the following three identities involving ¢(q)
and ¢(q) (see |5, p. 40, Entry 25 (iv)—(vi)]):

e(0)(¢*) = ¢¥*(q), (3.4)
©*(q) — ©*(—q) = 8q*(q"),
0% (@) + ¢*(—q) = 20°(¢°). (3.6)

3.2. Case k = 5. The following theorem gives an expression of C®5(q).
Theorem 3.2. Let A(q) and B(q) be defined as in (2.4). Then

Cds5(q) = Jif(fl@)@(qm) + 8¢ (@)v(¢°) + 44*B(a)v (¢")v (™)) (3.7)
Proof. The identity (3.7) follows immediately from (1.18) and (2.35). O

Employing the method of integer matrix exact covering systems, Baruah and Sarmah
[3, Theorem 2.2| derived another form of (3.7). However, it seems that there is a misprint
in the coefficient of last component in the expression of C®5(q) due to Baruah and
Sarmah.
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3.3. Case k = 6. The identities (2.37) and (2.38) give the following two expressions of
Ce(q).

Theorem 3.3. Let a(q) be defined as in (2.8). Then

1 JI? J3J2J?
Cu(a) = 45 (ale?) 5 + 2107212 ) 5)
1/, Je J22J3TJ12)
=—la + 18 . 3.9
T ( D, S, (3:9)

Utilizing the method of integer matrix exact covering systems, Baruah and Sarmah
[1, Theorem 2.1] provided an expression of C®4(q). Actually, (3.8) is equivalent to
the expression of C®¢(q) derived by Baruah and Sarmah if one observes the following
identity [, p. 368|:

a(q) = e(0)e(q*) + 4qv(¢*)(¢°).

The identity (3.9) was established by Hirschhorn [18]. Moreover, Gu, Wang and Xia [16],
and Tang [10] proved some congruences and internal congruences modulo powers of 3
for cog(n) based on (3.9).

3.4. Case k = 8. The identity (2.44) implies the following expressions of C®g(q).

Theorem 3.4. Let A(q) and B(q) be defined as in (2.4). Then

1

C(I)s(C]) = F
1

(A%(q)e(q") + 8¢°B*(q)v*(¢)v(q®) + 32q¢°(q)¥(¢?)). (3.10)

With the help of modular forms, Chan, Wang and Yang [, Theorem 6.3] obtained
an expression of C®g(q) with seven terms. Interestingly, we can further simplify (3.10).
For this purpose, we require the following 2-dissection of ¢(q) (see [5, p. 40, Entry 25

(i) and (ii)]):
e(q) = (q") + 2qv(¢%), (3.11)

which is equivalent to

JS J?
2 — 8 + 2q

R S
JUE TR

. (3.12)

Substituting (3.12) into (3.10), after simplification, we find that

1 J16J8 J4J9 J20J3J2 JISJQ J11J2
C®8( ):_( 2 64q2 498 8q2 2 816 _|_32q2 4 16 +48q 2 4>.
JE\ 1T Sy J7s Jr 4’ J3J3 Jy
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3.5. Case k =9. The identity (2.47) implies the following expression of C®g(q).
Theorem 3.5. Let a(q) be defined as in (2.8). Then

1/, 3 J3 2 I35
C®y(q) = =5 | a’(q)alq’) + 54qa(q )= s+ 162¢° —== . (3.13)
Ji Ji J;
In 1996, Kolitsch [30,31] proved that
i% (n+1)q”:3§:c_¢ (3n+2)q”:81J3 + 729q Sy (3.14)
n=0 " n=0 ’ J J112 ’ .
where

ch(n) = Y ulO)cor(n/o), (3.15)

4| ged(k,n)

and p(n) is the Mobius function. Based on (1.5), (3.14) and (3.15), one can obtain an
integral expression of C®g(q).

3.6. Case k = 10. We derive the following expression of C®1(q).
Theorem 3.6. Let A(q) and B(q) be defined as in (2.4). Then

cq»m(q)=%{(A@so(qw)+16qw3<q>w<q5>>A<> (@)o(q")

+ (64"0° (@)1 (a°) + 16¢°B(q)(a")v(¢™)) B(a)e(a”) v (q") e (a™)
+ (644°0°(0)¥*(¢°) + 8¢° A(@) B(g)o(a™) ¥ (a") v (a™)) ()
(2qJ3,10 ‘]6,20 + 26]471,107;,20)142(‘1)
(16(]72,573,1076,20 + 16(1371,571,1072,20)A(Q)M’(Q)
(32q7§,573,10 + 32@127?571,10)%06@)
(861273 1074 2076 20 + 86]371 1072 205 QO)A(Q)B<C])¢<Q4)
(32q JosTz100a20 + 32¢° J1.57 11073 20)B(Q)"¢3(Q)¢(q4)
(8(1 J3,10J4,20 + 86]2J1,10J8,20)B2(C]) (q4)}. (3.16)
Proof. 1t follows from (1.16) and (2.33) that
Fo(2) = {(Ae*) (™) + 86> (@*)v(¢") + 4¢° B(a*)¥(a*)¥(¢")) Ls 050
+ (qA(qQ)jlng + 4qv°*(¢%) J 110 + 2¢° B(gq )¢(q8)78,40)
X (L5152+L5 —1,5,— )

+ (' A(?) Taa0 + 4% (¢%) 200 + 2¢° B(0*)1(q°) J16.40)

)

q
¥

X (Lsgp54+ Ls—25-4
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Then we find that
ci00(q) = (A(6*)(q®) + 86*¢* (¢*)¥(¢"°) + 4¢°B(¢*)y(¢*) ¢ (¢*))

[e.9]

% E q5n%+5n§

ni,m2=—00
ni+n2=0

+ 2(914((12)712,40 + 4Q¢3(92)74,10 + 293B(q2)¢(618)78,40)

% E q5n%+2n1 +5n§—2n2

n1,M2=—00
ni+nz2=0

+ 2(q4A(q2)¢_]4740 +4¢*0° () J 2,00 + 2q23(q2)¢(98)716,40)

% Z q5n%+4n1+5ngf4ng ) (317)

n1,n9=—00
ni1+ns2=0

2
2

2

Now (3.16) follows by simplifying three double sums on the right-hand side of (3.17)
and utilizing (3.1). O

3.7. Case k = 12. We obtain the following expression of C®15(q).

Theorem 3.7. Let A(q) and B(q) be defined as in (2.4), and let a(q) be defined as in
(2.8). Then

St TR

JrJ3

JLI T2 J122)

= i (a(d)4%0) + 9000
24¢° A(q) B*(q) =2 +192¢°B
+ 2 Alg)Ba) 755+ 1920 Bla) s
Proof. According to (1.16) and (2.22), we deduce that

fr2(z) = {A(QZ)L4,0,4,0 + 4q0°(¢%) (L4,1,4,2 + L4,71,4,72) + QQQB(QQ)w(QS)L4,2,4,4}3:

from which we obtain that
o0

n2 n2 n?
c120(q) = A*(¢°) Z gt

n1,n2,n3=—00
n1+n2+n3=0

(3.18)

e}

2 2\,/,6( 2 An2+4An24+-2no+4n2—2n
+ 964" A(q")v"(q7) E /e
n1,1m2,N3=—00
ni1+nz+n3z=0
o0

+12¢'A(P) B (@)W (d) Y g

ni,n2,n3=—0o0
ni+na+nz+1=0



CONSTANT TERMS AND k-COLORED GENERALIZED FROBENIUS PARTITIONS 21

o0

+96¢" B0 ()(g®) D g,

ni,n2,n3=—00
ni+nz2+n3+1=0

[e.9]

+ 96q4B(q2)¢6(q2)¢(q8) Z q4n%—2n1+4n§—2n2+4n§+4n3. (319>

n1,n2,M3=—00
ni+na+n3z=0

We next simplify the five triple sums in (3.19) by applying a similar strategy of deriving
(2.13), after tedious but straightforward calculations, we conclude that

8Y A3( 2 2 002y Ja J3Ih
c120(q) = a(q”)A°(¢°) + 964" A(q7) 575+
Sy JG 2
J4 J2 J17J2 J2
24 4A 2 32 2\ “16Y24 192 4B 2\ “4 Y16 24' 3.20
Notice that when we simplify the second term on the right-hand side of (3.19), we set
ny = —ng — ng. Moreover, we also need to utilize (3.11) to derive (3.20). The identity
(3.18) follows from (3.1) and (3.20). O

Note that
fis(2) = () A2),  fuz) = (=) (hE)5 fsz) = (f(2)°

Of course, we can also analyse the corresponding integral expressions of C®13(q), CP14(q)
and C®q5(q) similarly. However, the process will be lengthier and trickier because we
need to use the method of integer matrix exact covering systems to simplify some mul-
tiple ¢-series sums. Therefore, we do not consider these cases here.

3.8. Case k = 16. We obtain the following expression of C®4(q).
Theorem 3.8. Let A(q) and B(q) be defined as in (2.4). Then

1 J11J3J3 J24J2
Cd = — ([ AYq)A(q") + 192¢A%(q) 228216 1 512¢° B(q) 222
(o) = g5 (404 + 1920820 LI 151 727
J16J4 J J6
+ 768¢%A(q)B(q) JQS J§ + 48¢°A*(q) B*(q) 328
14 2
JllJ J? J11J9J2
+ q (q)—J16 7z + q (Q)—J? 2,

4 79 18 72 11 72 2
T 64q4 B g) 218 1 321 BY(g) —JSS J§’2 176841 A% (g) 216 J46J16J32 . (3.21)
J4 J32 J4 Jlﬁ ’]1 JB

Proof. 1t follows from (1.16) and (2.44) that
fi6(2) = {(A%(@*)e(q®) + 8¢* B*(¢*)v*(¢®) (") + 32¢°¢°(¢*)¢(¢")) Ls,0.80
+ (86114<C]2)@/)3(q2>76,16 + 16(]33@2)@/13(QQ)w(qg)jzlﬁ) <L8,1,8,2 + Ls,—1,8,—2)
+ (4 AP B(@*)Y ()0 (%) + 16¢°%°(¢*)e(q®) + 324" ¢ (¢*)v ("))
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X (Lspgsa+ Ls—28_4)
+ (8¢°A(¢*)¥* (4°) 2,16 + 16¢° B(a*)¥*(¢*)¥(a°) J6,16)
X (Lg3s6 + Ls—38-6)
+ (26" A2(*)0(q'") + 44" B(@)p(a)*(¢°) + 324" (¢*)(q")) Lsass}
from which we obtain that

c150(q) = (A2 (a®) + 84 B2(¢*)0*(¢*) v (¢"°) + 324*0°(¢%)1(¢"))

[e.9]

x Z q8n§ +8n3

ny,neg=——0o0
ni1+n2=0

+2(8¢A(¢*)V*(¢°) 616 + 16¢° B(¢*)* ()0 (¢%) T2,16)

X E : q8n%+2n1+8n572n2

ni,ne=—00
ni1+no=0

+2(46° A(¢*) B(¢*) (g (q®) + 16¢°0(¢*)°(¢%) + 324™¢°%(¢°)1(¢"°))

% E q8n%+4n1 +8n%—4n2

n1,M2=—00
ni+n2=0

2

2

2

+2(8¢% A(¢)W (¢*) Tans + 16° B(q*)0* (420 (¢%) To.16)

% E : q8n%+6n1+8n§—6n2

n1,M2=—00
ni1+na2=0

+ (20 A% () (¢') + 46 BX () o ()3 (¢¥) + 32¢ ¢ (D) (gh))”

X Z q8n§+8n1+8n§+8n2. (322)

n1,M2=—00
n1+n2+1=0

After simplification, one finds that the five double sums in (3.22) can be expressed as
certain single Ramanujan’s theta function (2.1). When we simplify (3.22), we also need
the following results.

First, we shall consider the simplification of the following expression, namely,

—9 — T,
Jo16T12,32 + ¢ T4 167432 (3.23)

We need to utilize the following identity involving f(a, b), which can be found in Berndt’s
book [5, p. 45, Entry 29].

fa,b)f(e,d) = f(ac,bd) f(ad,bec) + af (b/c,ac’d) f(b/d, acd?). (3.24)
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Taking a = ¢ = ¢ and b = d = ¢'° in (3.24) first and setting a = ¢ = ¢? and b = d = ¢**
in (3.24) second yield that

) — —
Jo16 = J12,320(q") + 2¢° T4 320 (%), (3.25)
_2 — —
Tan6 = Ja320(q'%) + 24" Tha,320(¢%). (3.26)
Substituting (3.25) and (3.26) into (3.23), we get that
-2 — - — —2 —2 - _
J6,16J12,32 + q4J2716J4,32 = (Jlg,gg + q4<]4,32)90(916) + 4Q6J4,32J12,32¢(Q32)-
We also recall from |5, p. 51, Example (iv)| that
—2
2055 = (*)¥(q) + p(=¢*)¥(—q),
—2
20715 = p(@*)¥(q) — o(—=¢*)v(—q),
from which we find that
—2 —2
Tss + 071 s = 0(¢)¥(q)- (3.27)
With the help of (3.27), we further have

J6,16J12,32 + q4J2,16J4,32 = w(qs)w(qlﬁ)w(q“) + 4Q6J4,32J12,32¢(q32)

T3 T3 J2 3002
_ Y16 §2+4q6 8 Y3264
J4J64 J4J16
Next, notice that
o o R
J2,16J6,16(J12,32 +4q J4732) = J216J6,16J/28 = 727
58

where the first identity follows from (2.31) with a = ¢*> and b = ¢°. Finally, we also need
to use (2.2)—(2.4) and (3.11) to simplify (3.22).

Through these simplifications, (3.21) thus follows. We therefore complete the proof
of Theorem 3.8. O

4. CONGRUENCES FOR k-COLORED GENERALIZED FROBENIUS PARTITIONS
To investigate congruence properties of c¢y(n), we collect some necessary identities.

Lemma 4.1. We have
Gyl
Jo Jis JoJo
J1J4 _ JsJ1aJ 7 B qJ9J36
Jo JEJ3 T3, Jig
The identities (4.1) and (4.2) follow by replacing ¢ by —¢ in (i) and (ii) of |5, p. 49,
Corollary], respectively.

(4.1)

(4.2)
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Lemma 4.2. [20,13] Let a(q) be defined as in (2.8). Then
,]3
a(q) = a(¢®) + GqTZ, (4.3)
TP =al(q®)Js — 3¢ (4.4)
and
1_JS23J2 3JJ3 2J6 4
J—f—E(G(Q)3+3qa(Q)39+9q 5)- (4.5)

The identities (4.3) and (4.4) were established by Hirschhorn, Garvan and Borwein |20,
Egs. (1.3) and (1.4)]. The identity (4.5) was proved by Wang [13, Eq. (2.28)].

According to the binomial theorem, one can easily establish the following congruence,
which will be used frequently without mention.

Lemma 4.3. For any k > 1 prime number p,
Jy = Jp  (mod p).
First, we prove the following infinite family of congruences modulo 27.
Theorem 4.4. For any N > 0 and n > 0,
coon+3(3n+2) =0 (mod 27). (4.6)
Proof. The congruence cg3(3n+2) = 0 (mod 27) was proved by Kolitsch [28]. Therefore,

we only need to consider the case N > 1 in (4.6).
With the help of (2.7), we obtain that, modulo 27,

3N+1
Jonys(z {CL ) L3030+ 3¢C(q )(L3,1,3,2 + L3,—1,3,—2)} "
= a®" @) L3040 + 3N + 1)gC(¢*)a*M (¢*) L35 5.0( L3132 + Ls132)
+ (27NN 4+ 1)/2)¢*C*(¢*)a* 1 (¢*) L35 5.0(La3.2 + L3,—1,3,—2)2, (4.7)

where C(q) is defined as in (2.46). Extracting the constant term in (4.7), we find that,
modulo 27,

CT.{foxvsala)} = CT{a™ @) L3S}

3N+1/,2 Z 3n2+3n24--+3n2
a (q) g™ 2 3N +1

N1,M2;.. ;NN 41=—00
ni1+ng+-+n3ny1=0

AN (¢?) Z qﬁ(Zf’N1 NP+ cic jcan M) (4.8)

Combining (3.1) and (4.8) yields that

a3N+1( e

a( 53N
C(I)gN+3(q) = JQTJn?q) Z qd( i=1 z+21<1<]<3Nn1nJ) (mod 27) (49)
1
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Thanks to (4.3) and (4.4),
a*(q)J; = a*(¢*)J3 + 18qa®(¢*) J5 J5 + 108¢%a(q?) JsJg + 2164°J3,
J) = a*(¢®) Ty — 9qa®(¢*) I3 T3 + 27q%a(q®) Js J§ — 274 J3,

from which we obtain that

JN =a*(q) I3 (mod 27). (4.10)
Substituting (4.3), (4.5) and (4.10) into (4.9), we find that
_ % 2(,3) 72 3 3 2 76 3 Jg
CCI)9N+3((]) = m(a (q )J3 +3qa(q )J3J9 + 9q Jg) a(q ) + 6(]73
3
S 3(2?271 NN <ici<an ni”j)
X > q <i<is (mod 27). (4.11)

Nn1,Nn2,...,nN3N=—00

Taking all the terms of the form ¢ in (4.11), upon simplification, we conclude that

00 _ J?? & ( 3N n2 43 o nzn)
Z chon43(3n +2)¢" = 27@((1)@ Z grimt s saN T
n=0 1 ni,ne,...,n3 N =—00
=0 (mod 27).
Therefore, we complete the proof of (4.6). O

Next, we prove another infinite family of congruences modulo 27.
Theorem 4.5. For any N >0 and n > 0,
cPont6(3n+2) =0 (mod 27). (4.12)

Proof. The case N = 0 of (4.12) was proved by Xia [15]. Therefore, we consider that N
is a positive integer in (4.12).
According to (2.38) and (2.47), we find that, modulo 27,

con+60(q) = CT{ fonr6(2)} = CT{ /3 (2) - fs(2)}
= Cé\,fo(Q)CG,o(Q)SgNJrﬁ,l(Q) + Cév,o(Q)CG,3(Q)S9N+6,2(Q)

+ NCéYJl(Q)Cg,B,(Q)C&O(Q) (S9N+6,3(Q) + 59N+6,4(Q))

+ Negy ' (9)o.3(q)c6.3(0) (Sonte5(0) + Sontes(q))

+ (N(N = 1)/2)co (a)¢5 5(a)es.0(q)
X (Son-+6,7(q) + Son+6.5(q) + 2Son+469)

+ (N(N = 1)/2)coq (a)c5 5(a)cs3(9)
x (Son+6,10(q) + Son+6.11(q) + 2S0n46.12) =t Son+6(q),
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where the Sgn.6,(q) for 1 < i < 12 are some functions of ¢*. For example,

o
_ In2+9n3+---4+9n2 +6n?
Sont6,1(q) = E gt NTTUNAL

71,M2,...; AN 41=—00
3n1+3n2+-+3ny+2nn41=0

oo
_ E : InZ49n2 4 49n3 +6n% ,  +6ny
59N+6,2(Q) = qt 2 NTOMN 41 +1

N1,N2,. ;NN 1 =—00
3n1+3n2+-+3ny+2nn41+1=0

From (3.1) we have

IN+-6 IN+6
Iy S

S
Chono(q?) = Con+6,0(q) on+6(q) (mod 27).

Therefore, in order to prove (4.12), we need to prove that the coefficients of ¢3"*! for any
n > 0 in Sony6(q)/J3™ O vanish modulo 27. Next, we shall prove that for any n > 0,

the coefficients of ¢3! in
cyo(@)cen(q)/ I3V, cho(@)ces(q)/ I3 T0,
cd'o (@)cos(a)cso(q)/J3NTE, cdo (@)cos(a)css(q)/J3NTE,
o0 @) s(@)cso(q)/J3NTC and )5 (q)c5(q)ces(q)/ J3NTE

vanish modulo 27. For this purpose, we first notice that, modulo 27,

coo(q) = a*(¢P)a(¢d®)  and  co3(q) = 3¢%* (¢*)C(¢°).

Moreover, we find that, modulo 27,

adenala) = 0 ) () (H(Phpla”) + 15 ), (1.13)
adenala) = 0 a0 (200 + 18P ) ()
o0 (@)eo3(a)cen(q) = 36°a* 2 (¢*)a™ (%) C (%) (), (4.15)
¢y (@)eo3(q)ces(q) = 64°a* 2 (¢*)a™ (") C () (q"), (4.16)
o 2(@)ea 5(a)co0(a) = 9% 2 (¢*)a™ 2 () (¢%)p(d°), (4.17)
00 ()¢ 5(0)ce3(q) = 18¢°a* 2 (¢*)a™*(¢*) C? (%) (") (4.18)

Based on (4.13)—(4.18), we consider the following three auxiliary functions, given by
BN+2 (2

N n_9 ) 10,2 3N Ji I Jos
ZA1<n)q = N ZA2 n)q" = 18¢*a>" (¢* )m;

JS I JE,

A = 184 22679712
Z 3 q a ( )J§N+8J4J24
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Therefore, to obtain (4.12), the ultimate task is to prove that for any n > 0,
A1(3n+1)=A(3n+1)=A3(3n+1) =0 (mod 27).
Thanks to (4.3) and (4.5), we deduce that, modulo 27,
a3N*2(g5) + 6(3N + 2)@2a*N 1 (¢®)C(¢°)
+18(3N +2)(3N + 1)¢*a*" (¢°)C*(¢°),

3N+2(q2)

a

1 J9N+6
v = ngegmm (@M (@) TSN+ B(BN 4 2)¢7aN T (%) JEN TP ),

from which we obtain that
IN+12

- y)
} " Ai(3n+1)g" = 54(3N +2)(2N + 1)qJ§ON+22 a® M (¢®) =0 (mod 27).
n=0 2

This implies that for any n > 0,
A1(3n+1) =0 (mod 27).

Moreover, it follows from (4.3) that

> J. J?

As(n)g" = 18¢°a*™ (¢°) 32— - - d 27),
nzo 2<n)q q a (C] >Jg,N_4J12 JS (HIO )
> J JoJ;

A n = 18a4V (46 12 U278 od 27).
HZ:O 3(”)(] a (q )Jg’N73J24 Ta (IIl )

Thanks to (4.1) and (4.2), we conclude that for any n > 0,
Ay(3n+1)=A33n+1)=0 (mod 27).

We therefore prove (4.12).

Remark 4.6. The congruence (1.14) implies that for any N > 0 and n > 0,

cPont3(3n+2) =0 (mod 9),
cPon+6(3n+2) =0 (mod 9).

27

(4.19)
(4.20)

From this perspective, (4.6) and (4.12) are the corresponding generalizations of (4.19)

and (4.20), respectively.
Finally, we derive the following infinite family of congruences modulo 32.
Theorem 4.7. For any N > 0 and n > 0,
coan+a(dn+3) =0 (mod 32).

(4.21)
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Proof. Baruah and Sarmah [3, Eq. (3.2)] proved that for any n > 0,
chs(dn+3) =0 (mod 256). (4.22)

With the help of (1.14), Chan, Wang and Yang [, Eq. (6.14)] obtained that for any
n >0,
cps(2n+1) =0 (mod 64). (4.23)

The congruences (4.22) and (4.23) imply that (4.21) holds for the cases N = 0 and
N = 1. Therefore, we will consider the cases N > 2.
From (2.22) we find that

f4N+4(2) = {A(QQ)L4,0,4,0 + 4q¢3(q2) (L4,1,472 + L4,—1,4,—2) + QQQB(Q2)¢(QS)L4,2,4,4}NH,

from which we obtain that, modulo 32,

cant40(q) = CT { fanya(2)}

_ AN+1/ 2 An24+4n2+4---+4n?
= A (q ) E g™ 2 Nt1

nit+ng+-+ny41=0

+2N(N + )¢ AN () B*(¢*)9*(¢°)
> Z q4n%+~~+4n?\,71+4n?\,+4nN+4n?\,+l+4nN+1

ni+no+---+nyy1+1=0

+16 (NI 1) G AN (B () (¢

[e.e]
% Z q4n%+4-~+4n?\,73+4n?\,72+4nN_2+~-~+4n?v+l+4nN+1’

N1,NM2,...,AN§1=—00
TL1+TL2+---+TLN+1+2=0

where we have (NZI) = 0 if N = 2. Thanks to (1.18),

1 > n249n2 4. ton2
CPynya(q) = J4N+4AN+1(Q) Z R
1

ni+ng+-+ny41=0

+2N(N +1)¢? J4jlv+4 AN ) B*(9)¥*(q")

1

00
X § q2n%+---+2n?\,71+2n?\,+2n1\;+2n%\,+1+2n]\;+1

n1,n2,...,NN41=—00
n1+n2+---+nN+1+1:0

N
+ 16( Z 1) q4ﬁAN‘3(Q)B4(Q)¢4(q4)
1
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o0

« Z q2n%+~--+2n?\]73+2n%\,72+2n1\z,2+-~+2n?\,+1+2nN+1‘ (424>

n1,M2,.. ;\MN41=—00
ni+ng+--+ny41+2=0

We also need the following 2-dissection identity due to Yao and Xia [18, Eq. (2.10)]:

1 J4J8
1= 7 T (4.25)
Moreover, it follows from (2.4), (3.5) and (3.6) that
Ala) = ¢°(¢*) + 12q0(¢*)*¥(q"), (4.26)
B(q) = 3¢(q")* +4q(q")*. (4.27)

Substituting (4.25)—(4.27) into (4.24), and taking all the terms of the form ¢?" ™!, after
simplification, we obtain that, modulo 32,

o0 J3 ©©
Z c¢4N+4(2n + ]_)qn = 16(N + 1)JN—4+1 Z qn%+n%+..-+n?\r+1
n=0 2 n1,N2,...,;N4+1=—00
ni+ns+-+nn41=0
J} -
16(N + 1) TN Z quN:l P4+ cicj<n 2ning
2 N1,M2 .0, U N =—00
This implies that (4.21) holds. O

5. FINAL REMARKS

The entire project began in an attempt to find the integral expressions of the generat-
ing functions of k-colored generalized Frobenius partitions. Based on general symmetric
and recurrence relations for certain bivariable quadratic forms, we manage to establish
many expressions of C®y(q) with integer coefficients. Some of these were derived by
other scholars in the previous study, others are new. As an immediate consequence, we
prove three infinite families of congruences satisfied by c¢x(n), where k is allowed to
grow arbitrary large. We conclude this paper with several remarks.

First, the congruence (4.22), the expressions (3.10), (3.18) and (3.21), together with
the numerical evidence suggest the following congruence family, which can be viewed as
an improvement of (4.21).

Conjecture 5.1. For any N >0 and n > 0,
coania(dn+3) =0 (mod 256). (5.1)

Unfortunately, it seems that the method of constant terms used in the present paper
will run into serious limitations beyond the modulus 32 in (5.1). One main obstacle is
that we need to further analyse congruence properties of certain multiple g-series sums.
Thus, a different approach may be necessary. Further, it would be interesting to find
more instances similar to (4.6), (4.12) and (5.1).
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Second, utilizing the theory of modular forms, Jiang, Rolen and Woodbury [23] also
strived to find new ways to represent the generating functions C®,(q) as linear combina-
tions of Dedekind’s eta functions and Klein forms. Moreover, they [23, p. 5, Corollary|
proved that there exists an algorithm to compute C®(q) as sums of products of ¢-
Pochhammer symbol, given by (1.1). It is not clear whether the coefficients of linear
combinations in these expressions are integers.

Finally, as mentioned in the introduction, Chan, Wang and Yang [7] did not give inte-
gral expressions of C®y(q) with k € {10,12,14,15,17}. Actually, Kolitsch |31, Theorem
1] proved a very neat identity, that is, for any n > 0,

chro(n+ 1) = 5epy(5n + 3). (5.2)

Utilizing the theory of modular forms, Paule and Radu [30] established the following
generating function of c¢go(5n + 3):

- J2J? J2J%J3 JoJsJ8 J3.J8J2
cpo(5n + 3)g" = 20220 + 25021020 1 30(q 0 1 200¢> 220720
; I I3 Jids I 5% JP i3

J2J2J3 J2 J2J11 J4J9 J2

4 300q2 2Y5“10“20 + 1000q2 2Y10 + 400q3 2Y10v20

A J12 T3 JP TS

I3 J5 T I3 Ty Jio T3
+ 2500q3W + 5000q4W (5.3)

According to (3.15), (5.2), (5.3) and the generating functions C®5(q) and CP5(q), one
can derive an integral expression of C®4(q). It should be admitted that there are less
terms than (3.16). However, our approach is elementary, unified and general. Following
a similar strategy as deriving (2.33), we can prove the corresponding expression of f7(z).
Based on this bivariable identity, one can derive an integral expression of C®14(q) after
some tedious computations. Adopting a similar manipulation, one can also derive the
integral expressions of C®5(q) and C®y7(q). However, there are many terms containing
the factor J,; in the expressions of C®15(¢) and C®y7(g), these terms can not be further
simplified as in derivation of (3.21).
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