FAMILIES OF MULTISUMS AS MOCK THETA FUNCTIONS

NANCY S. S. GU AND JING LIU

ABSTRACT. In view of the Bailey lemma and the relations between Hecke-type sums
and Appell-Lerch sums given by Hickerson and Mortenson, we find that many Bailey
pairs given by Slater can be used to deduce mock theta functions. Therefore, by
constructing generalized Bailey pairs with more parameters, we derive some new
families of mock theta functions. Meanwhile, some identities between new mock
theta functions and classical ones are established. Furthermore, based on the proofs
of the main theorems, many ¢-hypergeometric transformations are obtained.

1. INTRODUCTION

Mock theta functions were first introduced by Ramanujan [19, pp.354-355] in his
last letter to G. H. Hardy. Ramanujan listed 17 mock theta functions which were
assigned orders 3, 5, and 7. Since then, constructing new mock theta functions has
received a great deal of attention. See, for example, [2,5,9,17]. Around the year 2000,
connections between mock theta functions and Maass forms brought a new insight for
the study of mock theta functions. Based on the work of Zagier [23], Zwegers [25], and
Bringmann and Ono [7,8], we know that each of Ramanujan’s mock theta functions
is the holomorphic part of a weight 1/2 harmonic weak Maass form with a weight
3/2 unary theta function as its shadow. More importantly, Zagier [24] and Zwegers
[25] showed that specializations of Appell-Lerch sums give mock theta functions. For
these developments, see Ono’s memoir [18]. Recently, Hickerson and Mortenson [11]
built some relations between Hecke-type sums and Appell-Lerch sums. By means of
these relations and the Bailey lemma, Lovejoy and Osburn [13,14,16] and Lovejoy [12]
found some new families of mock theta functions. The motivation for this paper is an
observation that many Bailey pairs given by Slater [20,21] can be used to construct new
mock theta functions. Based on the forms of these Bailey pairs, we derive more families
of ¢-hypergeometric multisums as mock theta functions by establishing generalized
Bailey pairs with more parameters.

Here we follow the standard g¢-series notations

n—1 m
(@)n = (a;q)n = [J(1 = ag") and (a1,a2,... amiq)n = [[(a;:0)n,
k=0 j=1

where |¢| < 1 and n € NU {oco}.
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Appell-Lerch sums which were first studied by Appell [6] are stated as follows:

_1\r (g)zfr
(. q.2) = - 1 )Z( 1)"q 7

i(zq) 5 1—q ez

where z,z € C* := C/{0} with neither z nor xz an integral power of q. Here

§(210) = (2,q/%. ;) and (21,2, 21 q) H] zig

Notice that

iza"q) = (-1)"="q (j(z0), nel (L1)
For convenience, we also define that for ¢« € Z and m € N,
Ja,m = j(qa; qm)a ja,m = j(_qa; qm)y and J = Jm,3m — (qm; qm>00

Hecke-type sums which were given by Hecke [10] are defined as
fanelw.a) == D7 sa(m)(=1)Faryg @) onee),

sg(n)=sg(j)

where z,y € C* := C/{0}, sg(n) := 1 for n > 0, and sg(n) := —1 for n < 0.

The Bailey lemma plays a very important role in the study of mock theta functions.
A Bailey pair relative to (a, q) is a pair of sequences (o, 5, )n>0 satisfying

n

b= (1.2)

—0 (@)n—r(aq)nsr

In fact, o, and f,, form a Bailey pair if and only if for all n > 0 [1, Lemma 3|

" (a (=1 ("27)
= (1- aqzn)z (aq)n+j-1(=1)"""q 3

=0 (Q>n—j 7

which can be rewritten as

(—1)7¢(3) (1 — ag®)(aq)n
(@)n

The Bailey lemma says that if (a,,,) is a Bailey pair relative to (a,q), then so is

/

(v, 5;1): where

> (a7)i(aq");4°B;. (1.3)

Jj=0

ay =

' (Pl)n(ﬂz)n(aq/ppo)”a
T T ag/pnlag/ e " (1.4)
and
= L —~ (p1)j(p2);(aq/prp2)n-—j(aa/prp2)’ ,
" (aq/p1)n(aq/p2)n = (q@)n—j Bi (1.5)

for py, po € C*. Substituting (1.4) and (1.5) into (1.2) and letting n — 0o, we have

S0 (aa prpa), = AL o) 57 (P TR

n>0 (aq)o(agq/ p1p2) oo "0 aq/p1 Yn(aq/p2)n
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Especially, setting a = 1 and py, p; — o0 in (1.6) yields that

ZQ"QBn = Zq .- (1.7)
n>0 © n>0

Setting a = ¢, p1 = —q, and py — oo in (1.6), we get

- (”?) (")
T (=9)nq _ (9 (1.8)

1 _
n>0 q °° n>0

Setting a = 1, p1 = /g, and p, = —/q in (1.6), we have

2> (1@ b = (o (0 =3 (-1 (1.9)

n>0 * n>0
For more on Bailey pairs and the Bailey lemma, see [3,4,22].

In this paper, according to the Bailey pairs given by Slater [20,21], we construct
some generalized Bailey pairs by employing (1.3). Then, with the aid of (1.7)-(1.9) and
the relations between Hecke-type sums and Appell-Lerch sums given by Hickerson and
Mortenson [11], we deduce some new families of mock theta functions. Following [11],
we use “generic” to mean that the parameters do not cause poles in Appell-Lerch sums
or in quotients of theta functions. Here we recall two theta functions 6, ,(z,y,q) and

Oapc(2,y,q) in [11]:

p—1 p—1
enp z,Y, q Z Z T (n 1)/2 n+p)(T*(nfl)/Q)(3+(”+1)/2)+n(5+(n;1)/2)(_m)r—(n—l)/2
r*=0s*=0

(—y)> 02 3, §(—gmgn fyns gt ) (g ) +p(nte) gy, g (2np))

2(2n+p)
j (qp(2n+p)7"+p(n+p)/2(— yrte [(—g)n, qprtp)stp(ntp) /2 (—g)ntp [ (—y)n; qp2(2n+p)) ’

where r:=r*+{(n—1)/2} and s := s* 4+ {(n — 1)/2}, with 0 < {a} < 1 denoting the
fractional part of o, and x and y are generic.

b/c—1b/a—1b/a—1

2 /a—c) d+1 2 je—a) (T +a a—c a
o) = X 3 30 Ay

d=0 =0 f=0
. ac)—1)(e —(b%/a—c 3(b—a)/(2a%¢c a, — 2/a)(b2/(ac)—

> (—.T)f](qb( 2/( ) D(e+f+1)—(b*/a—c)(d+1)+b°(b—a)/(2 )(_x)b/ y 1;q(b /a)(b%/(ac) 1))
. 2 /c—a)(e 2/a—c —c(¥—a(b/e —b/a —b/c ac)—

| Tt saeynyd (gD (5)7e (%) (=) 1-b/a(—y) 1=t/ 0%/ ta0)-1))

#2/c=a)e+D)=e("}") (_z)(

i(q —y)-ble, q(bQ/a—c)(dH)—a(bé“) (—x)=b/a(—y); gh®*/(ae)-1)) ’
where z and y are generic.

The main theorems of this paper are stated as follows.

Theorem 1.1. For ki, ka,m € Q, (ay, B,) is a Bailey pair relative to (a,q™) with

(_1)n(qk1n2—k2n + qk1n2+k2n)’ n> 0’
oy =
1, n =20,
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and (o, , 3.) is obtained by letting ¢ — ¢* (t € Q) in (ou, Bn). Then for 1, kot € Z, the
following are mock theta functions:

l . Z Z r+] 1 _ anmt])(aq 7qmt)j—1<q_mtj7 aqmtj; qmt)s
E (@@ (@™ 0,
n>r>035>s>0

« qn2+@+3(2l+1)rj+(%—klt)j2+(3l+ )i+mit (] )—I—mtsB (1.10)

ER

where | > 1, kot = 1,2 (mod 3), kot # lzgﬁrl forany k € Z, and l and t are generic
for 01 21(q%, ¥+, ¢%).

(L tg) = > Z ™1 — ag®™)(ag™; ¢™);-1(g"™, ag™; ™),
q mt. ,m
n>r>0]>s>0 (Q)n—r(Q)n+r(q t7q t)]
% qn2+@+(21+1)rj+( —k1t)j2+(1+3)j+me(] )+mt56S7 (1.11)

where 1 = 0,2 (mod 3), | > 2, kot # (2 — 4k)(I — 1)(I + 2), kot # (12 DUZL42)

20+1
[+2—kot
2t q).

(e=0,1,2) for any k € Z, and | and t are generic for 032_2(¢%, q

-y Z D™ (1 — ag®™) (=q)n(ag™; ¢™) ;-1 ("™, ag™; g™,

3(1,1;q)
n>r>0j>s>0 (Q)n—r(Q)nJrrH( mtaqmt)]
" q(n;rl)+(r+1)+2(2l+k2t)7']+(1 k)52 +(2l4-kat) j+mt (3 )+mt35 ’ (1.12)
where | > =228 and | and t are generic for 0 a1 ok,.2(¢%, 4%, ).

Theorem 1.2. For ki, ka,m € Q, (o, B8,) is a Bailey pair relative to (a,q™) with

kin?—kan kin?+kan

gt TR — gt > 0,
Ay =

1, n =0,

and (o, B,) is obtained by letting ¢ — ¢* (t € Q) in (aun, Bn). Then for 1, 2kyt € Z, the
following are mock theta functions:

-1 n+r4j 1— 2mtj .42 mt. ,mt - —mtj mtj. ,mt
Lt =23 (=1) (1 —aq”™)(q;9%)n(aq n;g n?t] g™ ag™; gmt),
n>r>0 j>s>0 (Dn—r(Dnsr(@™;q )j

y q(r-gl) (2 —1+2kat)rj+(§ —k1t)j?+(— § +kat)j+mi (3 )*mtsﬁ

ER

where | > 1—kot, 2kt £ fli\/l+84(zﬁ;1)(k+l71) 0141, 2t £ (174k)(2l71)j:4k(_21271)2+8k(2k71)

for any k € Z, and | and t are generic for 019 2191,:(—q, —¢', q).

Theorem 1.3. For ki, ka,m € Q, (o, B8,) is a Bailey pair relative to (a,q™) with

(_1)r(qk1r2—k2r + qk17"2+k2r)’ n = 27“,
o, =< 0, n s odd,

1, n =20,
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and (o, , 3.) is obtained by letting ¢ — ¢* (t € Q) in (ou, Bn). Then for 1, kot € Z, the
following are mock theta functionS'

l . q Z Z r+] 1 _ aq2mt])(aq ’qmt>j_l<q—mtj7aqmtj;qmt)s
n>r>0 j>s>0 (@n—r(@ner (475 4™);
% q" 24 2O 4 (314 3 )rj+ (2 — 2k t) 72+ (314 2)+m )+mt8657
where | > 1, kot = 1,2 (mod 3), kot # 12];5{1 forany k € Z, and l and t are generic
fO?“ 81 2l(q3 q31+37k2t’ (]3)-

l . Z Z r+] anmtj)(aqmt; qmt)j_1<q—mtj’ aqmtj; qmt)s

& @@ (a7 4™
n>r>0 j>5>0 n—r\4/n+r J J
y qn%-w+(l+%)rj+(%—ik1t)j2+(%l+ Yit+mit(} )—i—mtsBS’

_ (12k+4e—4)(1—1) (i+2
where | = 0,2 (mod 3), 1 > 2, kot # (2 — 4k)(1 — 1)(I + 2), kt # WD)
(e=0,1,2) for any k € Z, and | and t are generic for 93 a-2(, ¢ T2kt ).

(Ltg) =Y Z D)™ (1 = ag®™)(=q)n(ag ) 1(g”™, ag™ 5 g™,
n>r>0j>5>0 <Q)”*’"(q>”+”+1( q");
" q(n;1)+(T;1)+(gz+k2t)rj+(i—ik £)52+(U+ S hot)j+mi(} )—&-mtsBS’
where | > =228 and | and t are generic for 0 4 ok,2(¢%, ¢* . q).

Furthermore, we find some identities between the new mock theta functions and
the classical ones. Recall that a “2nd order” mock theta function and two “8th order”
mock theta functions are defined as

p(q) =

bl

(=1)"¢™ (4 6%
% (—a* )3

n(n+2)(_ . 42
q (=4 ¢)n
Si(q) = E ;

n>0 (_q27q2)n

Y

and (n+1)(n+2) 2. .2
g TINTI (=g q7)n,
To(q) = E ( )

= 6d)n
Corollary 1.4. We have
1
wi(l,4;q) = —Zq‘lu(qﬁ) + M (q), (1.13)
1
wi(1,2;q) = 56151((13) + My(q), (1.14)
and

where the mock theta functions wi(1,4;q), wi(1,2;q), and wy(1,—1;q) are defined as
(3.19), (3.8), and (3.21). In addition, M;(q), Ma(q), and M3(q) are (explicit) weakly
holomorphic modular forms.
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This paper is organized as follows. In Section 2, we prove Theorems 1.1-1.3. In
Section 3, for the Bailey pairs occurring in Slater’s list [20,21], we apply Theorems
1.1-1.3 to derive some examples. Meanwhile, we give a proof of Corollary 1.4. In
Section 4, in view of the proofs of Theorems 1.1-1.3, we deduce some ¢-hypergeometric
transformations.

2. ProOrs Or THEOREMS 1.1-1.3

First, we recall some required facts from [11]. Define

ga,b,c(xv Y,4q, =1, ZO)
— e(t) - a a(PT) () —t(b2—ac) \ ¢ a(b?—ac
=Y (=)' a@j(q" w5 q")m (—q (302 )%w] v ),zo)

[

+ (_x)tqa(;)j(qbty; “)m (_qc(bgl)a(c;rl)t(bzac) E_x;wqde_GC)’ 21) RNCRY
Y

The following two results allow us to convert from Hecke-type sums to Appell-Lerch

sums.

Theorem 2.1. ( [11, Theorem 1.3]). Let n and p be positive integers with (n,p)=1.
For generic x,y € C*

1
fn,n—l—p,n(xa Y, Q) = gn,n—&-p,n(xv Y, q, _17 _1) + ——‘gn,p(x) Y, Q)
JO,np(2n+p)
Theorem 2.2. ( [11, Theorem 1.4]). Let a, b, and c¢ be positive integers with ac < b
and b divisible by a and c. Then for generic x,y € C*

1
fa,b,c<x7 Y, Q> = ha,b,c(x7 Y,q, _17 _1) - = 9a,b,c<x7 Y, Q)u

JO,b2/a—cJ0,b2/c—a

where
b/a+1

ha,b,c(xa Y,q, %1, ZO) :](gj, qa)m (_qa( 2 )—C(_y)(_x)—b/a’ qb2/a—c’ Zl)

b/c+1

+ilsaym (=g ) () k).

To prove Theorem 1.1, we need the following lemma.

Lemma 2.3. For ki, ka,m € Q, (an, B,) is a Bailey pair relative to (a,q™) with

(_1)n(qk1n2—k2n + qk1n2+k2n)’ n> 0’
oy =
1, n =20,

and (a,,, 3,) is obtained by letting ¢ — ¢* (t € Q) in (an, B,). Then (A%l),B,(ll)) is a
Bailey pair relative to (1,q), where
Aq(ll) _ (_1)nqn(n+3)/2 Z q3(2l+1)nj+(%—k1t)j2+(31+%)ja;

Jj=0
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and

Z Z 7‘+j 1 _ anmtj)<aqmt’ qmt)]il(q—mtj’ aqmtj; qmt)s
(Dn—r(@Dnsr (@™ g™);

D) 432041 )+ (B — k152 +(31+ 3 )j+mi (] )—l—mtSﬁ

r=0 j>s>0

‘q g (2.2)
(A%Q),Bff)) is a Bailey pair relative to (1,q), where
AS) = (—1)nqn(n+3)/2 Z q(zlﬂ)nj*(%—klt)f*(”%)ja;
j=>0

and

Z Z ’I‘+] anmtj)(aqmt; qmt)jil(q—mtj’ aqmtj; qmt)s

(Dn—r(Qntr (@™ g™,

r=0 j>s>0

% q’“(r;:”+(2l+1)m+(f—k1t)1 +(+3)i+me(} )‘*‘mtsﬁ

(A%?’),Bf’)) is a Bailey pair relative to (q,q), where
Agls) _ (_1)nq(";1) Zq2(2l+k2t)nj+(1—k1t)j2+(2l+k2t)ja;
320

and

Z rJr] aq2mtj)(aqmt; qmt)j_1<qutj’ aqmtj; qmt)s
(Q)n—'r(q2)n+r(qmt; qmt)j

0j=>s20
( S 22t kat)rj+(1—k )% +(2l+kat)j+mi(] )-i-mtsB
.

Proof. 1f (ASP, 15’7(11)) is a Bailey pair relative to (1, ¢), then from (1.2), it follows that

87(11) _ zn: Aﬁl)

s (Q)N—T(Q)n-‘rr

7" (r+3)/2
- Z

Since the Bailey pair (aj, 5;) is relative to (a,¢™), in view of (1.3), we get

( ) Zq3(2l+1)m‘+(g—klt)j2+(3l+%)ja;., (2.3)
—-r q n+r ,7>0

o (—1)igm () (1 — ag®™7)(ag™; ¢™);_1 i(qmw aq™; g™ (2.4)

o =
J (qmt’ qmt)j —
The combination of (2.3) and (2.4) gives (2.2).
In the same manner, we can prove that ( P BY )) is a Bailey pair relative to (1, q),
and (.,41(13), Bq(q,?’)) is a Bailey pair relative to (g, q). O

Proof of Theorem 1.1. Substituting the Bailey pair (AS), B,(Tl)) in Lemma 2.3 into (1.7)
yields that
L.HS. = Zq"QBfll) =Wi(l,t;q)

n>0
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n(n+1) . . s
o (_Unq% Z q3(2z+1)m+(g—klt)]2+(3z+g)gaj
Voo 750 3>0

-y (_1)nqw (1 —+ Z q3(2l+1)nj+(§—k’1t)j2+(3l+g)ja;>
>0

Jj=1

3

+ (_1)n+jq3"(72l+1)+3(2l+1)nj+gj2+(31+g+k2t)j)
n>0,j>1

After replacing n with —m — 1 and j with —j in the second sum, we have

3n(n+1) 3 .9
R.HS. = n—i—] +3(204+1)ngj+ 3 52+ (3148 —kat)

q n>0,7>0 n<0,5<0
1 _
= @) f1,2l+1,1(q3>q31+3 thng)-
Then )
Wil t;q) = Wfl,QlJrl,l(q:Sa ¢ G, (2.5)
For [, kot € Z, when | > 1, with the aid of Theorem 2.1 and (2.1), we deduce that
frami (@, ¢ ¢?)
_ 1 _
= 91,21+1,1(q37 q3l+3 kzt, QS, -1, —1) + ——91,21(6137 C]31+3 k2t7 QS)
0,121(1+1)
. _ 1 _
— ](q3l+3 k‘zt; q?))Tn(_qut(Ql—&—l)7 q12l(l—&—1)7 _1) 4 — 017%((]3’ q3l+3 kzt’ q3).

Jo 121041

If kot = 1,2 (mod 3), then 3] + 3 — kot = 1,2 (mod 3). Therefore, Wi(l,t;q) can
be expressed as a sum of specializations of Appell-Lerch sums and theta functions.
More specifically, when kot = 3h + 1,h € Z, using the fact that j(¢*¢~M*2;¢%) =

(‘Ulihqi?’(lgh) 20- h)j( ¢*) by (1.1), we obtain
Wi(l,t;q) :<_1)l7hq 3("5M)—20 h)m<_q(2l+1)(3h+1)7q121(l+1)7 ~1)
1 _
R To— 0r20(q”, "2, ). (2.6)
1J0,121(14+1)
Similarly, when kot = 3h + 2, h € Z, we get
l—h
Wi(L, t;q) :(—1)l’hq_3( 5 )—(l—h)m(_q(21+1)(3h+2)’q12l(l+1)’ 1)
1

+—=—02(¢>, ¢ ). (2.7)
JiJo121041)
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Meanwhile, according to the definition of Appell-Lerch sums, for any k € Z, we have

kot(20 + 1) # 12K1(1 + 1).

Therefore, for [, kot € Z, when | > 1, kot = 1,2 (mod 3), kot # L2KUHD) £y any k € Z,

2+1
Siks=kat ¢3) Wi (I,t; q) are mock theta functions.

and [ and t are generic for 0y (q>, ¢
Similarly, substituting the Bailey pair (Aff), Br(f)) into (1.7), we have
LHS =Y q"BY =Wyl t:q)

n>0
and
1
RHS. == ¢"AY
(@)oo 25
1 3n(n+1) . 3 -2 1y, 7
_ _1\n, 5 QI+1)nj+(3—k1t)j2+(143)j
_(Q)m;( Ve ;q - Y
n> J>
1 p Snntl) A+ nj+(E—kit)j2+(1+1)5
= o >0(—1) q 2 (1-1-;(]( Jnj+(5—kit)j=+( Q)Jaj
n> J>

_ 1 (Z (_1)nJrjqur(QlJrl)m#%j2+(l+%fk2t)j

n Z (_1)n+jq3n(g+1>+(2l+1)nj+gj2+(l+é+k2t)j> _
n>0,j>1

Replacing n with —n — 1 and j with —j in the second sum yields that

1 3n(n+1) 3 .9 1
R.H.S. = —— ”*J +(2H1)nj+5 52+ (45 —kat)j
(- x e

n>0,7>20 n<0,j<0

1

= f3725+1,3(q3> gtehet
(@)oo

,q)-

Then .
Wa(l,t;q) = Wf3,2l+1,3(q3a gt ). (2.8)

For I, kot € Z, when | = 0,2 (mod 3) and [ > 2, applying Theorem 2.1 and (2.1), we
obtain

f3,21+1,3 (q37 ql+2_k2t7 q)

3 I+2—kot

Lh2okat o1 1) 032-2(¢", q X)

3
= 93,2l+1,3(q » q
Ji J0,12(lfl)(l+2)

2
Z l+2 kgt s 3( )](q(2l+1)s+3,q3)

< m <_q3(21;2)1843(l1)(l+2) (—q/ T2kt

12(1—-1)(14-2)
—’ q Y _1
(—¢3)2H+1 )
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4 Z(_q3)sq3(2)j(q(2l+1)s+l+2—k2t; #)
3\3
_3() —18—4s(1-1)(142) (—a°) 12(—1)(142)
xm ( @) (_ql+2—k2t)2l+1’q ,—1

1
+ —= 93,21—2(6137 q
J1Jo120-1)(1+2)

)} (2.9)

Then we have

1 ) _ _
Wg(l,t; Q) :W (](qfﬂ; qB)m(_QG(l 1)(1+2) 3k2t,(]12

[+2—kot
—dq

(-D+2) 1)

2044 2(1—1)(14+2)—3kzt

3 (@ ¢*)ym(—q L gD )

- PTRa (A5. 3Y (_20-D02)Bkat 120D 042) )
(gt P (DRI k=9 12(-142) _q)
PGP By m (=g 120D 0) )
T @2G(qPHAHEt Py (— R D—AG-DE) | 120-1)042) 1))
TR O312(q", 47", q). (2.10)
Jido2-1)a+2)
Since 2l +4 = 1,2 (mod 3), 41 +5 = 1,2 (mod 3), j(¢;¢*) = j(¢* ¢*) = (¢), and

7(¢% @) = 0, by means of (1.1), Ws(l, t; q) can be expressed as a sum of specializations
of Appell-Lerch sums and theta functions. Furthermore, by the definition of Appell-
Lerch sums and (2.9), we get that kot # (6_46_12k§(l_1)(l+2) (e = 0,1,2) and kot #

(12k+4€_2?i(f_1)(l+2) (e =0,1,2) for any k € Z. While we notice that

(6 — 4e — 12k)(1 — 1)(1 + 2)
3 = (

2 k)= 1)(1+2) — gg(z _ (i +2).

When [ = 0,2 (mod 3) and ¢ = 1,2, we have that (67457122(171)(”2) cannot be integers.
Therefore, for [, kot € Z, when | = 0,2 (mod 3), | > 2, kot # (2 —4k)(I — 1)(I +

2), kot # {12k e ;J)ﬁ D02 (o = 0,1,2) for any k € Z, and [ and ¢ are generic for
O3.2-2(q, ¢ T27*2t q), we conclude that Ws(l,t; ) are mock theta functions.

In the same manner, substituting the Bailey pair (Aff), Bﬁf)) into (1.8) yields that

(—q)ng("?)
LHS =) ™ = "5 — w1, 4 )
n>0 l—gq
and
RS, — (Z0o Z ("2 A®
oo n>0

oo n>0

n n2+n§ :q2(2l+k:2t)nj+(1—k:lt)j2+(2l+k2t)jOé"
J

Jj=0
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_ oo n " 24n (1 + Zq (2l+kat)nj+(1—k1t)j2+(2l+kat)j a]>
n>0

OO 7j>1

_ (_Q)oo ( Z (_1)n—i—jqn2+n+2(2l+k2t)nj+j2+2lj

n>0,j>0

+ Z (_1)n+jqn2+n+2(2l+k2t)nj+j2+(2l+2k2t)j)‘

n>0,j>1

After replacing n with —m — 1 and j with —j in the second sum, we have

( 2 : 2 : ) n+] n24n+2(20+kot)nj+52 4215

n>0,7>0 n<0,j<0

R.H.S. =

_ (—Q)oo

Wf2,4l+2kgt,2(q2a QQlH

1 q)-

Hence,

Ws(l,t;q) = mﬁ,uwkzt,z(q?, " q). (2.11)

(@)oo

When [, kot € Z and [ > 1 k2t , applying Theorem 2.2 gives that

foaironat2(@®, 1 q)
1
=ha a12kst.2(q%, g, —1, 1) — f2—62,4l+2k2t,2(q2) )
J0,2(21+kst)2—2

. 2_ 1

=i ¢*)m ((—1)k2tqk2t(2l+'“?t),qQ(”*’”” 2 1) - O onn2(, ).
Jo,2(21+kt)2—2
From (1.1), it follows that
Wall, t:q) =(— 1)lq7l2m ((_1)k2tqk2t(21+k2t)7 q2(21+k2t)272, _1>
1
- 5 92,4l+2k2t,2(6127 q2l+17 Q) (212)

J1»2‘]0,2(2l+k2t)2—2

Based on the definition of Appell-Lerch sums, when kot are even integers, —1 and
— k212t are not integral powers of ¢22%20°=2 \When kot are odd integers, kot (20 +
kot) are odd integers, and (2(20 + kyt)? — 2) are even integers. Hence, ¢"!+*2t) are
not integral powers of ¢2@+*20*=2 T conclusion, for I, kst € Z, when [ > =kt and

and ¢ are generic for 0y 41 2r,12(¢%, ¢* 7, q), Wa(l,t; ) are mock theta functions. O

Lemma 2.4. For ki, ka,m € Q, (an, B,) is a Bailey pair relative to (a,q™) with

2 2
qkln kan qk‘ln +k:2n7 n > 0’
ay =
1, n =20,
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and (c,, B.) is obtained by letting ¢ — ¢* (t € Q) in (aw, Bn). Then (AS,BSY) is a
Bailey pair relative to (1,q), where
«4;4) _ (_1)nq(”;—1) Zq(21_1+2k2t)nj+(%—klt)j2+(l_%+k2t)j@;
Jj=0

and

Z 7‘+] aq2mtj)<aqmt; qmt)jil(q—mtj’ aqmtj; qmt)s
<Q)n7T(Q)n+r(qmt; qmt)j

0 j>s>0
( S @142kt i+ (5 —ka )2+ (1= 5 +hat)j+mit (] )—i—mtsB
-

Proof. 1f (A#), 87(14)) is a Bailey pair relative to (1, ¢), then by (1.2), we have

n (4)
g S A
r=0 (Q)n—r(q)n-l—r
n 'r+1
_ (21—1+2kat)rj+ (3 klt)j2+(lf%+k2t)ja".
; (q n+r Z !
Employing (2.4) in the above identity, we prove the lemma. O

Proof of Theorem 1.2. Substituting the Bailey pair (.,4,(14), B,(f)) into (1.9) implies that
LH.S =2 Z(_l)n(% q2)nB7(14) = W4(l7 t; Q)

n>0
and
RH.S. = q q 20 Z
n>0
_ q q o0 Zq n+1 Zqzl 142kat)nj+(5 —kit); 2+(1—%+k2t)ja;
® n>0 >0
(C] q o0 "+1 (21— 1+2kat)nj+(5—k1t)j2+(1— L +kat)j ./
_ q 1+ q 2t)ng 1t)j s tkat)i,)
(%) ,; ; !

(4% ¢%)

— (¢; ) oo ( Z q(ngl)+(2lf1+2k2t)nj+%12+(l*%)j

n>0,j>0

B Z q("+1)+(2l 1+2kat)nj+3 2+(l1+2k2t)>
n>0,j>1

Replacing n with —n — 1 and j with —j in the second sum, we have

ris = {50 (55 - 3 J ey

n>0,7>0 n<0,5<0

(4;q
= ﬁflﬂ 1+2k2t1( q, _ql7Q)‘
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Then ()
;49" )oo !
Will,t5q) = 75— fra1e2me1 (=0 —q, Q).
(4% oo s
When [, 2kot € Z and | > 1 — kot, from Theorem 2.1 and (2.1), it shows that
J1,21-142k5t,1(— 4, —C]l7 q)
1 !

= gl,2lfl+2k2t,1(_Q7 —ql, q,—1, —1) + = 61,2172+2k2t(_Q7 —q 7(1)
J0,4(1+at) (1— 14 kat)

. _ _ _ _ 2_
— ]<_q; q)m<_q(l 1+kat)(20—142kat)+1 17 q(2l 1+2kot) 17 _1)
. _ _ 2_
+ ](_ql; q)m<_qk2t(2l 1+2k2t)’ q(QZ 1+2kot) 17 _1)
1
+ = 0121212650 (— 0, =", 9)-

J0,4(1 4+ Reot) (1— 14 kot)
In light of (1.1), we have

2. 2

o) = o=y — 9~ () (@5 )

J(=a39) =q¢ ¥ j(—q;:q) = 2q ¥ ——F—.

B T
Then

W4(l,t; q) :2m(_q(l—1+k2t)(2l—1+2k2t)+l—17 q(2l—1+2k2t)2—17 _1)
i 2q—(é)m(_qk2t(2l71+2k2t)’ q(2l71+2k2t)2717 1)
1
+ == 01 21-242kt(—0, =", q). (2.13)
J11J0 4014 kat) (1— 14 kat)
By the definition of Appell-Lerch sums, 2kyt # 7&\/1“1(:31)(“[71) —20+1 and 2kt #
_ _ \/f

L 1)i4k(_2; DPHSREED oy any k € Z. Therefore, for [, 2kst € Z, when | > 1 —
kot 2kt —1j:\/1+i(§f;1)(k+l—1) A1, ket £ (1_4k)(21_1)1,4/k(_2£_1)2+8k(2k—1) for any
k € Z, and | and t are generic for 019 o1or,t(—q, —¢', q), Wa(l,t;q) are mock theta
functions. O

Lemma 2.5. For ky, ko, m € Q, (an, B,) is a Bailey pair relative to (a,q™) with

(_1)r(qk1r2—k‘2r + qk1r2+k2r)7 n = 27,7
an, =< 0, n 1s odd,
1, n =20,

and (c,, B.) is obtained by letting ¢ — ¢* (t € Q) in (aw, Bn). Then (AY,BY) is a
Bailey pair relative to (1,q), where

A®) = (_1)nqw Zq(3l+%)nj+(%_iklt)j2+(%l+%)ja;
320

and

BY = 2. (=171 = ag®™")(ag™; ¢™);-1(g"™, ag™; ¢™)s
r=0 j>s>0 (Dn—r(@Dntr (g™ qmt)j
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» qr<’“2+3>+(3l+ i+ (3= ka5 + (Gl i+me (3) +mts g

( %6),[)’,(16)) is a Bailey pair relative to (1,q), where
A = (_anw Zq(l+%)nj+(%—ik1t)j2+(%l+i)ja;

j=0
and
Z Z 7"+j aq2mtj)(aqmt; qmt)j_l(q—mtj’ aqmtj; qmt)s
r=0 j>s>0 <q)nfr(Q>n+r(qmt;qmt)j
y qr(r;?’)+(l+%)rj+(%—ik1t)j2+(%l+ )j+mt (3 )—‘,—mtsﬁs.

( 27),5’,(])) is a Bailey pair relative to (q,q), where

A%?) _ ( n+1 Zq 2l+k2t)n]+(——fk1t)j +(l+ kgt)]a
3>0
and
_ Z r+j aq2mtj)(aqmt; qmt)j_l(qutj’ aqmtj; qmt)s

(Q>n—r(q2)n+fr (qmt; qmt)j

072520
( IO+ @ithat)ri+(5 — 2 k1t) 2+ (14 Shot)j+mit () )+mt55

Proof. The proof is similar to that of Lemma 2.3. The combination of (1.2) and (2.4)

gives the proof. O

Proof of Theorem 1.3. Substituting the Bailey pair (./4(5) )) into (1.7), we have
L.H.S. = Zq” B = Ws(l,t;q)

n>0
and
1
RHS = — q" A®)
(@)oo 55
= LZ(_U 3n(n+1) Zq(3l+ nj+(E2—Lkit)2+(31+32) o
@ 153 j20
- D1 (1 +2 q(‘”*?)”ﬂ'“iiklt)12+(§l+i>ja}>
(q)oo >0 =
]. 3n(n+1) . . o,
" (q) Z(_l)nq 2 (1 +Zq3(2’+1)"3+(§klt)32+(3z+§)ga2j>
q)o 0 =
- L (—1)"+jqw+3(21+1)m+§J2+(31+§szt)

. 3n(n+1) .1 3.2 3 .
+ E (_1)n+3q72 +3(2+1)nj+57 +(3l+2+k2t)g>'



FAMILIES OF MULTISUMS AS MOCK THETA FUNCTIONS 15
After replacing n with —n — 1 and j with —j in the second sum, we get

R.H.S = _(i ( Z Z 1)"tig 3t l) | 3(2041)ng+ 3 524 (314 3 —kat)j
9)oo n>0,>0 n<0,j<0
1 o el ;
= fi,2 1,1(q3>q31+37k2t7q3)-
(@)’
Then

1 B
Ws(l,t;q) = mem,l(q?’, g gt (2.14)

Notice that W5(l,t; q) and Wi(l,t; q) have the same expression in terms of Hecke-type
sums by (2.5). Therefore, for [, kot € Z, when | > 1, kot = 1,2 (mod 3), kot # 12§§ff1
for any k € Z, and [ and ¢ are generic for 61 (3, ¥ 3%t ¢3), W5(l,t;q) are mock

theta functions.
Substituting the Bailey pair (A%ﬁ), BSLG)) into (1.7) yields that
LHS =Y q"BY = Ws(l,t:q)

n>0
and
1
R HS = TZQn{A&G)
q)oco >0
. 1 TL 3n(n+1) l+ TL]+ Q,l )j2+(ll+l)j ’
= o (g Y bt i
n>0 >0
1 3n(n . . .
_ o Z(_anw (1 +Zq(l+é)n‘7+(gik‘lt).]2+(él+}1)]oéj>
q)oo n>0 j>1
1 3n(n+1) . . .y
= W Z(_an% (1 + Zq(zz+1)ng+(§klt)J2+(l+§)yQ2j)
Voo 013 j>1

0
_ Z (_1>n+jqw+(21+1)nj+%j2+(l+%szt)j

1
(Q)OO n>0,j>0

. 3n(n+1) ., 3.9 1 .

g 2D 4 (2141)nj+ 2 52+ (14 3 +hot) g

( 1) q p) ( ) 2 ( 3 ) .
n>0,j>1

Replacing n with —n — 1 and j with —j in the second sum implies

R.H.S = L( Z Z ) 1)+ 3’“7”‘+1)Jr(2z+1)m+ 24 (14 L —kat);

Q) n>0,7>20 n<0,57<0
1

I+2—kot

= ( f3,2l+1,3(93,q 7Q)-

7)o

Then .
Ws(l,t;q) = Wf3,2l+1,3(q37 gt q)- (2.15)



16 N. S. S. GU AND J. LIU
Similar to the proof of Wy(l,t;¢) in Theorem 1.1, we prove that Ws(l,t; q) are mock
theta functions under the same conditions.

Substituting the Bailey pair (A, BY) into (1.8), we have

(—g)ng("?)
LHS =) ~—=——B0 =Wi(l,t;q)

n>0 1—q
and
RH.S = "= (")
°° n>0
oo n n2+n Zq(21+k2t)nj+(ifiklt)j2+(l+%kgt)ja;
n>0 >0
(Q)OO n>0 i>1

_ ((_Q)OO Y (=g (1 + ) ARt (k)P @ k)] 0/%')

Q)OO n>0 5>1

_ (_q)oo ( Z (_1)n+jqn2+n+2(21+k2t)nj+j2+21j

(9)e n>0,j>0
+ E : n-i-j n24+n+2(2l+kot)nj+52+(20+2kat) ] >
n>0,7>1

After replacing n with —n — 1 and j with —j in the second sum, we get

R.HS = ( Z Z > n+] n2+n+2(2l+k2t)nj+] +215
n>0,j>0 n<0,j<0
= f2,4l+2k2t,2(q27 q2l+17 Q>-
(@)oo
Then (—o)
—(q)x

Wa(l,t;q) = —(q) f2,4l+2k2t,2(q2, q2l+1, q). (2.16)
Similar to the proof of W3(l,t;¢) in Theorem 1.1, we prove that W5(l,t; q) are mock
theta functions under the same conditions. O

3. EXAMPLES
In this section, we focus on the Bailey pairs in Slater’s list [20,21] to derive some
new mock theta functions by using the main theorems.
Theorem 3.1. The following are mock theta functions:

1)7+i 1+q“)(q 9473442547z,
= > Z (@Dn—r(@)ns+r(q" 0 )2

wi(l,t;q) :

n>r>035>s>0
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n2 4 TH9) 3_1
x g +3(20+1)rj+ 3524+ (31+3 t)j—f—ts (3.1)

where l € N, t = 2,4 (mod 6), t # 24];;5{1 forany k € Z, and | and t are generic for

01.2(¢°, Pt B,
2(tiq) = ) Z il 1+qtj)( ,47;4")5(a23 47)as
n>r>0j>s>0 (Dn—r(Dnrr(q5q")2s
w g Sy =30 (32)

where 5t € Z,1=0,2 (mod 3), 1 > 2, 5t # (2—4k)(1-1)(1+2), 5 ¢ o4 (Zktde—d)(=1)(14+2)

20+1

(e=0,1,2) for any k € Z, and | and t are generic for 039 2(¢>, ql+2 2t q).
s(ltq) = ) Z D1+ %) (~0)aa™, 473 0")s(4%; 62 )os
n>r>0j>s>0 (Dn—r(@ntr+1(a% ¢")2s
% q<n;1>+(r+1)+(4l+t)m+] +2lj+ts (3.3)
where I, 5t € Z, 1 > 5 — 1t, and | and t are generic for O 4:42(¢%, ¢**, q).
D™ (1 + ¢Y)(4:4))n(a77,4754")s
attig) =2 3 30 U0 )
n>r>0j>s>0 ” r\d)n+r q q q;9")s
X q(T?)‘*‘(Zl—Zt—l)Tj-i—(%—%t)jz-l-(l—%—%t)j—l—%s’ (3.4)

wherel,2t € 7,1 > 1+t, 2t # li\/1+8(42:__21)(k+l_1)+2l—1, 2t # (4k_1)(2l_1)i4k(_2l2_1)2+8k(2k_1)

for any k € Z, and l and t are generic f07° 0121-2-2t(—q, —¢',q).

D™ (1 +¢) (a7, q":4")s
REUEDYPIE gl

W2 50 (@nr(@nir(dh4%)s(g% ")

i “*3)+(3z+ i+ (=307 + (3l -50+s (3.5)
where l € N, t = 1,2 (mod 3), t # 12§§f{1 for any k € Z, and | and t are generic for
9 3 3l43-t 3

1200, q Q).

7"+J 1+th q—tj’qtj;qt i
altta= ¥ 3 o

n>r>0j>s>0 " 7" n+r(q ,q2t)s(qt;qt)s

y qn2+@+(l+%)ﬁ+( P07+ (Gl =3+ (3.6)

wheret € Z,1=0,2 (mod 3), 1 >2,t# (2—4k)(I— 1)l +2), t 7& (12k+4e 2;1+(i 1)(1+2)
(e=0,1,2) for any k € Z, and | and t are genem’c Jor 0391 2(q3, ¢, q).

5y U ),

n>r>05>s>0 T(q)n+r+1 (q q2t) (qt7 qt)s

("21)+(T§1)+(2l+t>7~j+<i—it)j2+lj+ts7 (3.7)

wr(l,t;q) -

xq

t

where l,t € Z, | > 1%, and 1 and t are generic for 03 4492(q%, ¢* !

,q)-
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Proof. Consider the Bailey pair (o, £,) relative to (1,¢) in [21, M(1)]

LD (@ gB), n>0,
" 1, n =0,
and
4
q)2n
Setting a = 1, m = 1, and k; = ko = %, and applying Theorem 1.1, we obtain
(3.1)-(3.3), respectively.
For the Bailey pair (o, 8,) relative to (1,¢) in [20]
(" —q ), ifn>0,
o, =
1, ifn =0,

and
mn

q
5n = )
(@)n(@)n

Applying Theorem 1.2, we obtain (3.4) by setting a =1, m =1, ky = 1, and ky = —

For the Bailey pair relative to (1, ¢q) in [20, C(6)]
(=)@ (1 +¢*¥), ifn=2r>0,
a, =< 0, if n is odd,
if n =0,

and
1

fu= g

(43 ¢*)n(@)n

setting a = 1, m = 1, k; = 3, and ky = 1, and applying Theorem 1.3, we derive
(3.5)-(3.7), respectively. O

?

More specifically, we give some explicit values for [ and ¢ in (3.1)-(3.7) to show some
examples as mock theta functions.

Set [=1and t =2 in (3.1) Then resorting to (2.6), we have

Z Z r-‘r] ]_ + q2J)< j7 q2]’ qz)s(Q>25 qn2+w+97‘j+%j2+%j+23
n>r>0j>5>0 r(@rtr (475 47)2s
=-—¢”Ww—q§q%3—1)+tjj 012(¢% " ¢°). (38)
140,24
Set [ =2and t=21in (3.2) Then by (2.10), we obtain
2(2,2: ) Z Z (1 +CIQJ)(CfQj;q2j§Qz)s(Q)zsqn2+W+5rj+gj2+gj+2s
n>r>0j>5>0 n T(Q)n+r<q2; q2)2s

93,2 <q37 q37 Q) .
(3.9)

— 2q—4,,,n(_qS7 q48’ _1) + 2q—l3m<_q—11’ q48’ _1) + J
10,48
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Set [=1and t =2 in (3.3). Then applying (2.12) yields that

5(1,219) = ) Z Disilc +q2j)< q)”<q72jaq2j3q2)s(Q)2sq(";1)+(T;1)+6rj+j2+2j+2s
n>r>0;j>s>0 n—r(@ntrr1(4%; ¢%)2s

_ 1
=—q 'm(-¢*¢"%, 1) -

02,62(0%, ¢°,q). (3.10)
Ji 2Jo 16

Set [ =3 and ¢ = 1 in (3.4). Then by (2.13), we obtain

3. 1: (]) —9 Z Z (_1)n+r+j(1 + qj)(q; qg)n(q_j, qj; q)sq(T;1)+3rj+j+2s
’ n>r>0j>s>0 (@Dn—r(Dntr(2)s(@)s
1 3

=2m(—q°,¢% —1) +2¢°m(—q %, ¢* —1) == 012(—q,—4¢",q).
1,140,8
(3.11)

Set { = 1 and ¢t = 2 in (3.5). Then the combination of (2.5), (2.7), and (2.14) gives
that

(1,2 Z Z ) 1+92])(Q72j>q2j;92)s 24T 9,5 152455 0
B (¢ )% ),
n>r>0 >85>0 Jnr(@nr 14
=—q 'm(=¢",¢"", =1) + ———0a(¢’ . ¢". ¢*). (3.12)
J1J0,24
Set [ =2 and t = 2 in (3.6). Then from (2.8), (2.10), and (2.15), it follows that
6(2,2:9) = Y Z D™ (4 ¢7) (@7, 473 6%)s p2yres s,y 1100
n>r>0§>5>0 n+r(q q ) (q2;q2)s
=—q m(—q .q' ,—1) +q Pm(=q7 ", ", 1) + m(=¢*,¢", -1)
— ¢ 'm(=¢"°,q", —1) + —=—052(¢", ¢*, q)- (3.13)
J1Jo48
Set [=1and t=21in (3.7). Then in view of (2.11), (2.12), and (2.16), we derive that
(L2 =Y Z 1) 1+q23)( D07 075 0%)s (7)1 (74 bari— 357425
S5 —r(Dntr+1(a%0%)s(% 4%)s
- 1
=—q 'm(¢® ¢, —1) = ——=5—bas2(¢* ¢, ). (3.14)
127050

Notice that the Appell-Lerch sums and the theta functions involved in (3.8)-(3.14) are
well defined.

In fact, resorting to Theorems 1.1-1.3, we find that many other Bailey pairs given
by Slater [20,21] can be used to construct mock theta functions. Here we give the
following tables to show the details.

Remark 3.2. In Table 1, in each case g = 1. Meanwhile, the second and the forth
Bailey pairs can only be applied to (1.11) and (1.12) in Theorem 1.1.



20 N.S.S. GU AND J. LIU
TABLE 1. Applications of Theorems 1.1-1.2

an (n>1) Bn (a,m,k1,k2)  Theorem  Reference

1 (=1)g2"" (g 2" + q2") 1/(q) (1,1,3,1)  Theorem 1.1 [20, B(1)]

2 (—1)"q2" (¢ 2" 4 ¢2") 7"/ (@)n (1,1,3,2)  Theorem 1.1 [20, B(2)]
3 (=) (g " + ¢q2") 1/(—q2)n(q)n (1,1,1,4)  Theorem 1.1 [20]
4 (=D)ng (g 4 g2 (=) /" D2(g),  (1,1,—1,3) Theorem 1.1 [20]
5 (-1 (g g3 (-)"/¢""I2(g),  (1,1,-1,1) Theorem 1.1 [20]
6 (D' +q) (U@ @a(-an  (1,1,0.1) Theorem 1.1 [20]
7 g"—=q" 1/¢"(@)n(q)n (1,1,0,1)  Theorem 1.2 [20]
8 @"(g " g 2/(@n(@n(l+¢")  (1,1,3,3) Theorem 1.2 [20]
9 q2" (q2" —q 2") 2¢"/(@)n(@)n(1 +¢") (L1,5,—3) Theorem 1.2 [20]

TABLE 2. Applications of Theorem 1.3
gy (n>1) Bn (a,m,ky1,ke2) Theorem Reference
1 (-1)"¢" (¢ +q") ¢ /(g5 6*)n(@)n (1,1,1,1) Theorem 1.3 [20, C(5)]

2 (_l)nq2n2 (qin + qn) (_q2§ q2)n—1/(Q; q2)n(Q)n(_Q>n—1 (17 1,2, 1) Theorem 1.3 [217 1(14)]

Remark 3.3. In Table 2, in each case oy = 1 and a1 = 0. Meanwhile, in the second
Bailey pair 5y = 0.

To prove Corollary 1.4, we need the following transformation in [11].
Proposition 3.4. ( [11, Theorem 3.3], [15]) For generic z,z € C*,
m(x7Qa Zl) :m($7q7 ZO) +A(x7Qa 217Z0)7 (315>

where _ .
2035 (21/ 205 0)7 (220213 )
7(2059)7 (215 9)j (w205 q)j (w215 q)

A(l‘, q, %1, ZO) =

Proof of Corollary 1.4. Equations (5.3), (5.36), and (5.37) in [11] are stated as

J4
p(q) = 4m(—q,q*, —1) — JL; (3.16)
1
_ JssJ3
SI(Q) = _2(] 1m(_Q7 qS’ _1) + qJ—22’8a (317)
1,8
and
To(q) = —m(—¢°, ¢°, ¢*). (3.18)
Letting [ =1 and ¢ = 4 in (3.1), we have
1)r+i 4 i 45 AN (2.2
1(1,4;q) Z Z ’ 1 +q e, 4" q%)s(0% ¢*)2s e 2+ 2 4 orj 352485 44s

n>r>0j>s>0 Jn—r(@ntr(a*; ¢*)2s
(3.19)
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From (2.7), it follows that

012(¢%, ¢", ¢°). (3.20)

wi(1,4;q) = —¢ 'm(—¢% ¢**, —1) +
J1Jo24

Comparing (3.16) with (3.20), we establish (1.13), where
1 i
= 0 3’ 4’ 3\ 12,24.

Similarly, the combination of (3.8) and (3.17) yields (1.14), where

M(q) ==

1 Jo24J3 94
012(¢°, ¢, ¢*) — ———

M = — — .
2<q> JiJo2a QQQJ??,M

Furthermore, letting [l =1 and t = —1 in (3.4), we get

B _ D" 1+ g ) g )l 507 )s ("5 +3ri+i+2i—2s
wall, =22 Z o Q>n+r<q YU e N '
n>r>0j>5>0 ’ s ’ 5
Applying (2.13) yields that
1
Jiadog
Together with (3.15), (3.18) and (3.21), we derive (1.15), where
1
Ji1Jos
We complete the proof. O

W4(17 _1a Q) = 4m(_q37q87 _]-> 01 2( q, _Q7Q) (321)

MB(Q) = 01 2( Q7Q)+4A(_q3’q8a_]—aq2)'

4. APPLICATIONS

For two different Bailey pairs with the parameters (a, m, k1, ko) and (a’, m’, K}, k),
applying Theorems 1.1-1.3, we get mock theta functions W;(l,t;q) and W/(l',t';q),
where 1 = 1,2,...,7. When [ =1’ and kot = kit’, based on the expressions in terms
of Hecke-type sums for W;(l,t;q) in the proofs of Theorems 1.1-1.3, we can establish
transformations between W;(l,t; q) and W/(I',t'; ¢). Furthermore, comparing the proof
of Theorem 1.1 with that of Theorem 1.3, we find that Wi (I, ¢;q) and W5(l,t;q) have
the same expression in terms of Hecke-type sums. In the same manner, we can ob-
tain transformations between Wi (l,t;q) and Wis(l,t;q). Notice that Wy(l,t;q) (resp.
Wis(l,t;q)) and W(l,t;q) (resp. Wr(l,t;q)) also have the same expression in terms of
Hecke-type sums. Therefore, transformations can be built from these two pairs. In
conclusion, for different Bailey pairs and different values for [ and ¢, plenty of transfor-
mations can be obtained. Here we show two examples in the following theorem.

Theorem 4.1. We have
Z Z 1)m( q4j)(q_4j> 0Y54")s(a% 4%)2s qqn2+7r<rg+3> +orj+35%+ §i+as

n>r>035>s5>0 n T(Q)n+7"(q4; q4)25
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— (_1)T+j(1 + q4j)(q74j7 C]4J7 q4) 2+r(r+3) 19rj— 5( )+4s
o Z (Qnr (@) ntr (%5 %) q (4.1)
n>r>035>s5>0 Q)n—r\q)n4r\q"3 9" )s
and
Z Z T+.7 1 + qQJ)(q_Zj’ q2]7 q2)s(q)2s qn2+w+9r‘j+%j2+%j+25
n>r>0j>s>0 q)n*7"<q)n+7”<q2; q2)2s
1) J J i o R
=y Y CUPAA LD, o (4.2)

n>r>0 §>5>0 n r(q)n+7«(q, q )s(q)s

Proof. Substituting the first Bailey pair in Table 1 into (1.10) yields that

’”*Jl+q”)( ~7.47:4)s
At =3 > L ;

n>r>0;>s>0 Jn—r(@Dnrr (a5 q')s

g +@+3(25+1)rj+( 052 +(314+3 -1t Ji+ts.
where [ € N, ¢t = 2,4 (mod 6), t # KD for any k € Z, and [ and ¢ are generic for

2041
01 .2(q, 32t ¢3). Then, settlng [ =1 and t = 4 in the above functions, we have

r—i—jl 47 45 A5, 4 rr
14q Z Z + V), q7;q")s q2+(+3)+9m 5(>+45

n>r>035>s>0 n T(q)nJrT(q 5(14)5

Together with (2.5) and (3.19), we derive that

, 1
wi(l,4;q9) = wi(1,4;q) = @ fi31(¢%. 4", ¢%).

Therefore, we prove (4.1).
Setting l=1and ¢t =11in (3.5) yields that

ws(1,15q) = Z Z 1 ™ 1 (I +d)(g” qj;q)sqn2+@+%rj+§j2+£j+s'
n>r>0j>s>0 (Dnt+(a:6*)s(a)s

Together with (2.5), (2.14), and (3.8), it follows that

1
wl(1727Q) :CU5(1 1; q) (q) fl,3,l(q37q5aq3)'

Hence, we get (4.2). O
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