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Abstract An edge colored graph is rainbow connected if any two vertices are con-
nected by a path whose edges have distinct colors. The rainbow connection number,
rc-number for short, of a graph I, is the smallest number of colors that are needed
in order to make I” rainbow connected. In this paper, we give a method to bound the
rc-numbers of graphs with certain structural properties. Using this method, we inves-
tigate the rc-numbers of Cayley graphs, especially, those defined on abelian groups
and on dihedral groups.
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1 Introduction

All graphs considered in this paper are simple, finite and undirected. We follow the
notation and terminology of Bondy and Murty (2008) for those not described here.
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For a graph I, we denote by VI" and EI" the vertex set and edge set of I,
respectively. An edge-coloring of a graph I" is a mapping from EI” to some finite set
of colors. A path in an edge colored graph is said to be a rainbow path if no two edges
on this path share the same color. An edge colored graph I” is rainbow connected if
each pair of distinct vertices of I are joined by some rainbow path, while the coloring
is called a rainbow coloring. The rainbow connection number of a connected graph,
rc-number for short, is the smallest number of colors that are needed in order to make
the graph rainbow connected. For a connected graph I, we denote by rc(I) its rc-
number. Then, for a connected graph I" with diameter diam(I"), it follows from the
definition that

diam(I') < re(I') < |ET).

Moreover, rc(I") < rc(X) for each connected spanning subgraph ¥ of a graph I.

The concept of rc-number was introduced in Chartrand et al. (2008), where the rc-
numbers of several graph classes were determined. Since then the study of c-numbers
has received considerable attention in the literature, see Li and Sun (2012) for a survey
on this topic. It was shown in Chakraborty et al. (2011) that computing the rc-number
of an arbitrary graph is an NP-Hard problem. Subsequently, there have been various
investigations towards finding good upper (or lower) bounds for rc-numbers in terms
of graph parameters such as connectivity, minimum degree, radius etc., see Basavaraju
etal. (2014), Caro et al. (2008), Chandran et al. (2012), Krivelevich and Yuster (2009),
Li et al. (2012), and Schiermeyer (2009) for example. In particular, it was shown in
Liet al. (2012) that a 2-connected graph of order n has rc-number no more than [%1.
In this paper, we focus our attention on a special class of 2-connected graphs.

Let G be a finite group with identity element 1, and let S be a subset of G such that
1¢S=S8":={s"!|s e S} The Cayley graph Cay(G, S) (on G with respect to S)
is defined on G such that two ‘vertices” g and & are adjacent if and only if g~!h € S.
Then Cay(G, S) is a well-defined simple regular graph of valency |S|. It is well-known
that Cay(G, §) is connected if and only if G = (S), that is, S is a generating set of the
underlying group G. A subset X of G is a minimal generating set if G is generated by
X but not by any proper subset of X.

Cayley graphs have been an active topic in algebraic graph theory for a long time. In
fact, interconnection networks are often modeled by highly symmetric Cayley graphs
(Akers and Krishnamurthy 1989). The rainbow connection number of a graph can be
applied to measure the safety of a network. Thus the object of the rainbow connection
numbers of Cayley graphs should be meaningful. Li et al. (2011) established an upper
bound for the rc-numbers of Cayley graphs on abelian groups by using minimal
generating sets. For an element x € G, denote by |x| the order of x in G.

Theorem 1.1 (Lietal. 2011) Let G be a finite abelian group, and let S be a generating
set of G such that 1 ¢ S = S™'. Set I' = Cay(G, S). Then re(I') < X" .oy [%],
where X is an arbitrary minimal generating set of G contained in S.

This motivates us to consider the rc-numbers of Cayley graphs, especially, those
defined on non-abelian groups. In Sect. 2 we establish a method to bound the rc-
numbers of (Cayley) graphs satisfying certain structural properties, which leads to a
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new proof and an improvement of Theorem 1.1. In Sect. 3, applying the method given
in Sect. 2, we investigate the rc-numbers of connected Cayley graphs on dihedral
groups.

2 rc-numbers of Cayley graphs on abelian groups

Let I" be a graph. For Vi, V, € VI, we denote by I'[V], V>] the subgraph on
Vi U V, with edge set {{vi,v2} € EI' | vi € Vi,v2 € Va}. For a partition B =
{Vo, V1, ..., Viu—1} of VI', define a graph I'g on B such that distinct ‘vertices’ V;
and V; are adjacent if and only if some u € V; is adjacent to some v € V; in I". The
graph '3 is called a quotient graph of I". We first prove a technical lemma.

Lemma 2.1 Let I' be a connected graph. Assume that VI has a partition B =
{Vo, V1, ..., Vin—1} such that, for each i, the subgraph I'[V;, V;] is connected.

(1) Suppose that, for 0 < i < m, I'[V;, Vi11lis not empty, and every u € V; is
adjacent to some v € V;_y or some w € Viy1 in I, reading the subscripts
modulo m. Then

re(I) < (max{re(I'[Vi, Vi) |0 < i < m) + 1)[%}.

(ii) Supposethat, forO <1i, j < m, everysubgraph I'[V;, V] has noisolated vertices
provided that it has at least one edge. Then

re(I") <max{rc(I'[V;, Vi) |0 <i <m}+rc(IR).

Proof Let I'; = I'[V;, Vi] and ¢ = max{rc([;) | 0 <i < m}.

(i) Now we are ready to show that I” has a connected spanning subgraph which has
rc-number no more than (¢ + 1)[%5]. Consider the spanning subgraph X of I" with
edge set

EX = (U EL) U UM ETIVi, Vig D),

where V,, = Vp. (Note that X5 is a cycle of length m.) Let Co, Cy, ..., Cp—1 be
c-sets of colors such that C; N C; = Pif 0 < i < j < (%1, and C; = Cj if
i = j(mod {%1). For each graph I3, since rc(I;) < ¢, we choose a rainbow coloring
6; : EI; — C;. Choose f%} colors ¢y, ca, ..., crmy which are not used above. We
define an edge-coloring 6 of ¥ as follows:

6; (e) ifee ET; forO <i < m;
Oe) =1 ci ife e EI'[V;—y, Vilfor 1 <i < [75];
cj-rgy ifec ELVj—y, Vilfor [3] < j <m.

It is straightforwardly checked that I" is rainbow connected with the edge-coloring 6.
Then the lemma follows from enumerating the number of colors used for 6.
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(i1) Let C be a set of ¢ colors and D be a set of rc(I'g) colors with C N D = (.
For each graph I, choose a rainbow coloring 6; : EI7 — C. For I'p, we choose a
rainbow coloring 8 : EI'g — D. We define an edge-coloring 0 of I" as follows:

f(e) = G_i(e) ifee ET; for 0 <i < m;
€= o0V, Vi if{V;,V;}e EI'gande e EI'[V;, V;].

Then I" is rainbow connected with the edge-coloring 6. Thus
re(I') < |CUD|=c+rc(I'g) =max{rc(l;) |0 <i <m}+rc(IR).

O

Let G be a group and N a normal subgroup of G. Then all (left) cosets of N in G
form a group under the product

(§N)(hN) = ghN,

which is denoted by G/N and called the quotient group of G with respect to N.

Theorem 2.2 Let G be a finite group and S a generating set of G such that 1 ¢ S =
S~L. Suppose that X € S such that N := (S\ (X UX 1)) # G. Set I = Cay(G, S),
Y =S\ (XUX Y and ¥ = Cay(N,Y). Suppose that N is normal in G. Then
re(I') < re(X) + re(Cay(G, X)), where G = G/N and X = {xN | x € S\ N}.

Proof Since N is normal in G, we have G = (X,Y) < (X,N) = (X)N, and
so G = (X)N. Let m be the index of N in G. Then m = % Let goN =
N, g1N, ... giN, ..., gn—1N be all distinct left cosets of N in G. Set V; = g;N
forO <i <m.Then B = {V; | 0 <i < m} is a partition of VI". It is easily shown
that Vo — V;, g > g g is an isomorphism from I"[Vy, Vo] to I'[V;, V;]. Thus each
subgraph I'[V;, V;] contains a spanning subgraph isomorphic to the connected Cayley
graph ¥ = Cay(N, Y), and so rc(I'[V;, Vi]) < rc(X).

Note that gNh = ghN for Vg, h € G. Assume that I'[V;, V;] is not empty, where
i # j. Then there are some g, h € N and x € §\ N such that g;gx = g;h. Thus

giNx = gigNx = gigx(x ' Nx) = gigxN = g;hN = g;N.

It follows that I'[V;, V] contains a perfect matching, and so I'[V;, V;] has no isolated
vertices. By Lemma 2.1 (ii), rc(I") < rc(X) 4 rc(I'g). Consider the quotient graph
I'z. Then V; and V; are adjacent if anq on_ly if giN = giNx = (g;N)(xN) for some
x € S\ N. It follows that I'g = Cay(G, X), and hence the result follows. O

Recall that a graph is called vertex transitive if for any two vertices there is an
automorphism of the graph mapping one vertex to the other one. It is well-known that
a connected vertex transitive graph of order no less than three must be 2-connected
(see Godsil and Royle 2001, Theorem 3.4.2). Thus, by Li et al. (2012, Theorem 2.4),
if I" is a connected vertex transitive graph then rc(I7) < [W—{‘]. Note that a Caley
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graph must be vertex-transitive. Then the next two results follow from Theorem 2.2
directly.

Corollary 2.3 Let I', G and N be as in Theorem 2.2. Then rc(I") < f@] + (%1.
Corollary 2.4 Let G be a finite abelian group and S a generating set of G such that
1 ¢ S=S8""1 Set I' = Cay(G, S). Then either

(1) G is cyclic and S consists of generators of G; or
(1) there are two proper divisors m and n of |G| such that |G| = mn and rc(I") <
M%7+ 151.

Proof If (x) = G for each x € §, then part (i) follows. Thus we assume that there are
x € SandY C Ssuchthat|Y| > land (x,Y) = Gbut(Y) # G.Set N = (Y). Then,
by Theorem 2.2, re(I") < re(Cay(G, YUY ~'U{x, x71})) < re(Cay(N, YUY 1))+
rc(Cay(G/N, {xN, x~'N})). Note that the Cayley graph Cay(G/N, {xN, x~'N})is
either a cycle or the complete graph on two vertices. Then part (ii) follows by setting
IN|=mand |G/N| = n. O

Now we give a new proof of a known result by using the above simple lemma.

Theorem 2.5 (Li et al. 2011) Let G be a finite abelian group and S a generating set
of G suchthat 1 ¢ S = S Ser I = Cay(G, S). Thenrc(I') < erx f%}, where
X is an arbitrary minimal generating set of G contained in S.

Proof We prove the result by induction on the orders of groups. Let X be an arbitrary
minimal generating set of G contained in S. Take x € X, set Y = X \ {x} and
N = (Y). Then G = (X) = N{(x), and |G/N| < |{(x)| = |x|. By Theorem 2.2,
re(Cay(G, XUX™1) < re(Cay(N, YUY~ 1)+, Since [N| < |G|, by induction,
we may assume that the result holds for Cay(N, Y U Y1), It is easily shown that ¥
is also a minimal generating set of N. Thus rc(Cay(N,Y U Yy~ h) < Zyey(lé—ﬁ,

and so rc(Cay(G, X U X7 1) < erx(lg—‘]. Then the theorem follows because
re(I') < re(Cay(G, X U X~ 1)), o

For integers n > 1 and m > 3, denote by Z, the cyclic group of order n, and
by C,, the cycle of length m. For graphs X1, X2, ..., X,, the Cartesian product
¥10%,0. .- 0%, is the graph defined on VX x --- x VX, such that two vertices
(uy,uz,...,ur)and (v, va, ..., v areadjacentif and only if thereissome 1 <i <r
such that {u;, v;} € EX; and u; = v; forall j #i.

Theorem 2.6 Let G be a finite abelian group and S a generating set of G such that
1¢S=S"1 SetI" =Cay(G, S). Then either

1) re(I") < min{erX f%} | X C S is a minimal generating set of G}; or

(i) G = Zy, X ZLpy X -+ X Ly, and I" has a connected spanning subgraph
210%,0...0%,, where X; is either the n;-cycle C,, if n; > 3, or the com-
plete graph Ky on two vertices if n; = 2.
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Proof By Theorem 2.5, either part (i) follows or there is a minimal generating set

= {x1,x2,...,x,} of G such that rc(I") = Zle f%], where X is a subset of S.
Assume that the latter case occurs. Note that the minimal generating set X is a subset
of S.SetY = X \ {x,}, N = (Y) and £ = Cay(N, Y U Y~!). Then Y is a minimal
generating set of N. By Theorems 2.2 and 2.5,

d i G r d i
S5 e e [ [ 2w | S <25

i=1 i=1

It follows that re(2) = >72 1417 and (%1 = 207, Since G = (x,,7) =

(x,)N, we have |G| = |[(x,)N| = % and hence I‘l(\;/_l is a divisor of |x,|. Thus
161

+1 . .
|—2||CI;\7‘|-| = [‘”'1 implies that either ‘lgl‘ x| or Fo— = M. The latter case implies

that Ilgll and |x,| are coprime. It follows that \lg‘l =las I‘gll is a divisor of |x,|, yielding

G = N, a contradiction. Therefore, ] N‘ = |x,|. Thus |{x,) " N| = |x" (\}Ii\/ | — 1. Then

G = N{(x;) = N x (x;). Since Y is a minimal generating set of N, by induction on r,
we may assume that N = (x1) X --- x (x,_1). Thus G = (x1) x - - - X (x,_1) X (x,) =

Ly, X Lpy X -+ X Ly, , where n, |x;| for 1 <i < r.Notice that each element of G
has the form of xle1 o xe’ .xpr for integers e1, €3, ..., ¢,. Consider the connected

spanning subgraph Cay(G X U X 1) of I'. Then two vertices x{'...x{" ... x;" and
x]f1 Loxl f’ are adjacent in Cay(G, X U X 1) if and only if there is some 1 <

1

j§rsuchthate] fi =xl1(modn;)ande; — f; = 0(mod n;) fori # j.Set%; =
Cay((x;), {xi, x; }) for 1 <i < r.Then Cay(G,X U X ) = £,0%,0...0%,,
and so part (ii) follows. O

3 rc-numbers of Cayley graphs on dihedral groups

Let n > 1 be an integer. We use D5, to denote the dihedral group generated by two
elements, say a and b, such that

la|=n, |b|=2, b lab=a""!
(Note that Dy = Z» and Dy = Z) x7Z».) Then
Dy, = (@)U (@b=1{d' |0<i<nlU{a'b|0<i<n).
Let Z(D3,) be the center of Dy,,. Then, for n > 3, either Z(D,,) = 1, or Z(Dy,) =

(a%) while n is even. For convenience, we collect some basic facts about dihedral
groups by considering the involutions, elements of order 2 in Dy,,.

Lemma 3.1 (i) For0 <i <n — 1, each a'b is an involution.
(1) If n is odd, then Do, has a unique conjugacy class of involutions, which is
{a'b|0<i<n-—1}
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(iii) If n is even, then Dy, has exactly three conjugacy classes of involutions, which
are {a?}, {a®b |0 <i < 2y and {a®+'b |0 <i < 1}.

(iv) If m is a divisor of n then (a) has a unique subgroup of order m, which is (a% ).
If N < (a), then N is normal in D>, and the quotient group Do, /N is a dihedral
group generated by {aN,bN}.

(v) If X is a (minimal) generating set of Dy, then X contains some involution a®b,
and (X N {a)) U{xa’b | a®b # x € X \ {(a)} is a (minimal) generating set of
(a).

(vi) Setn = pflpgz o pf’ for distinct primes p;. If Y is a minimal generating set of

(a), then |Y| < r. If X is a minimal generating set of Doy, then |X| <r + 1.

Proof Ttems (i)—(iv) can be found in most text books about elementary group theory.
Here we only prove items (v) and (vi).

Let X be an arbitrary generating set of Dj,. Then (a) # D,, = (X), yielding
a®b € X for some integer s. Set Y = (X N (a)) U {xa®b | a*b # x € X \ {(a)}. Then
Y C (a) asxa®b € (a) forx € X \ {(a), and so (Y) is normal in Dy,,. Thus

Don = (X) = (X N{(a), X\ (a)) = (Y,a’b) = (Y)(a’b).

It follows that (a) = (Y). Assume that Y is not a minimal generating set of (a). Then
(Y\{y}) = (a) forsome y € Y.If y € X N (a) then Dy, = (X \ {y}), and so X is not
a minimal generating set of Dy,. Suppose that y = za*b for some z € X \ (a) with
z #a*b.Set Yy =Y \ {za’b}. Then

(X \{z}) = (X N{a), X\ ((a) U{z,a’b}),a’b) = (Y1){a’b) = (Y)(a’b) = Dan.

It implies that X is not a minimal generating set of Dy,,. Thus item (v) holds.
Now set n = p{'p5*...p;" for distinct primes p;. For 1 < i < r, seta; =

€Jj
alli# Pi" Then (@) =(a;j | 1 <i <r)={(a;)x---x {(a,), and so each element in
(a) can be written as a product of the form ofozlaim". LetY ={y; |1 <j <t}be
r fi(y'j)
i=1Y

an arbitrary generating set of (a). Write y; = []
valued functions on Y. Then

, where all f; are integral

Foreach 1 < j < r, wechoose one element y € Y such that |a;j(y)| = max{|a'jfj (yi)l |

1 < i < t}. Thus we obtain r elements contained in ¥ which are not necessarily

distinct, say yj, y5, ..., y.. Set Y| = {y} | 1 <j <r}. Then
fi(y%) ..
1) = (a; Vi |1 <i,j<r).
. . . 1o
By item (iv) and the choice of elements a ;i awe have
160) (%) (v
(@l |15i,j§r)=<af’yf H<j<r=(" 1<i<ri<j<u).
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It follows that (Y1) = (Y) = (a). Thus each generating set of (a) contains a generating
set of size no more than r. Then the first part of item (vi) follows, while the second
part follows from item (V). O

It is well-known and easily shown that the ladder graph L, and Mobius ladder
graph M,, (of order 2n) are cubic Cayley graphs on the dihedral group D»,. Cai et al.
(to appear) proved that

n—+1

re(Ly) = [T—‘ and  re(M,) = (%W

In this section we investigate the rc-numbers of the whole class of connected Cayley
graphs on dihedral groups. By Theorem 2.2, the following lemma holds.

Lemma 3.2 Let I' = Cay(D»y, S) be a connected Cayley graph. Then
re(I') < re(Cay((S1), S1)) + re(Cay(Dam, 5)),

where S = (a) N S, m = |<;_1)\’ S is a set of involutions in Doy, and either m < 2 or
S NZ(Dy,) = 0.

Note that, in the above lemma, Cay({S1), S1) is a Cayley graph on a cyclic group.
Thus, in view of Theorem 2.6, we next consider the Cayley graphs Cay(Dy,, S) under
the assumption that S N {(a) = @.

Theorem 3.3 Let I' = Cay(Day,, S) be a connected Cayley graph. Assume that S =
{a®b | 1 <i <r}forintegers ey, e, ..., e. Then one of the following holds.

(i) I isacycle;
(ii) r = 3, nis odd and e; — e are coprime to n, wherei # jand1 <i,j <r;
(iii) re(I") < (re(Cay(Dyy, X))+ 1)[5] for some divisors | and m of n withl, m > 2
and n = Im, where X is a set of involutions in Dy; such that | X| < |S| — 1 and
eitherl =2 or X N Z(Dy;) = 0.

Proof We assume first that Dy, is generated by any 2-subset of S. If » = 2 then part
(i) follows. Suppose that » > 3. By the assumption, for distinct i and j,

Doy = (a“1b, a®ib) = (a“i ™%, a%ib) = (a®~*I)(a"Ib).

It follows that (a) = (a®~¢/), which yields that e; — ¢; is coprime to n. Since r > 3,
take k # i, j. Then ¢; — ¢, ¢; — ¢, and e — e are coprime to n. Note that one of
e; —ej, e; — e and e — e, must be even. It implies that n is odd.

Let G = D»,. Now we may assume that there are x € S and ¥ € § such that
Y| > 2 and (x,Y) = G but (Y) # G. Without loss of generality, we may set
x=a%bandY = {a%b |1 < j <s},where2 <s <r —1.Let H= (Y). Then
H = (Y) = (Ya®b, a®Db). Observe that Ya*b \ {1} = {a*/ % |1 < j <s—1} C
(a), we conclude that H = (Y) = L{a®b), where L = (a®) for some integer e.
Clearly, |H| > 4,1 := |a®| = |L| = % >2and m = |‘G—|‘ = ’7’ > 2. Moreover,
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a™ € L = (a°) and H has m left cosets in G. Note that G = (a, b) = (a, a®b) =
(a){a®b). Then each left coset of H has the form of a’ H for some 0 < j < m. Notice
that

G=(x,Y)={(x,H)={a%b,a’ a®b) = (a®, a® ) {(x) = (a®, a® %) {(x).

It follows that (@) = (a®, a® ~%). Thus for each 0 < j < m, there are some integers
ji and j, such that a/ = (a®~%)7(a®)”2, and so a/ H = a/1®~¢) H. Recalling
a™ € (a) < H, we have a™er—e) ¢ H 1t follows that each left coset of H has the
form of a’¢r=¢) H for some 0 < i < m. Set V; = a'@~¢)H for 0 < i < m. Then
each subgraph I'[V;, V;] contains a spanning subgraph isomorphic to the connected
Cayley graph Cay(H,Y).

Note that

H = (a®) U {a®)a®b = (a®) U {(a®)a® " a’b = (a®) Ua® "% (a®)x.
Then
‘/i — ai(er_es)H — ai(er_es)(ae> U a(i_l)(er_es)<ae>x.

Set V' = a'@~¢)(a¢) and V? = a=D@ =) (q¢)x. Then I'[V;!, V2 ] contains a
perfect matching (on Vl.1 U Vi2+1)’ and 1"[Vi171, Viz] contains a perfect matching (on
V! UV?). Thus, noting that H = Dy, the result follows from Lemma 2.1 (i). O

Recall that a cycle of length 2m has rc-number m. Then we get the following
consequence of Theorem 3.3 by induction on the sizes of minimal generating sets of
Dyy.

Corollary 3.4 Let I' = Cay(Day,, S) be a connected Cayley graph with n even.
Assume that S = {a“b | 1 < i < r} is a minimal generating set of Dy,. Then
either I' is a cycle of length 2n, or

re(I'y < m ﬁ [%} +iﬁ (%}
j=2 i=2 j=i

.. . r—1 .
for some divisors mj of n withn = szl mjandmj >2forl1 <j<r—1

In the next result we investigate the rc-numbers of cubic Cayley graphs on dihedral

groups.

Theorem 3.5 Let I' = Cay(Day,, S) be a connected cubic Cayley graph. Then one of
the following cases occurs.

1) re(lM) = f%], and I is the ladder graph of order 2n.
@ii) re(I") = [%1, and I' is the Mobius ladder of order 2n.
(iii) I = Cay(Day, {b, a’b, a'b)}) for some integers s and t, and either
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(ii.1) re(I") < ( 4+ D[], wherel € {|a’|, |a'|, |a* " |} and m =} > 2; or
(11i.2) nis odd, and s, t and s — t are coprime to n.

Proof Since |S| = 3 and S™! = S, we conclude that S contains an involution z of
Da,. Set S = {x, y, z}. Then either x = y_l has order no less than 3, or x, y and z are
distinct involutions. Thus one of the following cases occurs:

(1) x = y~! has order no less than 3;
(2) niseven, X,y and z are involutions, and a2 € S.
3) x,y,ze{d'b|0<i<n-—1}.

We next prove this theorem by dealing with these three cases separately.

Assume that (1) holds. Since I' is connected, (S) = Dj,. It follows from the
assumption that x = a’ and z = a/b for some integers i and j. Then zxz = x~!
and D2, = (x,z) = (x)(z). Thus 2n = [D2,| = [(x)(z)| = |x|lz| = 2|x|, yielding
|x| = n. Then I" has two cycles of length n, say (1, x, x2, o ,xk, L 1) and
(z,zx,..., axk, o L 7). Moreover, I is constructed from these two cycles by
adding a perfect matching {{x, zx"~'} | 0 <i < n}. This says that I" is (isomorphic
to) the ladder graph of order 2n. By Cai et al. (to appear), rc(I") = (%1, and so part
(i) of this theorem occurs.

Assume that (2) holds. Without loss of generality, we may set z = a? and write
x =a*band y = a'b for some integers s and 7. Thus xy = a* " and (x, y) = (xy)(x).

Suppose that (x, y) is a proper subgroup of Dy,. Since I" is connected, D,, =
(x,y,z). Note that z = a? lies in the center of Dj,. Thus Dy, = (x,y,2) =
(z)(x,y) # (x,y). It implies that [(x, y)| = n. For 0 < i < 5, set uy; = (xy),
uzis1 = (xy)ix, wy = (xy)'z and wo;41 = (xy)'xz. Then I' is constructed from
two cycles (ug, uy, ..., uy—1,uo) and (wg, wi, ..., wy—1, wo) by adding a perfect
matching {{u;, w;} | 0 <i < n}. Thus I" is the the ladder graph of order 2n and, by
Cai et al. (to appear), part (i) of this theorem occurs.

Suppose that Dy, = (x, y). Then |xy| = n, and so s —t is coprime to n; in particular,
s — 1 is odd. It follows that z = a? = (a* )% = (xy)2. Set vy; = (xy)’ and v2i4| =
(xy)ix for 0 <i < n. Then I has a hamiltonian cycle (vg, v, v2, ..., V2,—1, Vg) and
a perfect matching {{v;, vi+n} | 0 <i < n}. Hence I" is (isomorphic to) the Mobius
ladder of order 2n. By Cai et al. (to appear), part (ii) of this theorem occurs.

Now we deal with case (3). By Lemma 3.1(ii) and (iii), one of x, y and z is conjugate
to b. Without loss of generality, we assume that b = g~ !zg for some g € D,,. Write
g 'xg=a*band g"lyg = a'b. Set T = {b,a*b, a’b} and ¥ = Cay(D»,, T). It is
easily shown that VI — VX, h + g~ 'hg is an isomorphism from I" to %. Note
that two isomorphic graphs have the same rc-number. Thus rc(I™) = rc(X), and part
(iii) of this theorem follows from Theorem 3.3 and Li et al. (2012, Theorem 2.4). 0O

We end this section by considering the rc-numbers of Cayley graphs on G = D ¢
or Dy,,, where k > 1 is an integer, p and g are distinct primes.

Let X be a minimal generating set of G, S = X U X~ ! and I" = Cay(G, S). Then
2 < |X| < 3 by Lemma 3.1 (vi). Suppose that | X| = 2. Then either X = {a'b, a/b}
or X = {a’, a’b} for some integers i and j. Thus S = X or S = {a’,a™", a/b}. It
follows that I” is either a cycle or a ladder graph.
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Therefore, we assume next that | X| = 3. By Lemma 3.1 (v), (a) has a minimal
generating set of size 2. It follows that |a| = |(a)| is not a power of some prime. Thus
la| = pq and G = D3p,. By Lemma 3.1 (v), we have a*bh € X for some integer s.
Suppose that (a) N X = @. Then X = {a"b, a'b, a®b} with {|a"~*|, |a’*|} = {p, q},
where r and 7 are integers. It follows that a” " = @’ ~a~“~%) has order pq, and hence
(a"b, a'b) = Dy, acontradiction. Thus (a) N X # ¢, and hence one of the following
cases occurs:

I. X ={a",a',a*b} with {|a"|, |a’|} = {p, q}.
I. X ={d",a'b,a’b} with {[a"|, [a'*|} = {p. q}.

For case I, by Theorems 2.2 and 2.5, we get re(I') < [£] 4+ [4] + 1. In the
following we discuss case II.

Assume case II occurs. Set |a”| = [, |a’™*| = m and H = {(a'b,a’b). Then
H = Doy, Dapg = (a")H and (a") N H = 1. In particular, every element of D3, has
the formofa'"h,where) < i < landh € H.Thusitiseasily shownthat I' = X[,
where £1 = Cay({(a"), {a",a™"}) = Ky or C;, and X, = Cay(H, {a*b, a'b}) = Cy,.
Suppose X1 = Kj. Then I is isomorphic to the ladder graph Ly,,. Suppose X1 = C;.
By Liang (2012), rc(C;0Cy,) = % + m. Therefore, rc(I") = % + m with
{{,m}={p.q}.

By the foregoing argument we obtain the following result.

Theorem 3.6 Let G = D,k or Dapq, where k > 1 is an integer, p and q are distinct

primes. Let X be a minimal generating set of G. Set S = XUX ' and I' = Cay(G, S).
Then one of the following statements holds.

(1) I is either a cycle or a ladder graph.

(i) G = Dapy, |X| = 3 and either

(ii.1) fa)NX|=2andrc(I') < 57+ [41+ 1, or

(ii.2) {a)NX|=landrc(I") = I_%J +m with {l, m} = {p, q}.
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