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Abstract. Ozeki and Prodinger showed that the odd power sum of the first
several consecutive Fibonacci numbers of even order is equal to a polyno-
mial evaluated at a certain Fibonacci number of odd order. We prove that
this polynomial and its derivative both vanish at 1, and will be an integer
polynomial after multiplying it by a product of the first consecutive Lucas

numbers of odd order. This presents an affirmative answer to a conjecture
of Melham.
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1 Introduction

Let F,, denote the n-th Fibonacci number, and let L,, denote the n-th Lucas
number. It is well known that the Fibonacci numbers and the Lucas numbers
satisfy the same recurrence relation

F,=F, 1+ Fn—2a Ly= Ly, 1+ Ln—27 for n > 2,

with different initial values Fy = 0, F; = 1, Ly = 2 and L; = 1. The
main objective of this paper is to prove the following conjecture, which was
proposed by Melham [7].

Conjecture 1.1 ([7, Conjecture 2.1]) For any positive integers n,m, the
sum

LyLsLs- - Lomy1 »_ Fo't! (1.1)
k=1

can be expressed as (Fay11—1)2Poyy1(Fany1), where Poy,_1(2) is a polynomial
of degree 2m — 1 with integer coefficients.



Melham’s conjecture was motivated by a result of Clary and Hemenway
2], who obtained that

zn: 3o F2L2 . Fo 1Lnio/4, if nis even;
* L2F? L, 1F,2/4, if nisodd.

k=1

The key ingredient in their proof is the following identity

1) " Fy = (Fons1 — 1)*(Fang1 +2). (1.2)
k=1

This inspired Melham to consider the sum Y ;| F57"" for a general positive

integer m. From experimental results for small m, Melham inferred that this
sum has the property as stated in Conjecture 1.1. An explicit expansion
for "1 F3"*', as a polynomial in Fb, 1, was obtained by Ozeki [8] and
Prodinger [9] independently. For any positive integer m, let

=S5 (L (1) (1))

L
s=0 k=s 2k+1

- 2 1\ F
(—1)m—k< m ) 2l gom, (1.3)
k=0

m —k ) Log1

The Ozeki-Prodinger formula can be stated as follows.

Theorem 1.2 ([8, 9]) For any positive integers n, m, we have

ST EZ = Syt (Fania). (1.4)
k=1

We would like to mention that Prodinger [9] went much further and eval-
uated the following power sums:

n

S OFgE and Y Ly, for 6,2 €{0,1}. (1.5)
k=0

k=0

Prodinger’s work was further generalized by Chu and Li [1], who obtained
polynomial representation formulas for power sums of the extended Fibonacci-
Lucas numbers.

It is natural to hope that the polynomial Ss,,.1(x), appearing in the
Ozeki-Prodinger formula, may serve as a candidate for solving Conjecture
1.1, namely,



(i) the polynomial Sy, () has a factor (z — 1)?, and

(ii) the polynomial LiL3gLs - -+ Lopy11S2m+1(z) has only integer coefficients.

Cooper and Wiemann [12] already proved that the constant term of the
polynomial Ly L3Ls -+ Loy+1S9m+1(x) is an integer. It should be mentioned
that their work preceded that of Ozeki and Prodinger. In this paper, we
shall prove (i) and (ii) and hence give an affirmative answer to Melham’s
conjecture.

Our proof is also motivated by a partial answer to Conjecture 1.1, which
was given by Wang and Zhang [11]. Their approach uses the Fibonacci
polynomials and the Lucas polynomials. Recall that the n-th Fibonacci
polynomial F},(z) and the n-th Lucas polynomial L, (z) can be given by

F.(x) = () = A(2) and L,(z) = a(z)" + B(x)", (1.6)
where
a(z) = T VTt V2‘732+4’ Blz) =LY T2 V2x2+4

It is easy to verify that L_,(z) = (—1)"L,(z). Moreover, these polynomials
satisfy the following recurrence relation:

Fo.(x) =2F,_1(z) + F,—2(x), L,(z) =axL,_1(x) + Lp—o(z),

where n can be any integer. Wang and Zhang [11] obtained the following
result.

Theorem 1.3 ([11, Corollary 2]) For any positive integers n,m, the sum

n

L) Ly(2) -+ Lo () 3 FZ ()

J=1

can be expressed as (Foni1(x) — x)Hop(x; Fopyq(x)), where Hop(x;y) is a
polynomial in two variables x and y with integer coefficients and degree 2m

of y.

Letting x = 1, the above result could be considered as a big progress
toward proving Melham’s conjecture, since F, (1) and L, (1) are just the
Fibonacci number F), and the Lucas number L,. However, as noted by
Wang and Zhang [11], their method could not give a complete answer to
Conjecture 1.1. Instead, they obtained the following result, which is another
conjecture of Melham [7, Conjecture 2.2].
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Theorem 1.4 ([11, Corollary 4]) For any positive integers n,m, the sum
LiLy Lo ) L3
j=1

can be expressed as (Lapi1 — 1)Qam(Laony1), where Qo () is an integer poly-
nomaial of degree 2m.

The remainder of this paper is organized as follows. We have mentioned
above that our proof of Conjecture 1.1 is based on the Ozeki-Prodinger for-
mula. In Section 2, we shall show that Ss,,11(z) has only integer coefficients
after multiplying it by LiLsLs - -« Loy11, where So,,11(2) is given by (1.3).
In Section 3, we shall prove that Sy, 1(x) has a polynomial factor (z—1)? for
any positive integer m, and thus completely prove Conjecture 1.1. In Section
4, we shall present another proof of Theorem 1.4, which is very similar in
spirit to the proof of Conjecture 1.1.

2 The integer coefficients

Throughout this section, assume that m is a positive integer. Let So,,11()
be defined as in (1.3). The main result of this section is as follows.

Theorem 2.1 The polynomial LiLsLs - -+ Lopm1Som+1(x) has only integer
coefficients.

Note that Cooper and Wiemann [12] have already proved that the con-
stant term of Ly L3Ls - - - Loy, 1S9m+1() is an integer. To prove Theorem 2.1,
in view of (1.3), it suffices to show that, for any 0 < s < m, the following
product

"1+ 2k <2m + 1) (k + s) (=5
Ls LS ...Lm .
(Lasy1Losys 2m+1) <k2:;1+28 m—k 2s Loj+1

is an integer, or equivalently,

o 142k 2m+ 1\ (k+s) 1
" [ (LastrLasra -+ Lamsr) - <21+2s(m—/€)( 2s >L2k+1>.

k=s

Motivated by the work of Wang and Zhang [11], we turn to consider the
divisibility of its polynomial version, and obtain the following result.



Theorem 2.2 For any 0 < s < m, let

Ry(w;m, 5) = Logy1(2) Lost3() - - - Loy (), (2.1)
142k 2m+ 1\ (k+s 1
R2<x’m7s)_;1+2s<m—k)< 2s )Lgkﬂ(x). (22)

and R(x;m,s) = Ri(z;m, s)Ra(x;m,s). Then (> + 4)™ % | R(x;m, s), pre-
cisely, the quotient R(x;m,s)/(x? +4)™* is an integer polynomial.

In the following we shall concentrate on the proof of Theorem 2.2. Note
that

1+2k/k+s _ 9 k+s+1 B k+s _o k+s n k+s
1425\ 25 ) 25 +1 2s ) T\2s+1 2s )’

(2.3)

which implies that R(z;m,s) is an integer polynomial. Therefore, to prove
Theorem 2.2, it suffices to show that

R(j)(x;m,s)|x:2[:O, for0<j<m-—s—1, (2.4)
where 12 = —1 and RY)(x;m, s) denotes the j-th derivative of R(x;m, s)
with respect to x. By the famous Leibniz formula, we have
(5 p0 (i
RY) (x; = RY ™ (x;m, s) Ry (x;m, ).
(JE,TI’L,S) ;(Z) 1 (x,m,s) 2 (x,m,s)
We find the following surprising result, from which (2.4) immediately follows.
Lemma 2.3 For any 0 <s<m and 0 <i<m —s— 1, we have

R (z;m, 8)|gear = 0. (2.5)

To prove the above lemma, in view of (2.2), we need to compute the
high-order derivatives of the reciprocal of Logi1(z). To this end, we will use
a result due to Leslie [6].

Lemma 2.4 ([6]) For any positive integer i, we have
1 \@ i it . »
(W) N ;(_D (j i 1)W(f(fv) ), (2.6)

where all the derivatives are assumed to exist.



To apply Lemma 2.4 to the high-order derivatives of m, we further
need to compute the powers of Loky1(x). It is easy to show that

(Logs1(2)) = %Z (‘Z) (= 1) DL gy oy () (2.7)

=0

In fact, for any 7 > 0, we have

Therefore,

=Y =3 (1) (e eyt

From this (2.7) follows by setting z = a(x)%**1.

Now to prove (2.5), in view of (2.6) and (2.7), there remains to evaluate
the high-order derivative of the Lucas polynomials at x = 21.

Lemma 2.5 For any integer n, we have
L (2)|pmor = 21"

and

(L (2))om2r = In|(i — 1)![”i(

— 1
|n|21+_@ ) ) Jor1<i<lnl. (28
Proof. We first consider the case of n > 0. It is easy to check the validity
of the first identity by (1.6). For the high-order derivatives, we shall use the
following expansion of L, (z):

Thus,




Let h(n,i) = (L, (7)) |,=ar, namely,
) n n—=k\(n—2k
N 3] - - n—2k—i
h(n,1) — kz.( k ) ( . )(2]) .

k=0

|3

It is clear that h(n,n) = n!. Applying the function sumrecursion of the
Maple package sumtools, we get the recurrence

2(2i + 1)1

R )

h(n,i+1).

Repeatedly using this recurrence, we obtain that

~ nn+i=DIE=-1! _ ifnt+i—1
i) = = - 1 - DM (2@—1 >

For the case of n < 0, the desired result immediately follows from the case
of n > 0 and the relation L, (z) = (—=1)"L_,(z). Moreover, it is straightfor-
ward to check the case of n = 0. This completes the proof. 1

To prove Lemma 2.3, we also need the following result.

Lemma 2.6 For any 0 < s < m, we have

“ o2m 41\ [(+s\ .

—1) =0 2.9
> () e =0 (29)
where p(x) is a polynomial of degree less than 2m — 2s + 1.

Proof. Let T(m, s) denote the left hand side of (2.9). Since (°)°) = 0 for
Jj < s, we have

T(m, s) = zmj(—l)j (2;1_21) (j ;S s)p(j)

- é(—nmﬂ‘ (" et

Noting that (m;frs) = 0 for j > m, we further get

Tl s) = (171 3 (1 (") (" pom

§=0 J



m—j+s

5 )p(m — j) as a polynomial in j, say

(m o S)p(m — )= a(m,s)j"

1>0

Now consider (

By the hypothesis condition, this is a polynomial of degree less than 2m + 1.
Thus, we have

T(m,s) = (=1)"" > a(m. s) <Z (1)@ <2m.+ 1)%) =0,

1>0 j=0 J
which follows from the well known identity

k

> (=1)k <§)g“ —0, forn<k. (2.10)

5=0
This completes the proof. 1

It should be mentioned that (2.10) is closely related to the Stirling num-
bers of the second kind, see Stanley [10, p. 34]. This formula also plays an
important role in the proof of Dixon’s identity given by Guo [4].

We now are able to prove Lemma 2.3.

Proof of Lemma 2.3. By (2.2), we have

m

(@
@), B 142k 2m+ 1\ (k+s 1
R2 (x7 m7 S)|3}:21 - Z 1 + 28 m — k 28 L2k+1($) |Z‘:21.

k=s

If i = 0, by Lemma 2.5 and Lemma 2.6, then we have

, 142k 2m+ 1\ [k + s 1
@) (. = 5
Ry (m,m,$)|x:21—zl+28(m_k>( 2s )2[2k+1
k=s
1 m 2m +1 k+s
I _1)k 1+ 2k
i ) ) (5 )
=0.

If i > 0, by Lemma 2.4 and (2.7) , we get

m

i 142k 2m+1\ (k+s
Ré)(aj;m,S)’x:QI:Z1+25<m_k)< 0 )

k=s

i ) o1 (2))7) D | oy
(1)

J+1) (Logsr(z))iHmor
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EER ()

j+1 2541 [(2k+1)(5+1)

<.
Il
—_

It follows from (2.7) that

(Lats1 (2)) Domar 2o () (1) (Lman@rn) ()W azar
97+1 [ (2k+1)(j+1) - 25+2 [ (2k+1)(5+1) ’

Using equation (2.8), we get

((Larss(@))Plamar _ Z (DSR4 DA )
)

9j+1 [ (2k+1)(j+1) 9j+2 J(i+1

x G) (\j—2l|(22121>+z‘—1>'

Combining the above identities yields that

; " 142k 2m+ 1\ [k + s
Ré)(aﬁ;m,s)lx:zzzz1+28(m_k)< 04 >
k=s
d (i1 (—DR2k + 1) (i — 1)!
X 2<_1)] (j n 1) 9j+2 J (i+1)
p

J . . .
. N/l —=2l2k+1)+i—1
Sy () (VD)
1=0

Changing the order of summation, we obtain

Yl =2 =1 i+ 1\ (j
RS (w;m, 8)|gmor = ZZ 23+2]’L+1)1—|—28) J+1/)\l

7=11=0

S () (s

=S

where —2l|(2k + 1  — 1
p(ksj.1i) = =202k 4 1) i - (2k + 1)2,
21 —1
Clearly, p(k; j,l,i), as a polynomial in k, is of degree 2i + 1 < 2m + 1. From
Lemma 2.6 we deduce that

i(—l)’f (f:jkl) (k;;s)p(k;j, Li)=0

k=s
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for any [, 7, and hence Rg) (x;m, 8)|z=2r = 0, as desired. This completes the
proof. |

We proceed to prove Theorem 2.2 and Theorem 2.1.
Proofs of Theorem 2.2 and Theorem 2.1. Lemma 2.3 implies (2.4), and also
implies that
R (x;1m,8)|pe—0r =0, for 0 < j <m—s— 1. (2.11)

Thus, R(x;m, s) has a polynomial factor (x? + 4)™~%. Tt is well known that
integer polynomials must factor into integer polynomial factors. Therefore,
we have (z244)™"% | R(x;m,s), since R(z;m, s) has only integer coefficients.
This completes the proof of Theorem 2.2. We further let x = 1 and obtain
that

) |(L1L3"'L2m+1)'(;14_25(771—/{)( 2s )L2k+1>'

This completes the proof of Theorem 2.1. 1

3 The polynomial factor

In this section, we aim to prove that Ss,,1(z) in (1.3) has a polynomial
factor (z — 1)?. Towards this end, it suffices to prove that Sa,11(1) = 0
and S5, (1) = 0, where S%,,,,(z) denotes the derivative of So,+1(z) with
respect to x.

Let us first note several identities concerning the Fibonacci polynomials
and the Lucas polynomials, which will be used later.

Lemma 3.1 For any nonnegative integer k, we have

i 21+1 k + 1 _ L2k+1<l’> . (3 1)
20 + 2k+1 7 '

k .
> zfii‘” (’f;f) -gEE e
Z (22 +4) (k;> :(—1)kL2’“+TM. (3.3)

10



Proof. We first prove (3.1). The Fibonacci polynomials F,(z) can be ex-
panded as follows:

[(n=1)/2) (n i

F,(z) = . )x”_zi_l, n >0, (3.4)

i=0
see Koshy [5, (37.2)]. By (3.4), we immediately get that
k .
k+1i\ o
Z( N )x” = Foun (2). (3.5)
; ?
=0
From (1.6) it is easy to deduce that
L (z) =nF,(z), n>0.
Combining the above two identities and replacing x by ¢, we get that
k .
Z k+i 2 Ly ()
—\ 2 2k +1°

Integrate both sides of this equation with respect to ¢ from ¢t = 0 to t = .
For the left-hand side, we have

z k . k . x k- (k44\ 2141
k+a\ 0, k+1i % 7, (21)33
/0;(22 )t dt_z(zz‘)/tdt_; 2i+1

i=0 0

and for the right-hand side, we have

/x L,Qk-i-l(t) dt — Lopy1(x)
0

2k +1 2k+1 °

This completes the proof of (3.1).
We proceed to prove (3.2) and (3.3). By (1.6), it is easy to verify that

Fopir (IV22 +4) = (—=1)* Lojy1 () |

X

where I? = —1. Substituting /v/z? +4 for x in (3.1) and (3.5), and then
applying the above equality, we immediately get (3.2) and (3.3). |

If we set z = 1 in Lemma 3.1, then we get the following result. It should
be mentioned that the first two identities also appeared in [1].

11



Corollary 3.2 For any nonnegative integer k, we have

i (%) _ Lowor

022+1 2k;+1’
S(=5) (k4 P

> = ) = (=)
21+ 1 21 2k +1

(k41
.)ﬂAMmy

We are now able to give the main result of this section.

(3.6)

(3.7)

Theorem 3.3 For any positive integer m, the polynomial Sop41(x) has a

polynomial factor (x — 1)?, namely, Sopi1(1) =0 and Sh,, (1) =

Proof. Letting x = 1 in (1.3), we get that
Samia(1) = 2 Z
B i(_ (2m + 1) ngﬂ

L2k+1

() (a) (zfii}m

- Zmzzk: (1+2z‘ (HZ)) (2m+ 1> P

k=0 =0
- om + 1\ Forgr -
o Z( L
=0 2k+1
=0,

the last step by (3.7). Moreover, it follows from (1.3) that

B ) (e

-3 (QTZ% * ) e
_ (_5)m§0 (Tjk;l)(l T 2k)(—1)
—0,
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the second step by (3.8) and the last step by Lemma 2.6. This completes the
proof. |

Finally, we give a proof of Conjecture 1.1.

Proof of Conjecture 1.1. By the Ozeki-Prodinger formula, we have

n

LyLsLs -+ Loms1 Y Foy™™' = LiLsLs -+ Lo s1Soms1 (Fant1).
k=1

Let
P2m—1($) = LyL3Ls--- L2m+152m+1/($ - 1)2-

From Theorem 2.1 and Theorem 3.3 it follows that Py, 1(z) is a polynomial
of degree 2m — 1 with only integer coefficients. This completes the proof. &

4 A new proof of Theorem 1.4

In this section we shall present a new proof of Theorem 1.4 along the spirit
of our proof of Conjecture 1.1. Our proof is based on the following formula
due to Prodinger [9], who showed that, for any nonnegative integers n,m,

- e "1+ 2%k2m+1\ [k+s\ 1
L2m+1 — L28+1 - 4m 41

Similar to (1.3), let

o " 142k 2m+1\ [k +s 1
”7 _§ 25+1§ ( m
am1() = o 1+23(m—k)< 2s )L%H -4 (42)

Now we can give a proof of Theorem 1.4.

Proof of Theorem 1.4. Let Qo (x) = LiLs -+ Loy iWopmi1(x)/(x — 1). In
view of (2.3), we see that Ly L3 - - Loy 11 Wami1(z) is an integer polynomial.
It suffices to show that W, 11(z) has a polynomial factor (x — 1), namely
Wam+1(1) = 0. Note that

CON 1+ 2k (2m 1\ (ks 1
W2m+1(1)2221—|—28<m_k>(28) o

s=0 k=s L2k+1
_Zm: Z’“: 1 (k+s> (2m+1)1+2k: 4
—~\= 14+2s\ 2s m—Fk ) Logiq
_i Logpr (2m+1\1+2k
N 14 26k\Nm —k L2k+1

13



i(2m+1>_4m207

k=0

where the second equality follows from (3.6) and the last equality follows
from the binomial theorem, see also [1]. Thus, Q2,,(x) must be an integer
polynomial of degree 2m, and moreover by Prodinger’s formula (4.1), we
have

L2m+1 Z L2m+1 L2n+1 )QQm(L2n+1)-

This completes the proof. 1

Acknowledgements. We would like to thank the referee for helpful com-
ments and suggestions. This work was supported by the 973 Project, the
PCSIRT Project of the Ministry of Education and the National Science Foun-
dation of China.

References

[1] W. Chu and N. N. Li, Power sums of Fibonacci and Lucas numbers.
Quaest. Math., 34(2011), 75-83.

2] S. Clary and P. D. Hemenway, On sums of cubes of Fibonacci numbers.
Applications of Fibonacci numbers, Vol. 5 (St. Andrews, 1992), 123-136,
Kluwer Acad. Publ., Dordrecht, 1993.

[3] H. W. Gould and L. C. Hsu, Some new inverse series relations. Duke
Math. J., 40(1973), 885-891.

[4] V. J. W. Guo, A simple proof of Dixon’s identity. Discrete Math.,
268(2003), 309-310.

[5] T. Koshy, Fibonacci and Lucas Numbers with Applications. Pure and
Applied Mathematics (New York). Wiley-Interscience, New York, 2001.

6] R. A. Leslie, How not to repeatedly differentiate a reciprocal. Amer.
Math. Monthly, 98(1991),732-735.

[7] R. S. Melham, Some conjecuters concerning sums of odd powers of Fi-
bonacci and Lucas numbers. Fibonacci Quart., 46/47(2008/2009), 312
315.

8] K. Ozeki, On Melham’s sum. Fibonacci Quart., 46/47(2008,/2009), 107—
110.

14



9] H. Prodinger, On a sum of Melham and its variants. Fibonacci Quart.,
46/47(2008,/2009), 207-215.

[10] R. P. Stanley, Enumerative combinatorics. Vol. I, Cambridge University
Press, Cambridge, 1997.

[11] T.T. Wang and W. P. Zhang, Some identities involving Fibonacci, Lucas
polynomials and their applications. Bull. Math. Soc. Sci. Math. Roum.,
55(103), 2012, 95-103.

[12] M. Wiemann and C. Cooper, Divisibility of an F-L type convolution.
Applications of Fibonacci numbers. Vol. 9, 267-287, Kluwer Acad. Publ.,
Dordrecht, 2004.

15



	1 Introduction
	2 The integer coefficients
	3 The polynomial factor
	4 A new proof of Theorem 1.4

