M A I C H MATCH Commun. Math. Comput. Chem. 90 (2023) 175-186
ISSN: 0340-6253

Communications in Mathematical

and in Computer Chemistry doi: 10.46793/match.90-1.175C

Some Bounds for the Vertex Degree
Function Index of Connected Graphs with

Given Minimum and Maximum Degrees

Xin Cheng, Xueliang Li
Center for Combinatorics and LPMC
Nankai University, Tianjin 300071, China

xincheng@mail.nankai.edu.cn, 1lxl@nankai.edu.cn

(Received November 16, 2022)

Abstract

This paper gives some bounds for the vertex degree function
index Hy(G) in terms of the order and size of a graph G, where G
is a simple, finite and connected graph with minimum degree § and
maximum degree A. Some families of graphs are also constructed
to show that the bounds can be achieved.

1 Introduction

Topological indices (or, chemical indices or graphical indices) play an im-
portant role in studying the structures and properties of molecules. There-
fore, a lot of papers and books for the extremal values and graphs of topo-
logical indices have been published. However, as one can see that the ex-
tremal graphs among many graph classes with respect to some topological
indices are the same or very similar, namely star or path, etc. Moreover,
mathematically the proof methods and techniques are also the same or very
similar. So, it is very worthy of finding a unified mathematical method to
study a set of topological indices, but not one by one separately. Recently,

this kind of approach started; see [4,5,7,8] for examples.
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In [9], Yao et al. introduced the vertex degree function index H;(G).
Let f be a real value function defined on the vertices of a graph G, and

then sum up the values over all the vertices of G, i.e.

Hy(G)= Y f(d). (1)

veEV(G)

Some properties about the vertex degree function index have been studied,
see [2,3,5,7,8].

These studies mainly focus on simple, finite and connected graphs.
We will give some bounds for the vertex degree function index H¢(G) of
graphs with given size and order, as well as minimum degree and maximum
degree. We also construct families of graphs which achieve the bounds. As

a consequence, results in [1] can be seen as corollaries of ours.

2 Main results

Let G be a simple, finite and connected graph with minimum degree ¢
and maximum degree A = § + k, and let size and order of G be m and n,
respectively.

We denote by n, as the number of vertices with degree r in G. Thus,

o+k

=1

By the definition of vertex degree function index and Y, d(v;) = 2m,

we have
5+k
Hy(G) = nif(i), (3)
i=65
and

o+k

=6

Combining Eq.2 and 4, we obtain

[(6+Kk)n—2m— (k—1)nsgp1 — (kK —2)nsr2 — -+ — Nork—1],

T =

ns =
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and
1
ns+r = %[Qm —on — ns+1 — 27’L§+2 — = (k — 1)n5+k_1].

Substituting ns and nsyr into Eq. 3, we can get

Hy(G) = %[(5 FRFO) = 656+ K+ 2 (F(5 +K) = F(5))m

k—1 1
+Z f6+1) - 2 f(5)—%f(5+k))n5+i.
For convenience, we denote

k—1 . .
THG) = Y (f6+1) = 1 F(6) — 1 £6 + B)nsse
i=1
= fO+i)— I;Zf(é)— %f(é—irk),z‘: 1,2, .. k— 1.

Lemma 1. Let G be a graph with nsi1+nsyo+---+nsin—1 > k—1. If f is

a strictly monotone and strictly convex function, then I'y(G) < min;{g;}.

Proof. Firstly, all gis are negative. Then

kf(6+14) — (k—14)f(0) —if (6 +F)
=(k =) (f(6+1) = £(9)) +i(f(d + ) = F(6 +F)).

Since f is a strictly convex function, g; is less than 0.

Secondly, we shall prove that tg; < g; < 97” fort > k—1andi,j €
{1,2,...,k — 1}. We distinguish the following cases.

Case 1. If ¢ < j, then

k(tgi — g;)

=ti(f(6 + i) — f(6 + k) + t(k — i) (f(6 +1) = f(0))
—J(f(6+7) = fF(6+ k) — (k=56 +7) - f(5))

=(ti = J)(f(6+ ) = f(O+ k) + [t(k — i) — (k = §)I(f(6 + i) — f(0))
+ [ti+ (k=IO +3) = f(0+7))
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=[t(k —i) = (k=) Y (f6 +t) — fF(0+t1 — 1))
i+ (k=5)] Y (f(6+t2—1)— f(0+12))
to=1i+1
k

+(ti—j) Y (FO+ts—1)— f(5+13)).

t3=j+1

If f is a strictly decreasing function, then for all t; € {1,2,...,i},t2 €
{i+1,i+2,....,5htse{j+1,7+2,...,k}, we have

f(5+t1)—f(5+t1—1)<0,
f(6+ta—1)— f(6+1t2) >0,
fO+t3—1)— f(6+1t3) > 0.

Since f is a strictly convex function, we have that for all t; € {1,2,...,i},¢y
e{i+1,i+2,....5hts€{j+1,5+2,...,k},

|f(04t1)— (04t —1)| > | f(6+ta—1)— f(6+Lt2)| > | f(0+ts—1)—f(5+t3)|.

Since t > k — 1, the coefficients of the above three summations are all

nonnegative and
[tk — i) = (k= j))i = [ti + (k = )]G — 1) + (ti — j)(k — J).

Thus, tg; — g; < 0.
If f is a strictly increasing function, then for all t; € {1,2,...,i},t2 €
{i+1,i+2,....,5htse{j+1,7+2,...,k}, we have

f(5+t1)7f(6+t1*1)>07
f(5+t2—1)—f((5+t2)<07
F(6+ts—1)— f(6+t3) < 0.

Since f is a strictly convex function, we have that for all t; € {1,2,...,i},t2
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efi+1,i+2,...,jhtse{j+1,7+2,...,k},
|f(0+t1) = f(0+t1—1)| < [f(d+t2—1)—f(d+t2)| < |f(d+t3—1)—f(d+t3)|.

Since t > k — 1, the coefficients of the above three summations are all

nonnegative and
[tk — i) — (k= )i = [ti+ (b — )]G — i) + (t — )k — 5).

Thus, tg; — g; < 0.
Case 2. If 7 > j, then

k(tgi — g;)

=[t(k — i (0+1t1)— f(6+t1—1))
+ [t(k — i) + 4] Z (f(0+1t2) — f(O+t2— 1))
ta=j+1
k
+(ti—5) Y (fO+ts—1)— f(5+1t3)).

ta=1+1
Now the proof is done similarly to Case 1. Consequently, we can deduce
k—1

THG) = Y (FG+i) = 0 6) = 1S+ Ko
1

i
<(Msp1 +nsy2 4+ A+ nspr—1) mfx{gi}
<(k — 1) max{g;}
K3
<min{g; }.
K3
|

Theorem 1. Let G be a graph of order n and size m with minimum degree
6 and mazximum degree A = § + k, and let f be a strictly monotone and

strictly conver function.
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1 If ns41 +nsya+ -+ +nsyp—1 > k—1, then

H(G) < 16+ R)(6) = 815+ W+ L (F(5+ k) = F(8))m + min{g:}.
2 If2 <nsp1+ns42+ -+ nspr—1 < k—2, then
Hy(G) < 16+ K)F(0) = 856+ K+ 2 (f(5 + k) = f(3))m
+ max{g1, gr—1}-

3 If ns41 +nsqo+ - +nspp—1 < 1, then

_1!
Tk

N {gin5+i, if 2m—9dn=1i (modk), i=1,2,...,k — 1,

Hy(G) [(5+k)f(5)—5f(5+k‘)]n+%(f(5+k‘) = f(&))m

0, if 2m — on =0 (mod k).

Moreover, the set of degrees of G is
{3, A,0+1} and only one vertex has a degree §+1i for 2m—dn =i (mod k),
{3, A} for 2m — én =0 (mod k).

Proof.

1 If ngp1 + nsq2 + -+ + nsg4k—1 = k — 1, then from Lemma 1 the result
follows obviously.
2 2 < mngp1+nsp2+ -+ nspr—1 < k— 2, we prove that max;{g;} =

max{gi, gk—1}-
For i € {1,2,...,k — 2}, we have

k(gi — git+1)
=k(f(6+14) — f(8)) +i(f(6) — f(6 + k)
—k(f(6+i+1) = f(0)) — (@ +1)(f(0) — f(6 +k))
=k(f(6+14) = f(6+i+1))+ (f(6+k)— f(5))

Thus g; < gi+1 when f(5+k]2—f(6) < f(6+i+1i—f(6+z‘)
SE+R)=1(8) ~ fo+it1)—f(5+4)
k = 1 :

, and g; > g;4+1 when
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Since f is strictly convex function, we obtain that the maximum value

among all g; must be g1 or gx_1. Then

k—1
Ip(G) =) (F(0+14) -

1

1

ELH0) 76+ Rnas

%

<(nsp1 +nsy2 + - + nsprp—1) max{g;}
<2max{g1, gr—1}

<max{gi, gk—1}-

Thus,

HY(G) <[5+ R)f(8) ~ 5(5 + B)ln+ 2 (75 + k) — F(5))m

+max{g1, gr—1}-
3 Ifngt1+nspa+ - +nsyr—1 < 1, then by Eqgs.2 and 4, we have
2m — on = nsg11 + 2nseo + -+ (K — Dngrr—1 (mod k).

Since ng41 + not2 + - + nspr—1 < 1, one can deduce that all n}s are 0
but at most one is 1. Thus,

(N6415 542, No1k—1) =
0,...,L;tn,...,0), if 2m — én =1 (mod k),
(0,0,...,0), if 2m — dn =0 (mod k).

The proof is thus complete. |

From the third part of the proof of Theorem 1, we can see that the
condition ‘f be a strictly monotone and strictly convex function’ is not

necessary for equality in 3 of Theorem 1.

Corollary. 1 Let G be a graph of order n and size m with minimum degree

6 and mazximum degree A = § + k, and let f be a strictly monotone and
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strictly conver function. Then we have

Hy(G) < 2[5+ R)F(9) 676+ K]+ 2(F(6+F) — F(5))m,

w\H

and the equality holds if and only if the set of degrees of G is {9, A}.

Now we show how to construct a family of graphs which achieve the

bounds of Theorem 1. The two construction are inspired by [6].

Construction 1. For (nsi1,nst2,...,n54k—1) = (0,0,...,0), we do

the following constructions:

(1)

Input {n,m,A,d§}. This quadruple should be graphical, i.e., there
exists a simple, connected graph with n vertices, m edges and the
set of degrees is {A, d}.

Construct a complete n-partite graph H = H(V,Va,...,V,,), such
that the order of V; is A for i € {1,2,..., 22=0"} and the order of
Viis 6 for i € {23=0n 41, 2m= 6”-!—2 }

Find all perfect matchings {M;, Ms, ..., M;} of H.

For each matching M;, construct a graph G; with vertex set {v1, v,

.,Un}, and if there are j edges between Vi and V; in M;, then
connect vy and v; by j edges. Then we obtain a family of graphs
{G1,@G3,...,Gi}, which with n vertices, m edges and the set of de-
grees is {A,0}.

Delete multigraphs, disconnected graphs and isomorphic graphs from
{G1,G3,...,G}. Then we obtain a family of simple, connected
graphs with n vertices, m edges and the set of degrees is {A,d}.

Construction 2. For (nst1,nst2, .- snotk—1) = (0,..., Lith, ..., 0),

we do the following constructions:

(1)

Input {n,m,A,d§,§ + i}. This quintuple should be graphical, i.e.,
there exists a simple, connected graph with n vertices, m edges, the

set of degrees is {A, §,0 + i} and only one vertex has a degree ¢ + 1.
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(2) Construct a complete n-partite graph H = H(V1,Va,...,V,), such
that the order of V; is A for i € {1,2,...,2281=1}  the order of
Vzm am_snoi g is 6 + ¢ and the order of V; is 6 for 7 € {27”75”z +
2, 72’” i +3,...,n}.

(3) Find all perfect matchings {M;, Ma, ..., M;} of H.

(4) For each matching M;, construct a graph G; with vertex set {vy, va,
.,Un}, and if there are j edges between Vi and V; in M;, then
connect vy, and v; by j edges. Then we obtain a family of graphs
{G1,G3,...,Gt}, which with n vertices, m edges, the set of degrees

is {A, 6,6 + i} and only one vertex has a degree ¢ + 1.

(5) Delete multigraphs, disconnected graphs and isomorphic graphs from
{G1,G3,...,G}. Then we obtain a family of simple, connected
graphs with n vertices, m edges, the set of degrees is {A,d,d + i}

and only one vertex has a degree § + i.

Corollary. 2 Let G be a tree with n vertices and mazximum degree A =

1+ k, and f be a strictly monotone and strictly convex function. Then

Hy(G) < Z[(L+ k) f(1) = A+ K)In + %(f(l +k) = f(1)n-1),

w\H

and the equality holds if and only if G is a graph constructed in Construc-
tion 1. Particularly, if A =mn — 1, then the equality holds if and only if G

s a star.

Corollary. 3 Let G be a tree with n vertices, and f be a strictly monotone

and strictly convex function. Then

Hp(G) < (n=1)f(1) + f(n—1),
and the equality holds if and only if G is a star.

Proof. For convenience, we denote

A(8) = A7) ~ FA)n+ o (F(A) = f(1))m,



— AR~ S+ o ()~ F(U)m
— [A D)~ FA+ Dn— 2 (FA+1) ~ f)m
2T A(A) - (A= DI +1) - F(1)
~ A AV~ (EDSA) kB £ 1)
a0 — (4 D) + kA A+ 1)

Since f is a strictly monotone and strictly convex function, the formula
above is less than 0. Thus, h(n —1) = maxa{h(A)}. By Corollaries 1 and
2, we can obtain this result.

The proof is thus complete. |

If f is a strictly monotone and strictly concave function, we can get

the corresponding results.

Lemma 2. Let G be a graph withnsi1+nsio+---+nsip—1 > k—1. If f is

a strictly monotone and strictly concave function, thenI'¢(G) > max;{g;}.

Theorem 2. Let G be a graph of order n and size m with minimum degree
6 and mazximum degree A = § + k, and let f be a strictly monotone and

strictly concave function.

1 Ifnsp1+nsqo+ - +nspp—1 > k—1, then

HY(G) > (5 +R)F(0) = 556+ Wln+ 2 (F5+ 1) — F(@)m + max{gi).

2 1f2 <nsp1+nsqo+ -+ nspp—1 < k—2, then

Hy(G) > L[5+ R)F(9) 6§54 K+ 2(F(5+ ) — F(8))m

+ min{g1, gr—1}-
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3 If ns41 +nsqpo+ -+ nspp—1 < 1, then

H(G) = 1[0+ )F(6) 85+ K+ 2 (f(5+K) — F(8)m
gilsti, if 2m—on =i (mod k), i1 =1,2,... k-1,

0, if 2m — on =0 (mod k).

+
—— =

Moreover, the degree set of G is

{0, A, 5+ i} and only one vertex has a degree 6 +1i if 2m —on =i (mod k),
{3, A} if 2m — on =0 (mod k).

Corollary. 4 Let G be a graph of order n and size m with minimum degree

6 and mazximum degree A = § + k, and let f be a strictly monotone and

strictly concave function. Then we have

Hy(G) > L[5+ R)F(0) — 676+ K]+ 2 (F(6+ K) — F(6))m,

el

and the equality holds if and only if the degree set of G is {0, A}.

Corollary. 5 Let G be a tree with n vertices and mazximum degree A =

14k, and let f be a strictly monotone and strictly concave function. Then

Hy(G) > 1+ R)FW) ~ f0+ B+ 2(F0+E) = FO))(n - 1),

el

and the equality holds if and only if G is a graph constructed in Construc-
tion 1. Particularly, if A =n — 1, the equality holds if and only if G is a

star.

Corollary. 6 Let G be a tree with n vertices, and f be a strictly monotone

and strictly concave function. Then
Hy(G) = (n=1)f(1) + f(n—1),

and the equality holds if and only if G is a star.



186

Acknowledgment: The authors are very grateful to the reviewers and
editors for their valuable comments and suggestions, which helped to im-
proving the presentation of the paper. This work was supported by NSFC

No.

12131013 and 12161141006.

References

1]

A. M. Albalahi, I. Z. Milovanovi¢, Z. Raza, A. Ali, A. E. Hamza,
On the vertex-degree-function indices of connected (n,m)-graphs of
maximum degree at most four, arXiv 2207.00353 (2022).

T. Dosli¢, T. Réti, D. Vukicevié, On the vertex degree indices of
connected graphs, Chem. Phys. Lett. 512 (2011) 283-286.

I. Gutman, On coindices of graphs and their complements, Appl.
Math. Comput. 305 (2017) 161-165.

Z. Hu, L. Li, X. Li, D. Peng, Extremal graphs for topological index
defined by a degree-based edge-weight function, MATCH Commun.
Math. Comput. Chem. 88 (2022) 505-520.

Z. Hu, X. Li, D. Peng, Graphs with minimum vertex-degree function-
index for convex functions, MATCH Commun. Math. Comput. Chem.
88 (2022) 521-533.

M. Molloy, B. Reed, A critical point for random graphs with a given
degree sequence, Rand. Struct. Alg. 6 (1995) 161-180.

I. Tomescu, Graphs with given cyclomatic number extremal relatively
to vertex degree function index for convex functions, MATCH Com-
mun. Math. Comput. Chem. 87 (2022) 109-114.

I. Tomescu, Extremal vertex-degree function index for trees and uni-
cyclic graphs with given independence number, Discr. Appl. Math.
306 (2022) 83-88.

Y. Yao, M. Liu, F. Belardo, C. Yang, Unified extremal results of topo-
logical indices and spectral invariants of graphs, Discr. Appl. Math.
271 (2019) 218-232.



	Introduction
	Main results

