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Abstract

A graph G is called F-saturated if G does not contain F' as a subgraph (not necessarily
induced) but the addition of any missing edge to G creates a copy of F'. The saturation number
of F, denoted by sat(n, F'), is the minimum number of edges in an n-vertex F-saturated graph.
Determining the saturation number of complete bipartite graphs is one of the most important
problems in the study of saturation numbers. The value of sat(n, K> ) was shown to be | 222 |
by Ollmann, and a shorter proof was later given by Tuza. For K 3, there has been a series of
study aiming to determine sat(n, Ks 3) over the years. This was finally achieved by Chen who
confirmed a conjecture of Bohman, Fonoberova, and Pikhurko that sat(n, K2 3) = 2n — 3 for all
n > 5. Pikhurko and Schmitt conjectured that sat(n, K3 3) = (3 4 o(1))n. In this paper, for
n > 9, we give an upper bound of 3n — 9 for sat(n, K3 3), and prove that 3n — 9 is also a lower
bound when the minimum degree of a K3 s-saturated graph is 2 or 5, where it is trivial when
the minimum degree is greater than 5.
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1 Introduction

All graphs in this paper are finite and simple. Throughout the paper we use the terminology and
notation of [11]. Given a graph G, we use |G|, e(G), 6(G), and A(G) to denote the number of
vertices, the number of edges, the minimum degree and the maximum degree of GG, respectively.
Let G denote the complement graph of G. For any v € V(G), let dg(v) and Ng(v) denote the
degree and neighborhood of v in G, respectively, and let Ng[v] = Ng(v) U {v}. We shall omit
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the subscript G when the context is clear. For A, B C V(G) with AN B = (), let A ~ B denote
that each vertex in A is adjacent to each vertex in B and G[A, B] be the subgraph with vertex
set AU B and edge set E(G[A,B]) = {zy € E(G) : x € A,y € B}. For S C V(G), we denote by
G|[S] the subgraph of G induced by S. Let n be a positive integer. For a positive integer k, we
let [k] ={1,2,...,k}. We denote a path, a cycle, a star, and a complete graph with n vertices by
P,, Cy, Sy, and K, respectively. For r > 2 and positive integers si, ..., s,, let K, . denote the
complete r-partite graph with part sizes si,...,s,. Let G and H be two disjoint graphs. Denote
by GU H the union of G and H. The join GV H is the graph obtained from G U H by joining each
vertex of G to each vertex of H.

Given a family of graphs F, a graph G is F-saturated if no member of F is a subgraph of G,
but for any e € E(G), some member of F is a subgraph of G + e. The saturation number of F,
denoted by sat(n,F), is the minimum number of edges in an n-vertex F-saturated graph. Define
sats(n, F) to be the minimum number of edges in a graph with n vertices and minimum degree &
that is F-saturated. If F = {F'}, then we also write sat(n,{F'}) and sats(n,{F'}) as sat(n, F') and
sats(n, F), respectively.

Saturation numbers were first studied in 1964 by Erdds, Hajnal, and Moon [4], who proved that
sat(n, Kxy1) = (k— 1)n — (g) Furthermore, they proved that equality holds only for the graph
Ki1V K, _ry1- In 1986, Készonyi and Tuza in [6] determined sat(n, F) for F € {Sk, kKs, Py},
and they proved that sat(n,F) = O(n) for any family F of graphs. Since then, there has been
extensive research on saturation numbers for various graph families F.

We now mention some results for complete multipartite graphs. When all but at most one
parts have size 1, Pikhurko [8] and Chen, Faudree, and Gould [2] independently determined the
saturation number of complete multipartite graphs with sufficiently large order. When there are
at least two parts of size at least 2, the exact values were only known for K52 and K3 3. The exact
value for K9 was first determined by Ollmann [7]. Later on, a shorter proof was given by Tuza
[10]. For K3 3, there have been several papers aiming to determine sat(n, Ko 3) over the years. This
was finally achieved by Chen [3] who confirmed a conjecture of Bohman, Fonoberova, and Pikhurko
[1] that sat(n, K2 3) = 2n — 3 for all n > 5. For the case where the graph has r parts and all parts
have size 2, Gould and Schmitt [5] conjectured that sat(n, Ka__2) = [((4r —5)n —4r? +6r —1)/2],
and they proved the conjecture when the minimum degree of the Ky s-saturated graphs is 2r — 3.

For general complete multipartite graphs Ky, . 5. with s, > --- > s; > 1, Bohman, Fonoberova,

T

and Pikhurko [1] determined the asymptotic bound on sat(n, K, . s,.) as n — oo.

Theorem 1.1 ([1]) Letr > 2 and s, > --- > s1 > 1. Definep=s1+-+-+ s,—1 — 1. Then, for
all large n,
s — 1

S — 1)(n — 52
(p + 5 yn — O(n3/4) < sat(n, KS““’ST) < <]23> +p(n—p)+ [(7”1)2(1’) — g’"]

In particular, sat(n, Ks, ) = (51 + ...+ 81 + 0.58, — 1.5)n + O(n3/4).



We continue to study the saturation number for complete multipartite graphs. In light of the
known results, studying sat(n, K3 3) is the natural next step. In 2008, Pikhurko and Schmitt [9]
conjectured that sat(n, K33) = (3 + o(1))n.

In this paper, we give an upper bound on sat(n, K33). Moreover, we consider its lower bound.
In particular, we determine the exact value of sat(n, K. 3,3) for 6 < n < 8 and provide a lower bound
on sat(n, K33) when the minimum degree of a K3 s-saturated graph is 2 or 5. The main results

are the following theorems.

Theorem 1.2 Let n be a positive integer and n > 6. Then sat(n, K3 3) <

Theorem 1.3 (i) For 6 <n <8, sat(n,Ks33) = 2n.
(ii) Formn >9, sata(n, K33) =3n —9 and sats(n, K33) > 3n — 9.

Let G be a K3 3-saturated graph with n vertices and n > 9. If §(G) > 6, then e(G) > 3n > 3n—9.
Hence, for n > 9, in order to determine the exact value of sat(n, K33), we only need to consider
K3 3-saturated graphs with the minimum degree at most 5.

An outline of this paper is as follows. To prove Theorem 1.2, we construct an n-vertex K3 s-
saturated graph with 2n edges when 6 < n < 8 and 3n — 9 edges when n > 9 in Section 2. In
Section 3, we first prove that sat(n,K33) > 2n when 6 < n < 8 in Section 3.1, then we prove
sats(n, K33) > 3n —9 when ¢ € {2,5} in Section 3.2.

2 Proof of Theorem 1.2

In this section, for n > 6, we construct an n-vertex K3 3-saturated graph G, with 2n edges when
6 <n <8 and 3n — 9 edges when n > 9. Let G1; be a graph as depicted in Figure 1. Then
Gn = Gll[{vl, N ,’Un}] for 6 S n S 11.

Figure 1: The graph G1;.



Proposition 2.1 For 6 <n <11, the graph G, is K3 3-saturated and

2n, 6 <n<S8,
e(Gn) =
3n—9, 9<n<11.

Proof. 1t is easy to verify that e(G,) = 2n when 6 <n <8, and e(G,) =3n—9 when 9 <n < 11.
Next we show that G, contains no copy of K33 for 6 < n < 11. Suppose R is a copy of K33 of
G11. Then vg ¢ V(R) because dg,, (v9) = 2. For u € {v7,vg,v10,v11}, since dg,, (u) = 3 and there
exists v € Ngy, (u) such that dg,, (v) = 3 and |Ng,, (v) N Ngy, (v)| = 2, we have v ¢ V(R). Thus
R C Gg. Since vivy ¢ E(Gg), v1 and vy lie in the same part of R. Then R[{vs,v4, v5,vg}] contains
a copy of K 3, a contradiction. So G contains no copy of K33. Note that G,, (6 <n < 10) is a
subgraph of G11. Hence G,, contains no copy of K33 for any 6 <n < 11.

Let 2y be an edge in the complement of G,. It remains to show that the graph G/, obtained
by adding zy to G, has a copy of K3 3. We consider the following cases.

(a) If {z,y} N{vy,va} # 0 or z,y € {vr,vs,v10,v11}, then the subgraph of G), induced by {z,y} U
{v3,v5} U {v4,v6} contains a copy of K3 3.

(b) If {z,y} N{vs,v5} # 0 or x = vy, y € {vs,v11}, then the subgraph of G, induced by {z,y} U
{v1,v2} U {v4,v6} contains a copy of K3 3.

(c) If {z,y} N{vg,v6} # 0 or x = vy, y € {v7,v10}, then the subgraph of G/, induced by {x,y} U
{v1,v2} U {vs,v5} contains a copy of K3 3.

For 6 <n < 11, in all cases, G/, contains a copy of K33, hence G,, is K3 3-saturated. -

Definition 2.2 For n > 12, let H = Ko V (C4 U C,_9 U K1), where V(K3) = {vi,v2}, Cy =
v3V4U506V3, Cr_g = v7Vs ... vy—3v7, V(K1) = {v,—2}. Let G, be the graph obtained from H by

adding new vertices {v,—1,v,} and new edges {v,_1v3, Vp_105, Vnvs, VnV6 }-

Proposition 2.3 For n > 12, the graph G, defined in Definition 2.2 is K3 3-saturated and has
3n —9 edges.

Proof. Clearly, e(G) =2(n—4) + (n—5) +4 = 3n—9. Firstly, We show that G,, has no subgraph
isomorphic to K3 3. Suppose R is a copy of K33 of G,. From the structure of Gy, we see that
d(vp—1) = d(v,) = 2 and hence vy,_1,v, ¢ V(R). Thus R C H. Since each vertex of C4UC),_9gUK;
has at most two neighbors in Cy U Cp,_9 U K1, v1,v2 € V(R) and they lie in different parts of R.
This contradicts v1v2 ¢ E(Gy). So Gy, contains no copy of K3 3.

Let zy be an edge in the complement of G,,. It remains to show that the graph G” obtained by
adding xy to G, has a copy of K33. We consider the following cases.



(a) If 2,y € {v1,v9,vp-1,vn}, then the subgraph of G” induced by {z,y} U {vs,vs5} U {v4,v6}

contains a copy of K3 3.

(b) f © = vp—1, y € {v4,06,07,...,Up—2} Or & = vy, y = vg or & € {vg,06}, y € {v7,..., U2},
then the subgraph of G” induced by {z,v1,v2} U {y, v3,vs5} contains a copy of K3 3.

(c) fx=wvp, y € {vs,v5,07,...,0p_2} or x =v3, y =v5 or x € {v3,v5}, y € {v7,...,vp_2}, then
the subgraph of G” induced by {z,v1,v2} U{y, v4,v6} contains a copy of K3 3.

(d) fz,y € {v7,...,vp—2} and = # v,_9, let N(z)N{v7,...,vp—3} = {2/, 2"}, then the subgraph
of G” induced by {x,v1,v2} U{y,2’, 2"} contains a copy of K3 3.

In all cases, G” contains a copy of K3 3. Hence G,, is K3 s-saturated. -

By Proposition 2.1 and Proposition 2.3, we complete the proof of Theorem 1.2.

3 Proof of Theorem 1.3

In the rest of the paper, we consider the lower bound on sat(n, K33). Let G = (V, E) be a K3 3-
saturated graph. We firstly choose a vertex a such that d(a) = §(G) and e(G[N(a)]) is as small as
possible. We partition V' into four parts Vi, Va, V3 and Vy, where V; = Nla], Vo = {z € V\V; :
IN(z) " N(a)| > 2}, Vs ={y € V\(V1 UW) : [N(y) N N(a)] = 1} and V4 = V\(V1 U Vo U V3).
Let Ng(a) = {a1,a2,...,a4(q)}- For i1, iz,...,is € [d(a)], let Viyyy i, = {z € V2 : N(z)N'Vy =
{aiy, Giyy- .. ai }}

In the following, we will first describe some useful properties of the K3 3-saturated graph G.

Proposition 3.1 The following statements hold.

(i) For any x,y € V, if zy ¢ E, then there are {x1,z2} C N(z) and {y1,y2} C N(y) such that
{z1,22} ~ {y1,y2}. (We usually say there is a copy of Koo between N(z) and N(y).)

(ii) For any x € V\' Vi , we have |[N(z) " N(a;) N N(a;j)| <2 for any i,j € [d(a)] withi# j, and
there exist i,j € [d(a)] with i # j such that |[N(x) N N(a;) N N(aj)| = 2.

(iii) For any x € V3, we have |N(x) N'Va| > 1. For any x € Vy, we have |[N(z) N V| > 2.

(iv) When G[Vi\{a}] contains no copy of K12, we have |N(x) N\Va| > 2 for any x € V '\ V1, and
|Va| > 3. When G[Vi\ {a}] contains no copy of Kz 2, we have |[N(x)NVa| > 1 for any x € Va,
and |Va| > 2.

Proof. Suppose zy ¢ E. Then there is a copy of K33 in G+zy, and (i) follows. For any x € V'\ 1,
if there is a vertex x € V'\ V; such that |N(x) "N (a;) "N (a;)| > 3 for some i, j € [d(a)] with i # j,



then we would obtain a copy of K33 of G, a contradiction. So |N(x) N N(a;) N N(a;)| < 2 for any
x € V\Vjand i,j € [d(a)] with ¢ # j. Since ax ¢ E for any = € V\V, there exist i,j € [d(a)]
such that |[N(z) N N(a;) N N(aj)| = 2 by (i). This proves (ii). Let z € V' \ Vj and i,j € [d(a)]
with ¢ # j such that |[N(z) N N(a;) N N(aj)| = 2, we say {u,v} = N(z) N N(a;) N N(a;). Then
u,v € (Vi UVa) \ {a}. If x € V3, then we have |N(xz) N Va| > 1 by the definition of V3. If z € Vj,
then we have |N(z) NVa| > 2 by the definition of V4. This proves (iii). Suppose G[V;1\{a}] contains
no copy of Kj . Then u,v € V5. Hence we have |[N(xz) NVa| > 2 for any € V' \ V1, and |V3| > 3.
Suppose G[V1\{a}] contains no copy of K99. Then {u,v} NV, # (). Hence we have |[N(z)NVa| > 1
for each x € Vi, and |V2| > 2. This proves (iv). -

Proposition 3.1(i) implies 6(G) > 2 for each K3 3-saturated graph G. Thus we consider §(G) > 2.

3.1 Proof of Theorem 1.3(i)

By Theorem 1.2, to prove sat(n, K3 3) = 2n for 6 < n < 8, it suffices to prove sat(n, K33) > 2n. We
consider the minimum degree of G. If §(G) > 4, then we have ¢(G) > 2n. So we assume that 2 <
0(G) < 3. Fori € {2,3,4} and = € V}, we define f(z) = |[N(z)N(V1U---UV;_1)|+0.5|N(z)NV;| —2.
Let s; = >y, f(x), where i € {2,3,4}.

We first observe that one can relate the number of edges to sz, s3 and s4 in the following way:

e(G) = e(GV1]) + e(G[Va]) + e(G[V1, Va]) + e(G[V3]) + e(G[V1, V3]) + e(G[Va, V3]) 4 e(G[V4])
+ e(G[Vy, Vo U V3))
= e(G[V1]) +2(|Va| + [V3] + |V4]) + s2 + 53 + 54
= e(G[V1]) +2(n — [Vi]) + 52+ s3 + s4. (1)

Lemma 3.2 For6 <n <8,
(1) if 6(G) =2, then sg + s3 + sq4 > |Va| + |V3].

(ii) if 0(G) = 3, then so + s3 + s4 > |Va| + V3| + |Va| when e(G[Vi\{a}]) <1 and sg + s3 + s4 >
0.5(|Va| + V3] + [Val) when e(G[Vi\{a}]) > 2.

Proof. Suppose that 6(G) = 2. Then G[Vi\{a}] contains no K 5. Thus f(x) > 1 for each x € VoUV3
and f(x) > 0 for each x € Vj by Proposition 3.1 (iii). So s2 + s3 + s4 > |Va| + |V3|. Suppose that
d(G) = 3. If e(G[Vi\{a}]) <1, then |V4| < 1 because n < 8 and |Va| > 3 by Proposition 3.1(iv).
Thus f(x) > 1 for each x € V' \ V; by Proposition 3.1 (iii). So so + s3 + s4 > |Va| + [V3] + |V4]. If
e(G[Vi\{a}]) > 2, then we have |N(z) N Va| > 1 for each x € Vo U V3 and |N(x) N V3| > 2 for each
x € Vy by Proposition 3.1 (iii). Thus for z € Vs, f(x) > 0.5; for y € V3, f(y) > 0.5 or f(y) =0 and
there exists a vertex z € Vj such that f(z) = 1; for z € V4, f(z) > 0.5. Proposition 3.1(iv) implies
|Va| > 2 and so |V3 U V4| < 2, we have sg + s3 + s4 > 0.5(|Va| + |Va| + |V4]). -



Suppose that 6(G) = 2. If ajag € E, then e(G) > 2n+|Va|+|V3|—3 by Lemma 3.2(i) and (1). By
Proposition 3.1(iii), we have |Va| > 3. So e(G) > 2n. If ajas ¢ E(G), then e(G) > 2n+|Va|+|V3|—4
by Lemma 3.2(i) and (1). Proposition 3.1(i) implies that there is a copy of K32 between N(a;)
and N(az), we have [Vo U V3| > 4. So e(G) > 2n.

Suppose that 6(G) = 3. If n = 6, then |Vo| = 2, [V3] = |V4| = 0 and e(V}) = 6 by Proposition
3.1(i). Otherwise, aja; ¢ E where i, j € [3] with ¢ # j, Proposition 3.1(i) implies that there is a copy
of K32 between N(a;) and N(a;), which contradicts the fact that |[Vo U V3| = 2. Let Vo = {x1,z2}.
Proposition 3.1(iv) implies z122 € E. If z1a; ¢ E for some i € [3], then zo € Vi93 by Proposition
3.1 (i). Thus e(G) > 12 = 2n.

If n =7 and e(G[V1]) < 4, then G[V; \ {a}] contains no copy of Kjs. Proposition 3.1(iv)
implies |V2| = 3 and e(G[V2]) = 3. Since a;a; ¢ E for some i,j € [3], Proposition 3.1(i) implies
there is a copy of K9 between N(a;) and N(a;). Since |Vo U V3| = |Va| = 3, e(G[V1]) > 4. We see
|Vi23] < 1, else G contains a copy of K3 3. There exists a vertex = such that |[N(z) N'V;| =2 and
zay, ¢ E for some k € [3]. Proposition 3.1(i) implies that there is a copy of K32 between N(z) and
N(ay), say {z1,z2} ~ {ak1,ax2}. When {ag1,are} C Vo, then {x1,z2} C Vi and {ak1,ar2} C Vios,
a contradiction. When {ay1, a2} N'Vi # 0, since e(G[V1]) < 4, |[{ak1,ar2} N {a1,a2,a3}] < 1. If
ax1 € {a1,az,a3}, then axs € Va. By |Va| = 3, {zk1, zk2} N V4 # (0, which contradicts e(G[V1]) < 4.
If a € {ak1,ar2}, say ax1 = a, then {x1,22} C Vi, are € Vi and ags € Vigs. Then e(G) =
e(GIV1]) + e(G[V2]) + e(G[V1,Va]) >4+ 3+ 7 =14 = 2n.

If n =7 and e(G[V4]) = 6, by Lemma 3.2(ii), then e(G) > 2n — 0.5, that is e(G) > 2n. Suppose
n =7 and e(G[V1]) = 5. Let E(G[Vh \ {a}]) = {a1a2,a1a3}. If [Va| = 2, then let Vo = {z1,x2}.
Applying Proposition 3.1(i) to ax; ¢ E (ax2 ¢ E), we have the K32 between N(a) and N(x;)
(N(z2)) is {ag,as} ~ {a1,x2}({a1,21}). Then {x1,z9} C Via3, and so {a1,as,as3} ~ {a,x1,z2} is
a copy of K33 of G, a contradiction. If [V3| > 3, then |V5| = 3 by n = 7. Let Vo = {21, 22, 23}
Note that f(z;) > 0.5 for each i € [3]. If there exists a vertex x; € Via3 or there are two vertices
x;, x5 € Vo such that f(x;) > 1and f(x;) > 1, then e(G) > 2n—0.5 by (1), and so e(G) > 2n. Thus
we may assume Vi3 = () and there is at most one vertex xz; € V5 such that f(x;) > 1. Since there is
a copy of K32 between N(z) and N(a) for each z € V5, there is some vertex x; € V5 with f(z;) = 1,
say 1. Then x1 € Va3 and {x9,x3} C Vi, for some i € {2,3}, say i = 2. Then N(a3) = {a,a1,z1},
but e(G[N(a3)]) < 1, which contradicts the minimality of e(G[N(a)]). So e(G) > 2n.

If n =8, then e(G) > 2n when e(G[Vi\{a}]) = 1 or 3 by Lemma 3.2(ii). Suppose n = 8 and
e(G[Vi\{a}]) = 0, then e(G) = 2n + s2 + s3 + s4 — 5. So we need to show sy + s3 + s4 > 4.5.
If [Vigg| > 1, then f(z) > 2 for each x € Vigs. So s2 + s3+s4 > |Vo| + |[V3| + |Va| +1 > 5
by the proof of Lemma 3.2(ii). Now we consider |Vi23| = 0. Since ajas ¢ E, Proposition 3.1(i)
implies that there is a copy of Ka2 between N(a1) and N(ag), say {z1,z2} ~ {x3,24}. Then
{z1, 22, 23,24} C Vo U V3. Since n = 8, [Vo U V3| = 4. If 1 € V3, then we can not find a copy
of K99 between N(az) and N (a3) because |(N(az) U N(a3)) N (Vo U V3)| < 3, a contradiction. By
symmetry, we have {x1,z2, 3,24} C Vo. If there exists i € [4] such that |N(x;) N V2| > 3, then
e(G) = e(GV1]) +e(G[Va]) +e(G[V1,Va]) > 34548 = 16 = 2n. If [N(z;) N V2| = 2 for each i € [4],



then E(G[Va]) = {ziz;li € {1,2},5 € {3,4}}. Since z129 ¢ E, Proposition 3.1(i) implies that
there is a copy of Ky between N(z1) and N(z2). Note that N(x1) U N(z2) C {a1,a2,a3,x3, 4},
e(G[{ai,az2,a3}]) = 0 and z3z4 ¢ E. So the K32 between N(x;) and N(z2) must be {a1, a2} ~
{z3,x4}. Then d(as) = 1, this contradicts 6(G) > 2. Suppose n = 8 and e(G[Vi\{a}]) = 2. Then
e(G) =2n + so + s3 + s4 — 3. So we need to show sg + s3 + s4 > 2.5. If f(z) > 1 for some z € V3,
then so+ 83+ s4 > 2.5 by the proof of Lemma 3.2(ii). If f(x) = 0.5 for some = € V3, then f(2') > 1
where {2’} = N(x) N Va. So s3 + s3 + s4 > 2.5.

This completes the proof of the lower bound on sat(n, K3 3) for 6 <n < 8. -

3.2 Proof of Theorem 1.3(ii)

Note that for n > 9, the minimum degree of the K3 3-saturation graph we constructed in Section 2
with 3n—9 edges is 2. Thus sata(n, K33) < 3n—9 for n > 9. Hence, to prove sata(n, K33) = 3n—9,
it suffices to prove sata(n, Kz3) > 3n —9 for n > 9. In this section, we give the lower bound of
3n — 9 for sats(n, K33) for 6 € {2,5} and n > 9. We first consider the case where the minimum
degree of G is 2.

3.2.1  6(G)=2

We prove sata(n, K33) > 3n —9 for n > 9 in this part. According to the partition of V', we define
h(z) = |N(z)n (V1 U...UV;_1)| + 0.5|N(x) N V;| — 3 for each x € V; and ¢; = >_ h(z) where
i €{2,3,4}. For each x € V, we say that the h-value of x is k if h(x) = k.

zeV;

e(G) = e(GV1]) + e(G[V2]) + e(G[V1, Va]) + e(G[V3]) + e(G[V1, V3]) + e(G[Va, V3]) + e(G[Va])
+e(G[Vy, V2 U V3])
= e(GVi]) +3(|Va| + V3| + [Val) + g2 + g3 + qa
=e(GW1]) +3(n — V1]) + a2 + 43 + ¢4 (2)

By (2), we have e(G) > 3n — 7+ g2 + g3 + qu1. Therefore, it suffices to prove
g2+ g3+ qa > —2.5. (3)

By Proposition 3.1(iv), we have |[N(x)NV3| = 2 for each x € V\V}. So h(z) > 0 for each z € VoUV3
and h(z) > —1 for each z € V. Thus, g2 > 0 and g3 > 0. Therefore, to prove (3), it suffices to
show g4 > —2.5.

Let V7 = {z € Vi : h(z2) < 0} = {z1,20,... ,z|V4—|} and ny (x) = |N(z) NV, | for each
xz € V. By Proposition 3.1(iii), each vertex z € V,  has exactly two neighbors in V5, so we let
N(z)NVy = {xi1,x2}. Note that if h(z;) = —1, then N(z;) = {x;1,zi2} and so z; has no neighbor
in V,, and if h(z;) = —0.5, then d(z;) = 3 and z; has one neighbor in Vj, saying Nyu(z;) = {¢}.

For each z;,z; € V, with z;z; ¢ E, there is a K32 between N(z;) and N(z;) by Proposition
3.1(i), we define four different types of K3 as follows.



Type 1: {zi, zin} ~ {xj1, zj2};

Type 2 : {zj1,zi2} ~ {xj1,c;}, where t € {1,2};
Type 3 : {2, ¢} ~ {xj1,250}, where s € {1,2};
Type 4 : {z;s, ¢} ~ {zjt,¢j}, where s,t € {1,2}.

If there are three vertices in V4 with an h-value of —1, then there are six distinct vertices
x1,T2,...,x6 € Vo such that {z1,x2} ~ {xs3, 24}, {w3,24} ~ {ms5, 26} and {x1, 22} ~ {z5,26}.
Thus G contains a copy of K33 as {a1,az2, 21} ~ {x3,24, 5}, a contradiction. So there are at most
two vertices in Vj with an h-value of —1. Thus ¢4 > —2.5 when |V, | < 3. In the following, we
assume that [V, | > 4.

Claim 1 There is at most one vertex in V, with an h-value of —1.

Proof. Suppose that, by contradiction, there are exactly two vertices with an h-value —1, say z;
and zp. Then z12p ¢ E and the Ky between N(z1) and N(z2) is Type 1. Since |V, | > 4, there
exists a vertex, say z3, such that d(z3) = 3 and 2123 ¢ E, 2923 ¢ E. Applying Proposition 3.1(i)
to z123 ¢ E and 2923 ¢ E, we obtain that there exists b € N(z3) such that b ~ {11,212, 221, x22}.
Then G contains a copy of K33 as {ai1,a2,b} ~ {z11,212,221}, a contradiction. Hence there is at

most one vertex in V,” with an h-value of —1. -
By Claim 1, if |V, | < 4, then ¢4 > —2.5. So we assume that |V, | > 5 in the following.

Claim 2 If there exists a vertex in V,  with an h-value of —1, then g2 + g3 + q4 > —2.5.

Proof. Without loss of generality, we assume that h(z;) = —1. For each z; € V \ {21}, since
212z ¢ B, {z11,212} € N(z;). We first prove that there is at most one vertex z; € V, such
that {x11,212} ~ {zi1,2:2}. Suppose not. Then there exist two vertices, say z2 and z3, such
that {z11,x12} ~ {zn,xe} for each t € {2,3}. Since |[N(x) N V2| = 2 for each z € V \ V7,
{1, x22} = {x31,x32}. Note that z923 € E for otherwise the non-edge 2223 contradicts Proposition
3.1(i). Since |V, | > 5, there exists a vertex, say z4, such that 242, ¢ E for each p € [3]. By
applying Proposition 3.1(i) to z1z4, we have {z4;,ca} ~ {211,212} for some i € {1,2} and thus
x4i € {21, x22}. Since cg = z3, there is no Ky 2 between N(z2) and N (z4), contradicting Proposition
3.1(i). This proves the statement. Thus for i € {3,4,...,|V, |}, without loss of generality, we
assume {z11, 12} ~ {i;,¢;}, where j € [2]. Applying Proposition 3.1(i) to ¢;z1 ¢ E, we know that
¢; has at least two neighbors other than x11, 212 and z; and thus h(c;) > 0.5. Now we show that
¢ #cjfori,je{3,4,...,|V, |} with i # j. Since ¢; ¢ V, , we have z;z; ¢ E. By Proposition 3.1
(i), there is a Ky between N(z;) and N(z;). By considering the Ka2 between N(zj) and N(z1)



for k € {i,5}, we see N(cx) NVa = {x11,z12}. It follows that the Ky9 between N(z;) and N(z;)
must be Type 4. So ¢; # ¢j. Now we have

Vi |
g > h(z1) + h(z2) + 3 (h(z) + he) > ~15.
1=3

This completes the proof. -

By Claim 2, we assume h(z) = —0.5 for each vertex z € V. If |V, | <5, then ¢4 > —2.5. So

we assume |V, | > 6 in the following.

Claim 3 If h(z) = —0.5 for each vertex z € V and there exist two non-adjacent vertices in V,~

satisfying the Ko between their neighborhood is Type 1, then g2 + g3 4+ g4 > —2.5.

Proof. Suppose zjzo ¢ E and the Kyo between N(z1) and N(z2) is Type 1. Let U = {z €
Vo \ {#1, 22} with zz1,220 ¢ E}. Since |V, | > 6, we have [U| > 2. Let z; € U. By applying
Proposition 3.1 (i) to z;z1 ¢ E, there is a copy of K32 between N(z1) and N(z;). Note that
|IN(v) N Va| =2 for each v € V' \ V]. If the Ky is Type 1 or Type 3, then {x;1, zio} = {221, 222}
If the Ky 9 is Type 2, then N(c3) N Ve = {x11, 212} and x5 € {21,222} for some s € [2]. In each
case, we cannot find a Kpo between N(z2) and N(z;). So the Kyo between N(z1) and N(z;) is
Type 4. Similarly, the K32 between N(z2) and N(z;) is Type 4. So we have z;5 € {z11, 212} and
zit € {x21, 22}, where {s,t} = [2], and ¢1,¢2,¢; ¢ V. Hence for each z;, z; € U, the K5 3 between
N(z;) and N(z;) is Type 4. So ¢; # ¢;. This means that for each z € U, its unique neighbor ¢ € Vj
has at least 3 neighbors in V3 \ V", so h(z) + h(c) > 0. And for any z;,z; € U, ¢; # ¢;j, s0 q4 > —2.

By Claim 3, we suppose there are no two vertices z;, z; € V, with z;z; ¢ E such that the K2
between N (z;) and N(z;) is Type 1. Suppose that ¢ € V, for each z € V. Let z;,2; € V;” with
ziz; ¢ E. By Proposition 3.1(i), Claim 3, and ¢;,¢; € V,, we may assume the Ks 9 between N (z;)
and N(z;) is Type 2. Then there is no copy of Kso between N(z;) and N(c;), a contradiction.
So we choose z € V, with ¢ ¢ V, as z;. Let Ag = 0. Let Ay = {z]z € V, \ (Ao U...U
Ay_1) and the Kz between N(z1) and N(z) is Type £ } and By = {¢; : z; € Ay} for £ € [4]. By
Claim 3, we have A; = By = (). Thus |Ag| + |A3| +|A4| = |V, | — 1. Let B={c1}UByUBsU By
and B’ = {¢1} U B U By. Note that B;j and By, may intersect when j # k and j, k € [4].

For any z € Ay, we have ¢ ¢ V, for otherwise there is no copy of K32 between N(z1) and N(c).
Thus for each z;,z; € Ay, we have z;z; ¢ E. Since z;, z; € Ag, we have N(¢;) N Vo = N(¢j) NV =
{x11, 212} and there exist s,t € [2] such that z;s ¢ {211,212} and zj; & {11,212}, If the Koo
between N (z;) and N(z;) is Type 2 or Type 3, then N(c¢;)NVa = {1, zi2} or N(¢;)NVa = {zj1, xj2},
a contradiction. So the Ko between N(z;) and N(z;) is Type 4. This implies that Cy is a clique.
For each two vertices z;,2; € As, we have N(z;) N Vo = N(z;) N Vs since |[N(c1) N V| = 2. If
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zizj ¢ E, then the Kj9 between N(z;) and N(z;) is Type 4. If z;z; € E, then ¢;c; € E. This
implies that Bs is a clique. Thus if |A3| > 3, then for each z € A3, we have c ¢ V.

Let |Ba| = p, |B3 \ B2| = q and |By \ (B3 U By)| = r. Note that |B| < p+ ¢+ r+ 1 and the
equation |B| = p+ g+ r + 1 implies that ¢; ¢ Cy U C3. Note that

@> Y. h(v)+ > hw)= > hv)—05V]. (4)

veC\V,~ veV,~ veC\V,~

To prove g4 > —2.5, it suffices to prove ZUEC\V[ h(v) > 0.5|V, | — 2.5 by (4). Recall that By and
B3 are two cliques of G, (Ba U B4) NV, =0 and B3N B, =0 if |A3| > 3.
Case 1: |Bs| = |A3| > 3.

In this case, we have (B U B3 U By) NV, = (). Thus ZUGB\V[ h(v) =3 ,cph(v).

If Bo N B3 # (), then

> h(v) >2|B| + e(G[B]) + 0.5¢(G[B, V;]) — 3| B|
vEB

>2|B| + (72?) + @ +q+r+05V| - 3B

:<§) + (g) +q+r+05V | — B

>max{0,p — 1} + max{0,qg — 1} +q+7r+ 05|V, [ - (p+qg+r+1)
>0.5V, | — 2.

If BoN Bz =0, then ¢ > 3 and

> h(v) >2|B| + ¢(G[B]) + 0.5¢(G[B,V; ]) - 3|B|
vEB

>2(B| + @) + <g) 4+ 0.5V | - 31B]

=(§> + (g) 405V = (p+g+r+1)

>p—14q+r+05V, | —(p+qg+r+1)
=0.5|V,] — 2.
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Case 2: |A3] <2 and |Ag| =p > 3.

> h(v) =) h(v) = 2|B'| +e(G[B]) + 0.5¢(G[B, V,]) — 3|B|
vEB\V, veB’

22+ () 4184\ Bal +05(0V; |~ 2) -3/
>(5) 1B\ Bl 0317 | 1= (ot B4\ Bl + )

z@) —p+ 0.5V -2

>0.5|V | — 2.
Case 3: |A| <2 and |A3] < 2.
Note that ({1} U Bs) N ({21} U Ag) = 0. We have

Z h(v) 22(’B4‘ + 1) + €(G[{01} U B4]) + 0.56(G[{01} U By, {21} U A4]) — 3(‘B4| + 1)
vE{c1}UBy

>2(|By| + 1) + |Ba| + 0.5(|Ayg| + 1) — 3(|By4] + 1) = 0.5(|A4| — 1). (5)
Then

@w> Y hv)+ > hv)

ve{c1}UB,y VeV,
>0.5(]Ag| — 1) — 0.5(|Aa| + |As] + [A4| + 1) = —0.5(| Aa| + |43]) — 1.
Observe that g4 > —2.5 when |Ag|4|As| < 3. Thus we just need to consider the case |As| = |A3| = 2.

Note that B’ NV, = (. Suppose B N ({c1} U By) # 0. Then G[B'] is a connected graph, and
so e(G[B']) > |B'| — 1. We see
> h(v) = Y h(v) 22|B'| +e(G[B']) + 0.5¢(G[B', V; \ As]) — 3|B/|
veB\V, veB’
>e(G[B]) — B[+ 0.5(|V, | - 2)
>B'|—-1—|B|+05V,|—1
>0.5]V| — 2.
Suppose Ba N ({c1} U By) = 0. Let By = {ca,c3}. If h(ca) > 0 or h(cz) > 0, by (5), then
a> Y. b))+ > hw)+ Y h)
ve{c1}UBy vEDBy vev,”
>0.5(]Ag| — 1) + 0.5 — 0.5(1 + 4 + |Ay]) = —2.5.
If h(ca) = h(ez) = 0, then N(c2) = {x11,212,¢3,22} and N(c3) = {z11,x12,c2,23}. Since
z1ca ¢ E, the Ky 5 between N(z1) and N(cz) must be Type 4, which contradicts c3ci ¢ E.

In a conclusion, g4 > —2.5 and so e(G) > 3n — 9. This completes the proof of the lower bound
on sata(n, K33) for > 9. -
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3.2.2 §(G)=5

We prove sats(n, K3 3) > 3n—9 for n > 9 in this part. Since §(G) = 5, we have e(G) > 2.5n. Then
e(G) > 3n —9 when n < 19. Thus we assume n > 20 in the following.

We define a new function g as follows.
o For x € Vo, let g(x) = |N(x) N V1| + 0.5|N(x) N (Vo U V3)| 4+ 0.25|N(z) N V4| — 3.
o Forz € V3, let g(x) = |N(z) N V1| +0.5|N(z) N (Vo U Va U Vy)| — 3.
e For z €V, let g(z) = 0.75|N(z) N Va| + 0.5|N(z) N (V3 U Vy)| — 3.
Observe that

e(G) = e(GV1]) + e(G[V2]) + e(G[V1, Val) + e(G[V3]) + e(G[V1, V3]) + e(G[V2, V3]) + e(G[Va])
+ e(G[Vy, Vo U V3))

= e(GIVA]) +3(|Val + [V + Vi) + D g()
zeV\W1

— (G 430 - D+ Y (e, (0
zeV\Vi

Note that 6(G) = 5. Then g(z) > —0.25 for each z € V5 because |N(z) N V1| > 2; g(x) > 0 for
each x € V3 because |N(z) N V1| = 1; g(z) > 0 for each x € V) because |[N(x) N Va| > 2. If there
exists a vertex zg € Va such that g(zg) < 0, then g(z¢) = —0.25, d(xo) =5, N(xo) N (VaUV3) =0,
|IN(2z0) NVi] = 2 and |N(xg) N V4| = 3. We may assume that N(zo) = {ai,a;, 21, 22, 23}, where
i,j € [5], i # j and {z1, 22,23} C V4. Since axg ¢ E(G), Proposition 3.1(ii) implies that there is a
copy of Ka2in G[Vi\{a}]. Let s =1if aja; € E and s = 0if a;a; ¢ E. Thus e(G[V1\{a}]) > 4+s.
But e(G[N(z0)]) < 3+ s because N(z;) NV; = @ for each i € [3], which contradicts the minimality
of e(G[N(a)]). Hence, g(z) = 0 for each € V'\ Vi and 50 3 o1\, 9(2) = 0. When e(G[V1]) = 9,
by (6), we have e(G) > 3n —9 . Thus we next consider e(G[V1]) < 8. Note that |[N(x) N V3| > 1
for each x € V2 when e(G[V1]) < 8. The following discussion is split into three cases below.

Case 1: ¢(G[V1]) = 8.

If> evins 9(x) > 0, then e(G) = 3n—10+3_ 1y, 9(z) > 3n—10 by (6) and so e(G) = 3n—9
because e(G) is an integer. Next we prove }° iy, g(z) > 0. If there exists a vertex z € V5 with
[N(z) NVi| = 3, then g(x) > 0 and so }_ iy, 9(2) > 0. So we may assume that [N (z) N Vi| =2
for each x € V. Since e(G[V1 \ {a}]) = 3, there is a vertex a; such that N(a;) N N(a) = 0 or
N(a;) " N(a) = {a;} with N(a;) N N(a) = {a;}, where i,j € [5] and i # j. We denote such a
vertex by a;. There is a vertex ay such that ajar ¢ F for k € [5] and k # 1. Since ajar ¢ F,
by Proposition 3.1(i), N(a1) N (Vo UV3) # 0. Let x € N(a;) N (Vo UV3) and 27 € N(z) N Vs, If
x € Vi, then |N(z1) N (Vo UV3)| > 2. If x € V3, by the choice of a1, then we have |[N(xz1) NVa| > 2,
else there is no Ky 3 between N(z1) and N(a). So g(z1) = 0.25, which implies 3 1\, 9(z) > 0.
Hence e(G) > 3n — 9.
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Case 2: ¢(G[Vi]) = 7 and there is a copy of Kj 2 in G[V; \ {a}].
We may assume that E(G[Vi\ {a}]) = {a1a2,a1a3}. If 3° 1\, 9(x) > 1, by (6), then

e(G) =e(GVi) +3(n—Vil)+ > g(@)>7+3(n—6)+1=3n-10.
zeV\W1

Since e(G) is an integer, e(G) > 3n — 9. Thus we just need to prove }_ iy, g(z) > 1. Let Vo =
{reVa:|N(@)NVy| =1} and V& = {z € Vo : |[N(z) N Va| > 2}. Let x € V! and zx1 € E(G[V2)).
Applying Proposition 3.1(i) to az ¢ E(G), we have z € N(a1) and 71 € N(az) N N(a3). If z1 € V3,
then 1 € N(a1) and © € N(a2) N N(as) by z1a ¢ E(G). Thus {a1,a2,a3} € (N(z)NnVy)N
(N(xz1) NV1). There is a copy of K33 in G, that is {a,x,21} ~ {a1,a2,a3}, a contradiction. This
implies that e(G[V4]) = 0, Vi # 0 and |V3| > 3. Since asas ¢ E, there is a copy of Ks 2 between
N(as) and N(as), say {xa1,x42} ~ {251, 252}. Notice that N(as) N Vi = N(as) N'V4 = {a}. Thus
{z41, 242, 751, 50} C Vo U V3. For each y € {x41, 242, 51,252} N V3, by Proposition 3.1(i), then
|N(y) N V| > 2. By the definition of g-function, for each = € V4, we have

g(x) =|N(z) N V1| + 0.25|N(z) N (Vo U V3 U Vy)| + 0.25|N(z) N (Vo U V)| — 3
=|N(z) N V1| + 0.25|N(x) N (Vo U V3 U V)| + 0.25|N(z) N Va| — 3 + 0.25|N(z) N V3.

If z € V3, then
g(x) >24+0.25 x3+0.25x1—-340.25|N(x)N V3| =0.25|N(x) N V3.
If x € Vi, then
g(z) > 2+0.25 x 3+0.25 x 2 — 3+ 0.25|N(z) N V3| = 0.25 + 0.25| N (z) N Vi.
If IN(x) N V1| > 3, then
g(2) > 3+0.25 x 2+0.25 x 1 — 3+ 0.25|N(z) N V3| = 0.75 + 0.25| N (z) N Vi.

Suppose |[{z41, 42, 51,52} N V3| > 2. Then e(G[Va, V3]) > 2|{z41, 242, x51, 252} N V3| > 4. Note
that Vi# # (0. Thus

> ogl) =D gla) =025+ Y 0.25|N(x) N Va| = 0.25 + 0.25¢(G[V3, V3]) > 1.25.
zeV\V1 z€V2 z€V2

Suppose [{x41,T42, 251,52} N V3] = 1, say x41 € V3. Then {49,251, 252} C Vo and z49 € V22. We
see {51,750} C Vi or 242 € N(az)NN(a3). Note that | N (z42)NVi| > 3 when 242 € N(ag) NN (a3).
Thus

> ogl) =D gla) =075+ Y 0.25|N(x) N Va| = 0.75 + 0.25¢(G[V3, V3]) > 1.25.

xeV\W1 zeVs z€Va
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It remains to consider the case {41, Z42, T51, 52} C Va, that is {z41, 249, 51, 50} C VE. If V3 # 0,
then e(G[Va, V3]) > 1 and

> gl@)= > gla) = 0.25[V5 [+ > 0.25|N(2) N Vs > 1+ 0.25¢(G[Va, Va]) > 1.25.
zeV\W1 zeVa zeVa
If |[N(x) N Vi| > 3 for some x € V3, then

> ogle)= D gla) =075+ 025(V5 | — 1)+ Y 0.25|N(x) N V| > 1.5,
zeV\Wp z€Va z€Va

Next we assume that |N(z) N V;| = 2 for each x € V5 and |V3] = 0. Note that for each = € Vi,
let xzy € E(G[V2]), we have 1 € N(az) N N(a3). Thus z1 ¢ {x41,x42, 251,252} If [Vo| > 5,
then V3 \ {%41, 742, 751,252} # 0. Thus |VZ| > 5 and Zmev\vl g(x) > 1.25. If |V| < 4, that is
Vo = {x41, %42, T51, T52}, then we have |Vy| > n — |Vo| — |V3| — 6 = n — 10 because |V3| = 0. Note
that n > 20. Thus

e(G) =e(G[V1]) + e(G[Va]) + e(G[V1 U Vi, Vo) + e(G[V4])

3|V,
27—|—4+8+2|V4|+|24|>3n—9

Case 3: ¢(G[Vi]) = 7 and there is no copy of Kj 9 in G[V; \ {a}] or 5 < e(G[V1]) <6.
In this case, we define a new function ¢’ as follows.
o For x € Vo, let ¢'(x) = |N(z) N V4| 4+ 0.5|N(z) N Va| — 3.
o Forxz e V3UVy, let ¢'(z) =|N(x)N (V1 UVR)| 4+ 0.5/N(x)N (V3 U V)| — 3.
We see
e(G) = e(GIVA]) + e(GIVa)) + e(GIVi, Va)) + e(GIVa]) + e(GIVi, Va]) + e(G[Va, Va]) + e(GIVi)

+ e(G[Vy, V2 U V3])

= e(GVi) +3(IVal + [V + Vi) + D ¢'(@)
zeV\V1

=GV +3(n - i)+ D ¢(2). (7)
zeV\V1

For each x € V4, by Proposition 3.1(iv), |N(z) N Va| > 2. Thus g(x) > 0.25 because d(x) > 5.
It follows that .y, 9(z) = 0.25[V2]. It suffices to consider the following two subcases.

Subcase 3.1: |Vo| > 13 or [VaU V4| > 7

Suppose |Va| > 13. Then

e(G) = e(GVA]) +3(n— Vi) + Y g(x) > 5+ 3n — 18+ 0.2V > 3n — 9.75
$€V\V1
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and so e(G) > 3n — 9 because e(G) is an integer.

Suppose |V3 U V4| > 7. By Proposition 3.1(iv), |[N(x) N Va| > 2 for each x € V' \ V;. Thus
g (z) > 0 for each z € Vo, ¢'(x) > 1 for each x € V3, and ¢'(x) > 0.5 for each x € V. It follows
that

e(G)=e(GW]) +3(n— Vi) + Y g(z) >5+3n—18+0.5[V3UV,| > 3n - 9.5.
zeV\V1

Since e(G) is an integer, e(G) > 3n — 9.
Subcase 3.2: |V5| <12 or [V3U V4| <6

Since n > 20, |V3 U V4| > 2. We first prove the following claim.

Claim 4 If there is no copy of K12 in G[Vi \ {a}] and [V3U V4| > 2, then 3 vy, ¢/ () > 2. In
particular, if [V3] > 1 or [N(2) N V3| > 3 for some z € Vy, then > y. v, 9'(z) > 3.

Proof. By the definition of ¢’-function and §(G) = 5, we have for each x € V3, ¢’(z) > 1 and for
each x € Vg, ¢'(z) > 0.5. When [V3 U Vy| > 4, ervguw g (x) > 2. When 2 < |V3U V| < 3, for
each x € V3 U Vy, we have |N(x)N (V4 UVL)| >5—(|VaUVy| —1). Thus

g (x) > (6—[V5UV4|)+0.5(|VaUVy| —1) —3=25—0.5(]V3U V4

and
> g(z) > (25-05(]VaUVA|))|VsU VAl > 3.
z€V3UVy

Next we assume that [V3] > 1 or [N(z) N V2| > 3 for some 2 € V. To prove > v v, ¢'(z) > 3,
it suffices to consider the case |V3 U V4| > 4 by the above discussion. If |[V3 U Vy| > 5 or |V3]| > 2,
then > cv.uv, 9'(¢) > 3. Suppose [V3U V| =4 and [V3| < 1. Let V3 U Vi = {y1,92,y3,y4} and
{y1,92,y3} C V4. Let yg € V3 or |[N(ys) N Va| > 3 when yy € Vy. If ¢'(y;) > 1 for some i € [3], then
> wevsuv, 9 () > 3. So we assume ¢'(y;) = 0.5 for each i € [3], then we have [N (y;)N(V3UVy)| = 3.
Thus G[{y1,y2,y3,y4}] is a clique. It follows that ¢'(y4) > 1.5 and > .y, 9'(z) > 3. -

Since |V3 U Vil > 2, 37 cyauy, ¢ (v) > 2 by Claim 4. When e(G[V1]) > 7, by inequality
(7), e(G) > 3n — 9. Now we consider the case e(G[V1]) = 6. If we can show »_ i, ¢'(v) > 0
or Y cyaur, 9 (v) > 2, by Claim 4 and (7), then e(G) > 3n — 10 and so e(G) > 3n — 9. If
there exists a vertex u € Vo such that [N (u) N V1| > 3, then ¢'(u) > 1 and so }_ .y, ¢'(v) > 0.
If V3 # 0, then > vy, 9'(v) > 3 by Claim 4. Thus we may assume that |[N(v) N Vi| = 2
for each v € V5 and V3 = (). We choose a vertex z € V5. Without loss generality, suppose
z € N(a1) N N(ag). Since za; ¢ E for each i € {3,4,5}, there is a copy of K32 between N(a;)
and N(x), say {a;1,ai2} ~ {xi1,xi2}. Note that there is no copy of Kjo in G[Vi \ {a}]. Thus
{ai1,ai2} N Vo # O for each i € {3,4,5}. Recall that |[N(v) N Vi| = 2 for each v € V, and
V3 = 0. We have {x;1,xi2a} N (Vo UVy) # 0 for each i € {3,4,5}. By Proposition 3.1(ii), we have
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[N (w) N Va| > 3 for each w € (Ujeqz4,5{%i1, Tia}) N (V2 U Va). Thus 3°, ey, 9'(v) > 3 by Claim
dor ] ey, g'(v) >0.5.

Next we consider e(G[V1]) = 5. If 37 cny, 9'(v) > 3, by (7), then e(G) > 3n — 10 and so
e(G) = 3n — 9. Thus we prove >, iy, ¢'(v) > 3 in the following. Recall - .y, '(v) > 2. If
there is a vertex x € V5 with |N(x) N V| > 4, then ¢'(z) > 2 and

Y dw)=d@+ DY Jw) =4
veEVA\W veV3UVs
If there are two different vertices z,y € Vo with |[N(z) N V4| = |[N(y) N V1| = 3, then ¢'(z) > 1,
g'(y) > 1 and
Y dW=d@+dw+ D Jw) =4
veV\WV veVzUVy

Suppose z € Vo with |[N(z) N Vi| =3, and |[N(v) N V4| =2 for each v € V5 \ {z}. Let N(z)NV; =
{a1,a2,a3}. Since xas ¢ E, there is a copy of Ky between N(z) and N(a4), say {z11,z12} ~
{aa1, a2}, If V3 # 0, by Claim 4, then 3 .y, ¢'(v) > 3. Thus

Yo dwzd@+ Y ) =4
UEV\V1 veVaUVy
So we may assume that V3 = (. Then {aq1,as2} C Vo and {x11, 212} N (Vo U V) # 0. Let
w € {x11,212} N (V2 U Vy). By Proposition 3.1(ii), |N(w) N Vz| > 3. Thus ¢'(w) > 0.5. If w € V3,
then
/ / / /
Y dw=d@+gw+ D d(v) =35
veV\Wy veV3UVy

If w € Vi, by Claim 4, then }°, 1y, 9'(v) > 4.

Suppose |N(v) N Vi| = 2 for each v € V5. Since |V3 U V4| < 6 and n > 20, |Va| > 8. Recall the
definition of g-function, for each v € V4, we have g(v) > 0.25 and if g(v) > 0.25, then g(v) > 0.5. We
see there exists a vertex x € V5 such that g(x) = 0.25, otherwise, g(v) > 0.5 for each v € V5 and so
> e, 9(v) > 0.5[V2| > 4. By (6), e(G) > 5+3(n—6)+4 = 3n—9. We choose such a vertex z € V3
such that g(x) = 0.25. Then d(z) = 5 and let N(x) = {a1, a2, x11, 12,2}, where {a1,a2} C V7,
{z11, 212} C Vo and z € V,. Note that xza; ¢ E for each j € {3,4,5}. By Proposition 3.1(i), there
is a copy of K5 between N(z) and N(aj), say {z;1,2jo} ~ {aj1,aj2}. We see {a;j1,a2} CVaUV3
for each j € {3,4,5}. Since |N(v) N V1| = 2 for each v € Va, {zj1,zj2} € Vi for each j € {3,4,5}.
Otherwise, {z;1,j2,a;} € N(a;1) NVi, a contradiction.

Suppose V3 # (. Then we have »_ iy, ¢'(v) > 3 by Claim 4. We have |V3| < 3, otherwise
> vev, ' (v) > 4 and we are done. Note that {aj1,aj2} C Vo U V3 for any j € {3,4,5}. When
|Ujesa5{a1,aj2}] < 5, we may assume ag; = aq1. When [Ujeqs.451{as1, a2} = 6, we have
|Ujegsa51{aj1, aj2} V2| = 3 because V3| < 3, so we may assume {as1, as1} € Ujeqsa5{a51, @210
V. In two cases, we have {asi,as1} C Vo. Let k € {3,4}. If {zg1,xp2} NVa # 0, let w €
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{zk1, Tk} N V2, then {z, a1} € N(w)N Vs, Proposition 3.1(ii) implies that |[N(w) N V3| > 3 and so
g (w) > 0.5. Thus
Y dw)zgdw+ > dv) =35
veEV\WV veV3UVs

So we assume {zg1,zp2} N Vo = 0. Note that {zg1, 22} € Vi. Since d(z) =5, {zk1, 212} = {a1, 2}
or {ag, z}, and so N(ag1) N N(ag2) N Vi = {ak,ae, } for some ¢, € [2]. Then {x,as1, azz, a41,as2}
N(z) N Va. Note that |[N(v) N Vi| = 2 for any v € Va. Since x € Via, {as1,a32} C Viy, and
{as1,a42} C Vig,, |{z, as1,as2,a41,a42}| = 5, which follows that ¢’(z) > 2. Note that V3 # () and
g'(y) > 1 for each y € V3 and ¢'(v) > 0.5 for each v € V. Recall z € Vj and [V3 U V4| > 2. So
> vevsuy, 9 (v) >3 when [V3U V4| > 3. If [V3U Vy| = 2, then ¢'(y) > 1 for y € V3 because d(y) > 5.
Therefore ), v, v, 9'(v) > 3.

It remains to consider V3 = (). Then {a;j1, a2} C V5 for any j € {3,4,5}. When {z;1,zj2}NV2 =
() for any j € {3,4,5}, then {z;1,zj2} = {ai1,2} or {as,z}. Note that |[N(v) N Vi| = 2 for each
v € Va. Since {aj1, a2} C Vi, for £; € [2], [(Ujeqs45{aj1, aj2}) U{z}| = 7. Thus [N(2) N V3| > 7,
which implies that ) i, ¢'(v) > 4. When there exists j € {3,4,5} such that {z;1, 20} N V2 # 0,
then ¢'(w) > 0.5 for w € {z;1,xj2} N V2 because |[N(w) N V3| > 3 by Proposition 3.1(ii). In this
case, we have z ¢ {z;1, 2} NVy. Otherwise, Proposition 3.1(ii) implies |N(z) N V3| > 3. By Claim
4,

S dwzdw+ Y ) >3
veV\WVi veV3UVy

Thus we are done. If |[N(x11) NVa| + |N(z12) N Va| > 7, then we have
9'(z11)+g'(z12) = e(G[{z11, 212}, V1]) +0.5(e(G[{z11 }, Va)) +e(G[{z12}, V2])) =6 > 4+3.5-6 = 1.5.

Thus 37,cyn\1; 9'(v) > 3.5, and we are done. So it suffices to prove [N (z11) NVa|+ [N (z12)NVa| > 7
in the following. Since z ¢ {x;1,z;2}, we have {xj1,z;0} N Vo # 0 for any j € {3,4,5}. Recall
N(z) = {a1,a2,x11,712,2} and © € N(x11) N N(z12) N Via. Then {as1, ase, as1,as2,a51, a5} <
N(l‘n) U N(xm). If Hagl, ase, @41, 049, 051, a52}| > 5, then

[N (211) N Va| 4+ [N(z12) N Va| = [(N(z11) U N(212)) N Va| + [(N(z11) N N(212)) N V2| > 7.

Suppose that |{as1, as2, a41,a42,a51,a52}] < 4. Note that |[N(z) N Vi| = 2 for each xz € Va.
We obtain [{as31, ase, aq1, as2,a51,as52}| > 3. When {x31, 230} N Vi # 0, say ap € {x31,232} for
some ¢ € [2], then {asi,ase} C V3p and {asi,asz} N {ag1,axe} = 0 for each k € {4,5}. Since
{as1, as2, aq1,aq2,a51,as2}| < 4, we have {xp1,xx2} = {z11, 712} for each k € {4,5}, that is
[N (211) NV N(212) N Ujeqz a5 {a1, ajo}| = 2. Thus

IN(211) N Va| + [N (212) N Va| =[(N(211) U N(z12)) N Va| + [(N(211) N N(212)) N V2|
>| Uj€{37475}{aj17aj2} U{z}+3=T.
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When {z;1,2;2}NVi = 0 for each j € {3,4,5}, then {z;1, 22} = {x11, 212} for each j € {3,4,5} and

Ujesasiiai, ajet © N(z11) N N(z12). By [Ujeqsasy{air, ain}] = 3 and @ ¢ U;c3 .45 {0, aint,
we have [N (z11) N Va| + |N(z12) N Va| > 8.
As a result, we have e(G) > 3n — 9 for n > 9 in each case and so sats(n, K33) > 3n — 9. =

This completes the proof of Theorem 1.3.

4 Conclusion

Based on above results, we make the following conjecture, which proposes an exact value for
Sat(na K3,3)‘

Conjecture 4.1 Forn > 9, sat(n, K33) =3n —9.

By Theorem 1.2, sat(n,Ks33) < 3n —9 for n > 9. To confirm Conjecture 4.1, it suffices to
prove sat(n, K33) > 3n—9 for n > 9. Let G be a K3 3-saturated graph with n vertices and n > 9.
Proposition 3.1(i) implies 6(G) > 2. If §(G) > 6, then e(G) > 3n > 3n — 9. Thus we only need
to consider 2 < 0(G) < 5. We have proved sats(n, K33) > 3n —9 when 6 € {2,5}. Actually, for
d € {3,4}, we can also apply the method in this paper, but it is more complex and there are quite

a few cases to consider.
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